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ABSTRACT
IMAGE RECONSTRUCTION METHOD TO SEPARATE SIMULTANEOUS

ENCODED SLICES WITH IN-PLANE AND THROUGH-PLANE
ACCELERATION IN FMRI

Ke Xu, M.S.

Marquette University, 2025

FMRI has been a safe medical imaging tool to study brain function by observing
the spatial and temporal changes in brain metabolism in recent decades. To capture
brain functionality more efficiently, efforts have been made to accelerate the number
of images acquired per unit of time that create each volume image, without losing
full anatomical structure. The Simultaneous Multi-Slice (SMS) technique provides
a reconstruction method where multiple slices are aliased and acquired concurrently.
The Through-Plane Acceleration (TPA) method is one of the SMS techniques that can
reduce data acquisition time in proportion to the number of aliased images acquired
per unit of time. Other image acquisition acceleration techniques, such as the In-Plane
Acceleration (IPA) method, focus on reducing the total image scan time by skipping
partial lines in the frequency domain (k -space), resulting in a “fold-up” artifact after
inverse Fourier transform. To un-alias and un-fold the acquired images, the Sensitivity
Encoding (SENSE) and the GeneRalized Autocalibrating Partial Parallel Acquisition
(GRAPPA) techniques can be utilized but still have their drawbacks. Due to the short
physical distance and high similarity in coil sensitivity information between the aliased
voxels, a singular matrix problem arises in the design matrix, and the influence of
the geometry factor (g-factor) increases. To manually increase the distance and the
difference in coil sensitivity information between the aliased images, the Controlled
Aliasing in Parallel Imaging (CAIPI) and view angle tilting (VAT) techniques achieve
slice-wise image shift by applying different radiofrequency pulse sequences. In this
dissertation, multi-direction image shift techniques are incorporated with the multi-
coil separation of parallel encoded complex-valued slices (mSPECS) technique in a
Bayesian approach. The TPA and IPA techniques are integrated with Hadamard
phase encoding and a novel 2D Hadamard phase encoding technique. A bootstrapping
technique and an artificial aliasing of calibration images are applied to enhance the
condition of the design matrix. Through the investigation of the novel SMS techniques
on both simulation and experimental fMRI dataset, our model significantly reduces
total image scan time while preserving and detecting task signal effectively.
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CHAPTER 1: INTRODUCTION

1.1 FMRI Background

As a powerful and non-invasive medical imaging tool, functional Magnetic Reso-

nance Imaging (fMRI) has played a predominant role in brain imaging studies. The

activity of neurons cannot be directly detected but is correlated to the Blood Oxygen

Level Dependence (BOLD) contrast signal which is used as a proxy (Ogawa et al.

(1990)). When the task-related neuronal region transitions from the resting state to

the task state, the blood 
ow to the active area of the brain increases, leading to

a higher ratio of oxyhemoglobin to deoxyhemoglobin (Glover (2011)). By detecting

task-related changes in the BOLD signal inside our brain, the magnetic resonance

(MR) scanner can map our brain with a unique radio frequency (RF) pulse sequence

(Ogawa et al. (1990), Glover (2011)). The Gradient Echo Echo-Planer Imaging (GE-

EPI) pulse sequence is widely used in fMRI studies to shorten the scan time and

decrease the in
uence of the motion of subjects by acquiring fullk-space spatial infor-

mation within a single excitation (Mans�eld (1977); Rzedzian et al. (1983); Stehling

et al. (1991); Poustchi-Amin et al. (2001)). For each excitation of the GRE-EPI pulse

sequence, a zig-zag data collection pattern is followed sequentially to form the full

k-space with each data point represents complex-valued spatial frequency informa-

tion for the corresponding image. However, conducting an fMRI experiment requires

acquiring multiple brain images at di�erent positions, forming what is known as a

volume-image. As a result, acquiring a volume-image fMRI time series takes a rela-

tively long time to ensure a steady and reliable task-related activation signal.
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In-Plane Acceleration

In 1986, Hyde introduced a parallel image acquisition technique that incorporated

coil combination by utilizing spatially variable receive coil sensitivities for parallel

imaging (Hyde et al. (1986)). The full brain image can be reconstructed by applying

the Sensitivity Encoding (SENSE) approach to combine weighted spatial frequencies

from each coil into one singlek-space array (Pruessmann et al. (1999)). In structural

and functional MRI studies, the time to measure a volume image is dependent upon

how rapidly the amount of data necessary to reconstruct an image can be measured.

In order to accelerate the number of images measured per unit time, a topic of study

has been to measure less data but still be able to reconstruct a high-quality image

with clear anatomical information. To reconstruct images using less data, multiple

receiver coils are used where each coil measures sensitivity-weighted images (Sod-

ickson and Manning (1997); Nencka and Jesmanowicz (2013)). Initially, accelerated

imaging was aimed at In-Plane Acceleration (IPA) where spatial frequency data are

partially skipped, and each coil measured fewer lines of the spatial frequency ar-

ray. Figure 1.1A shows the acquisition of spatial frequency data with an acceleration

factor of IPA = 2. The data are acquired sequentially following a zig-zag pattern

(black dots), with every other line ink-space (white dots) skipped. Figure 1.1B shows

the acquired subsampledk-space from four receiver coils. The dimension of the ac-

quired subsampledk-space is half of the fullk-space due toIPA = 2. In parallel

imaging techniques, like Generalized Autocalibrating Partially Parallel Acquisitions

(GRAPPA) (Griswold et al. (2002)), a single slice has been excited, and partial lines

of k-space skipped, resulting in a sensitivity weighted aliased image for each coil, that

is combined into a single complete image. Bayesian techniques have been applied to

improve the resolution of the reconstructed images by incorporating the anatomical

information from prior distributions into the k-space (Kornak et al. (2010); Kornak

et al. (2020)). Other in-plane imaging acceleration techniques like partial Fourier
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Figure 1.1: A. The subsampled spatial frequency domain incorporated with IPA
approach and the acceleration factor equal to 2. B. The acquired subsampledk-space
acquired from four receiver coils.

imaging technique (Feinberg et al. (1986); Noll et al. (1991)) can acquire half of the

lines in thek-space. The unacquired spatial frequency data can be determined due to

the Hermitian symmetry property of the k-space to reconstruct real-valued images.

Moreover, a rapid three dimensional volume-image method has been established to

sample thek-space (Lindquist et al. (2008)). However, considering some �xed time

blocks in the data-acquiring process, for instance, imaging encoding and the proper

time for T �
2 contrast in one excitation, the scan time will not decrease signi�cantly in

IPA techniques.

Through-Plane Acceleration

More recently, Simultaneous Multi-Slice (SMS) techniques were developed and

discussed (Souza et al. (1988); Rowe et al. (2013); Barth et al. (2016)). Figure 1.2

shows the 3D and 2D view of an example for SMS technique with four images are

acquired concurently and four receiver coils. The SMS technique is extensively used

in fMRI studies, and it allows for acquiring fMRI data with high resolution by using

a multiband (MB) radiofrequency (RF) within a reduced repetition time (TR). Com-
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Figure 1.2: The 3D view (left) and 2D view (right) of an example for SMS technique
with four slices and four coils.

pared with conventional parallel imaging techniques, in SMS techniques, multiple

slices are acquired concurrently and aliased together in one excitation, and hence, the

image-acquiring time will decrease with a factor of the total number of aliased slices.

Thus, Through-Plane Acceleration (TPA) is achieved using SMS techniques, o�ering

a more e�cient approach to image acquisition compared to In-Plane Acceleration

(IPA) methods.

In this dissertation, we present three novel SMS imaging reconstruction techniques

with high acceleration factors. The �rst technique incorporates only the TPA accel-

eration method. The second technique combines both IPA and TPA acceleration

methods. The third technique also combines IPA and TPA acceleration methods,

but additionally utilizes the GRAPPA technique to estimate the missing spatial fre-

quencies ink-space.
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1.2 Image Shift Techniques

Since multiple slices are acquired at the same time for one excitation of the TPA

technique, a short distance between aliased slices will lead to a high similarity of voxel

and coil sensitivity information. When applying the standard SENSE method, this

may cause a singular matrix problem and strong inter-slice signal leakage will ap-

pear on the reconstructed images. As a result, incorrect anatomical information from

other brain slices may appear, making the interpretation of the reconstructed images

more di�cult. In fMRI studies, the brain image can be shifted along three directions:

the phase-encoding (PE) direction (vertically in this dissertation), the readout (RO)

direction (horizontally in this dissertation), and PE and RO direction concurrently

(vertically and horizontally at the same time in this dissertation). To decrease the

in
uence of the geometry properties of the coil sensitivity maps, techniques like \con-

trolled aliasing in parallel imaging results in higher acceleration" (CAIPIRINHA),

\blipped-CAIPIRINHA" (Blipped-CAIPI), and Hadamard phase-encoding provide

other possible ways to minimize the in
uence of the geometric factor (g-factor) and

increase the conditioning of the slices aliasing matrix (Breuer et al. (2005); Jesman-

owicz et al. (2011); Setsompop et al. (2012)). By modulating the phase for each line

in k-space and imparting each line with a speci�c angle, the �eld-of-view (FOV) is

moved in the phase-encoding direction. Applying a unique phase modulation amount

to each slice in the aliased image-acquiring process increases the physical distance be-

tween the aliased voxels. Therefore, the di�erence of coil sensitivity for each slice will

increase and the in
uence of theg-factor for each excitation is minimized. Moreover,

to shift the brain image along the RO direction, a technique like the view angle tilt-

ing (VAT) approach applies compensation gradients to the slice selection direction to

correct the chemical-shift artifacts in the image scanning process (Cho et al. (1988);

Kim et al. (2012)). The distance shifted along the RO direction is relate to the view

angle� in the data acquisition process. Furthermore, to further increase the physical
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distance between two aliased voxels and expose more information beneath the coil

sensitivities, the FOV can not only be moved along the vertical PE direction but also

the horizontal RO direction. The study \multislice CAPIPRINHA using view angle

tilting technique" (CAIPIVAT) (Jungmann et al. (2015), Kim et al. (2016)) proposes

a method combining the CAIPIRINHA technique and View Angle Tilting (VAT)

(Kim et al. (2012)) technique together by applying a unique compensation gradient

of VAT. Figure 1.3 shows thek-space representations for the CAIPIRINHA, VAT,

and CAIPIVAT techniques, along with the reconstructed brain images after applying

the inverse Fourier transform. In Figure 1.3, white dots represent spatial frequency

data points with a phase modulation of� , while black dots indicate spatial frequency

data points without phase modulation. The star in Figure 1.3 denotes the application

of an additional global phase modulation along the readout (RO) direction to produce

horizontal image shift artifacts.

1.3 Complex-valued Bayesian Model

The future can be predicted based on past data. As a dominant methodology in

statistical studies, the Bayesian approach can be integrated into other research areas

by incorporating prior knowledge. Functional magnetic resonance imaging (fMRI)

studies can be interpreted following the Bayesian methodology but with complex-

valued observations. To set up a complex-valued Bayesian linear model, the complex-

valued observation can be written as equation 1.1:

aC = X C � C + "C : (1.1)

In equation 1.1,aC is a p� 1 complex-valued observed vector,X C is a p� q complex-

valued design known matrix, � C is a q � 1 complex-valued unobserved regression

coe�cient vector, and "C is a complex-valued measurement error vector with same

dimension as vectoraC , wherep is the number of observations, andq is the number of
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Figure 1.3: Top row: the image shift process corresponding to the CAIPIRINHA
technique (shifted vertically). Middle row: the image shift process corresponding
to the VAT technique (shifted horizontally). Bottom row: the image shift process
corresponding to the CAIPIVAT technique (shifted vertically and horizontally).
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regression coe�cients. Moreover, the real and imaginary component of the measure-

ment error "C follow normal distribution with "R ; " I s N (0; � 2I p). Equation 1.1 can

be reformulated through a real-valued isomorphism to transform the complex-valued

model into a real-valued model:

2

6
4

aR

aI

3

7
5 =

2

6
4

X R � X I

X I X R

3

7
5

2

6
4

� R

� I

3

7
5 +

2

6
4

"R

" I

3

7
5 : (1.2)

In equation 1.2, the dimension of observation vectora = [ aR ; aI ] is 2p� 1, the dimen-

sion of design matrixX = [ X R ; � X I ; X I ; X R ] is 2p � 2q, the dimension of regression

coe�cient vector � = [ � R ; � I ] is 2q � 1, and the dimension of measurement error

vector " = [ "R ; " I ] is 2p � 1. Thus, the likelihood distribution of the multivariate

observation is:

P(a j X; �; � 2) / (� 2)� 2p
2 exp

�
�

1
2� 2

(a � X� )0(a � X� )
�

; (1.3)

with independent and identical noise variance fora1; � � � ; ap. The coil measurements,

assuming there is not a coil covariance follow a normal distribution,a s N (X�; � 2I 2p).

In the linear regression model, the regression coe�cients can be estimated through

maximum likelihood estimation (MLE):

�̂ MLE = ( X 0X )� 1X 0a: (1.4)

And the estimated variance through MLE is:

�̂ 2
MLE =

1
2p

(a � X �̂ )0(a � X �̂ ): (1.5)

Based on prior knowledge and experience, the regression coe�cient� is speci�ed

to have a normal prior distribution P(� j � 2), and the variance of the measurement
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error � 2 is speci�ed to have an inverse gamma prior distributionP(� 2 j �). Thus, the

posterior distribution of regression coe�cient� and variance� 2 is proportional to the

joint distribution of the likelihood and the prior distributions:

P(�; � 2 j �) / P(a j X; �; � 2)P(� j � 2)P(� 2 j �): (1.6)

The joint posterior distribution of the regression coe�cient � and variance of mea-

surement error� 2 can be integrated to obtain their marginal distributions and hence

their marginal posterior mean (MPM) and variance. More details are provided in

following chapters.
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CHAPTER 2: A BAYESIAN APPROACH OF MSPECS-CAIPIVAT

In this Chapter, we introduce the mSPECS-CAIPIVAT model in a Bayesian man-

ner. We incorporate di�erent slice-wise image shift techniques and the Hadamard

phase-encoding technique together in which di�erent voxel combinations is acquired

for each excitation. In the unaliasing process, calibration reference images are arti-

�cially aliased, and the arti�cial aliasing matrix used to assess hyperparameters of

prior distributions in the separation process. The arti�cial aliased calibration imag-

ing technique and bootstrap sampling approach is combined and applied into the

model to eliminate inter-slice signal leakage in the reconstruction images at the cost

of a slightly increased variance of the calibration images forming the prior variance.

The marginal posterior distribution can be obtained by integration to calculate the

margianal posterior mean and variance of the estimated reconstruction voxel. The

mSPECS-CAIPIVAT model provides a solution to signi�cantly reduce the scan time

with a high acceleration factor, meanwhile providing high-resolution and high-quality

reconstruction images.

2.1 The Data Acquiring Process in mSPECS-CAIPIVAT

2.1.1 Image Shift Techniques in mSPECS-CAIPIVAT

As mentioned in Chapter 1.2, the physical distance between two aliased voxels can

be increased by applying the CAIPIRINHA, the VAT, and the CAIPIVAT techniques

to achieve slice-wise image shifts, thus reducing the dependence on the geometry

of the coil array. The CAIPIRINHA technique can move the FOV along the PE

direction (vertical) by modulating the phase for each line ink-space. The VAT

technique can move the FOV along the RO direction (horizontal) by modulating

the phase along the RO direction. Whereas the CAIPIVAT technique can shift the

FOV along two directions, PE (vertical) and RO (horizontal), by applying a unique
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compensation gradient of VAT. Through these three image shift techniques along with

the Hadamard slice encoding technique, theg-factor of the reconstructed images can

be reduced. Since theg-factor is related to the signal-to-noise ratio (SNR), in SMS

studies, giving the de�nition of the SNR (Pruessmann (2004)):

SNRSMS = SNRfull =(g
p

R); (2.1)

where R is the IPA factor. From equation 2.1, theSNRSMS is strongly in
uenced

by the geometric properties of the coil array,g-factor. It depends on the number and

location of the coils, the phase-encoding direction, the voxel location. Thus, theg-

factor is not a constant value but varies across each voxel within the images (Preibisch

et al. (2015)). A short physical distance between two aliased voxels increases theg-

factor due to the high similarity in their coil sensitivity pro�les, thereby reducing the

SNRSMS as described in equation 2.1. Therefore, increasing the physical distance

between two aliased voxels is one of our strategies. The CAIPIRINHA technique, the

VAT technique, and the CAIPIVAT technique can reduce the in
uence of theg-factor

by applying a partial in-plane image shift. Considering the 1D inverse discrete Fourier

transform, a periodic time seriesy(t) sampled atn time points � t apart is described

as below:

y(p� t) =
X n

2 � 1

q= � n
2

f (q� � )ei 2�
n pq; (2.2)

where � � is the temporal frequency resolution and �� = 1=(n� t). It is the sum-

mation of the Fourier amplitude coe�cients at multiple various frequencies. In equa-

tion 2.2, y(p� t) and f (q� � ) are complex-valued quantities with real and imaginary

components. When we shift the whole time series fromp� t to p0� t, wherey(p0� t) is

same asy(p� t) sampled atn time points � t apart with a di�erent order from y(p� t),
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a �eld-of-view shift � y occurs and is:

� y = y((p � p0)� t) =
X n

2 � 1

q= � n
2

f (q� � )ei 2�
n pqe� i 2�

n p0q; (2.3)

for p = 1; : : : ; n: The FOV shift only depends on the phase change ink-space, which

equals� 2�p 0q=n. If p0 = 1, which means the image moves one voxel distance in the

PE direction, the modulation quantity of phase is� 2�q=n. If half of the image is

shifted in the PE direction (FOV/2), p0 = n=2, the modulation of phase should be

� �q . Therefore, the phase of even lines ink-space should impart� and the phase of

odd lines should impart 0. If the FOV/4 shift of the image needs to be achieved, the

modulation of the phase for each line in thek-space needs to be adjusted to di�erent

amount.

In this chapter, the principal idea of the CAIPIRINHA technique is applied �rst.

For each slice within each excitation, we imply �y = ( l � 1)FOV=Ns in-plane image

shift, where l = 1; : : : ; Ns and Ns is the total number of aliased slices. On the

TR dimension, we also imply the CAIPIRINHA technique for each excitation by

� y = ( m � 1)FOV=Ns in-plane image shift, wherem = 1; : : : ; Ns. Thus, with the

in-excitation and through-excitation image shift, at theTR = Ns + 1 excitation time

point, the aliased artifacts should be the same as theTR = 1 excitation time point.

Figure 2.1A shows an example of an in-excitation and through-excitation image shift

process withNs = 4 incorporating with the CAIPIRINHA technique. When TR = 5,

the image shift pattern for each slice should be the same as the time pointTR = 1.

The VAT technique is also applied in this chapter. For each excitation, each slice is

shifted horizontally with a amount of image shift distance is related to the view angle

(Kim et al. (2016)). There is no image shift along the phase-encoding (PE) direction.

Figure 2.1B shows an example of an in-excitation and through-excitation image shift

process withNs = 4 incorporating with the VAT technique. When TR = Ns + 1,
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Figure 2.1: A. An example of in-excitation and through-excitation image shift pro-
cess withNs = 4 by applying the CAIPIRINHA technique. B. An example of in-
excitation and through-excitation image shift process withNs = 4 by applying the
VAT technique. C. An example of in-excitation and through-excitation image shift
process withNs = 4 by applying the CAIPIVAT technique.
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the image shift pattern for each slice should be the same as the time pointTR = 1.

Furthermore, the principal idea of the CAIPIVAT technique will also be applied.

Similar to the CAIPIRINHA technique, � y = ( l � 1)FOV=Ns for the in-plane image

shift and � y = ( m � 1)FOV=Ns for the through-plane image shift is applied to each

excitation along the PE direction. For each slice within each excitation, a unique

image shift will appear horizontally on the RO direction with the support of the

CAIPIVAT technique. The shift distance for each slice along the RO direction can

be calculated and depends on the distance between the desired aliased slices, the

compensation gradient, and the RO gradient. A modest slice-wise shift is applied for

each excitation to ensure the brain image is not outside the FOV. Figure 2.1C displays

an example of in-excitation and through-excitation image shift process ofNs = 4

incorporating with the CAIPIVAT technique. Besides the same amount of the FOV

shift in- and through-excitation on the PE direction as CAIPIRINHA technique, slice

1 and slice 3 will have a FOV shift to the left and slice 2 and slice 4 will have a FOV

shift to the right on the RO direction according to the CAIPIVAT technique. Thus,

comparing with the CAIPIRINHA technique approach, the overlapping area between

two desired aliased images will decrease and the independence of the sensitivity for

each coil will increase.

2.1.2 The Hadamard Phase Encoding

The Hadamard encoding technique is a well-developed volume excitation method.

The conventional MR imaging techniques have been limited by the size of the ma-

trix for the acquired aliased images. The Hadamard phase-encoding method allows

the increment of the size of the acquired aliased image matrix by aliasing in both

frequency and phase encoding dimensions. With the support of this simultaneous

binary-encoded technique, the TR will decrease, and theSNR ratio will improve.
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The Hadamard matrix is given by:

H2n =

2

6
4

H2n � 1 H2n � 1

H2n � 1 � H2n � 1

3

7
5 = H2 
 H2n � 1 ; and H1 =

�

1

�
; H2 =

2

6
4

1 1

1 � 1

3

7
5 ; (2.4)

where 
 denotes the Kronecker product. It is an orthogonal and full rank matrix

with elements of either +1 or -1. In the mSPECS-CAIPIVAT study, each excitation

is sequentially coordinated with a unique Hadamard aliasing pattern. To improve the

computational e�ciency, we select the size of the Hadamard phase-encoding matrix to

be the same as the number of the aliased slices. Thus, the size of the Hadamard phase-

encoding matrix isNs � Ns. In this aim, H �;z is the � th row and zth column element

of Hadamard matrix corresponding tozth slice in � th TR. Due to the characteristics

of the Hadamard aliasing coe�cient matrix, the number of aliased slices must be a

power of two, which may represent a potential limitation of this approach. Alternative

techniques, such as orthogonal contrast, may o�er a potential solution for handling

aliasing scenarios involving an odd number of slices. Same as the sequential properties

of image shifts, the Hadamard phase-encoding aliasing pattern will cycle through

along the TR dimension. For example, the Hadamard aliasing pattern ofTR = Ns+1

should be the same asTR = 1. Figure 2.2 shows an example of the Hadamard aliasing

pattern whenNs = 4. Figure 2.2A shows a 4� 4 Hadamard matrix, Figure 2.2B shows

the Hadamard coe�cients for each slice in the fMRI time series, Figure 2.2C shows

the phantom brain images multiplied by Hadamard aliasing coe�cients at the �rst

4 TRs. In order to increase the distance between two aliased voxels and reduce the

in
uence of the g-factor, we introduce the term \packet" to indicate the slice aliasing

circumstance. For example, under a circumstance withNs = 8 and N � = 2, we put

odd number slices into one packet (i.e., slice 1, slice 3, slice 5, and slice 7), and even

number slices into another packet (i.e., slice 2, slice 4, slice 6, and slice 8). For each

excitation, all slices in one packet are measured simultaneously as one single array.
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Figure 2.2: An illustration of Hadamard phase-encoding aliasing pattern when
Ns = 4. A. shows theH4 matrix with plus sign denotes as 1 and minus sign demotes
as -1. B. shows sequential Hadamard aliasing coe�cient for each slice in the fMRI
time series. C. shows the phantom brain images are multiplied by the Hadamard
aliasing coe�cients at the �rst 4 TRs.

Therefore, we will have 2 packets in this situation, and both packets will coordinate

with the same Hadamard phase-encoding aliasing pattern. With the help of the

packet technique, the slice-to-slice signal leakage artifacts will diminish.

2.1.3 A Single Aliased Voxel

Given a single aliased voxel,aj;
;� , at the location (x; y) of aliased images, with

� th Hadamard aliasing pattern and
 th matrix rotation operation, measured at coil

j , is de�ned as the summation equation:

aj;
;� =
X N s

z=1
H �;z R
;z Sj;z � z + " j : (2.5)

In equation 2.5,aj;
;� is a 2� 1 complex-valued vector with the real and imaginary

components of the acquired aliased voxel value measured at coilj , with rotating

operation 
 and Hadamard phase-encoding aliasing pattern� . The Hadamard phase-

encoding aliasing pattern,H �;z , is the same as the de�nition in Chapter 2.1.2, where
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parameter� corresponds to the order of Hadamard coe�cients pattern, and parameter

z corresponds to the slice number. The coe�cients ofH �;z is either +1 or -1. The

matrix rotation operator, R
;z , is closely related to the de�nition of Chapter 2.1.1.

Subscript 
 denotes the order of the matrix rotation operation for each TR, and

parameter z corresponds to the number of slices. The coil sensitivity matrix,Sj;z ,

is a 2� 2 skew symmetric matrix with the real and imaginary components at coil

j for slice z, S( j; z ) = [ SR ; � SI ; SI ; SR ]j;z . The true voxel value, � z = [ � zR ; � zI ], is

a 2� 1 vector with the real and imaginary parts of the aliased voxel in slicez, and

the real part is stacked on the top of the imaginary part. The measurement noise,

" j = [ "R ; " I ], is a 2� 1 vector with real and imaginary parts stacked. The mean of

measurement noise isE(" j ) = 0, and the covariance of error iscov(" j ) = � 2I 2, where

I 2 is a 2� 2 identity matrix.

Considering the measured aliased voxel in equation 2.5 across theNc coils for

Ns aliased slices withN � time-points in the fMRI time series, equation 2.5 can be

expressed as:

a = X A � + ": (2.6)

N � denotes the number of sequential time-points of the Hadamard encoded pattern,

and it is an integer between 1 andNs. Therefore, the net acceleration of the fMRI

time series acquisition is de�ned asA = Ns=N� . In equation 2.6, the dimension ofa

is 2NcN � � 1 including the real and imaginary components. The measurement error,

" , has the same dimension asa with the mean E(") = 0 and covariancecov(") =

� 2I 2N cN � . The dimension of the aliasing matrix,X A , is 2NcN � � 2NsNr , whereNr is

an indicator of the number of matrix rotation operations. In this study, we generally

assignNr = Ns to improve the computational e�ciency. The true voxel value, � , has

the dimension of 2NsNr � 1, including the real and imaginary value for each voxel. For

the � th Hadamard aliasing pattern and
 th matrix rotating operation, the aliasing
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matrix ( X A )
;� acrossNc coils is de�ned as:

(X A )
;� =

2

6
6
6
6
4

H �; 1R
; 1

0

B
B
B
B
@

S1;1

...

SN c ;1

1

C
C
C
C
A

; : : : ; H �;N c R
;N c

0

B
B
B
B
@

S1;N s

...

SN c ;N s

1

C
C
C
C
A

3

7
7
7
7
5

: (2.7)

R
;z is the image shift indicator which operates on coil sensitivity maps for each slice,

and not matrix multiplication. Across the N � excitations, the aliasing matrix X A is

written as:

X A =
�

(X A )1 ; : : : ; (X A )N �

� 0

: (2.8)

Since the measurement error has a Gaussian distribution, the likelihood of the

acquired aliased voxel for theNc coils and theN � excitations is:

P(a j X A ; �; � 2) / (� 2)� 2N c N �
2 exp

�
� (a � X A � )0(a � X A � )=(2� 2)

�
: (2.9)

To separate the aliased images and estimate the voxel value for each slice, the

least square estimation method is used. The estimated separate voxel value,�̂ , can

be calculated by:

�̂ MLE = ( X
0

A X A )� 1X
0

A a: (2.10)

Equation 2.10 also can be used to calculate the reconstructed brain images in the

SENSE model. In general, the determinant ofX A is close to zero, det (X A ) � 0,

which leads to failure in calculating the inverse ofX
0

A X A . Thus, a bootstrap sampling

method incorporated with arti�cial aliasing of reference calibration images technique

are combined with the mSPECS-CAIPIVAT model. This combined technique can

reduce the inter-slice signal leakage artifacts by quantifying prior information in cal-

ibration images in a Bayesian model. More details is shown in the following section.

Figure 2.3 illustrates the data-acquiring process of the mSPECS technique (without
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Figure 2.3: The data-acquiring process of the mSPECS technique (without any
image shifts), the mSPECS-CAIPIRINHA technique (shift vertically), the mSPECS-
VAT technique (shift horizontally), and the mSPECS-CAIPIVAT technique (shift
vertically and horizontally).
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