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ABSTRACT
FORMAL BAYESIAN APPROACHES TO THE SENSE AND
GRAPPA PARALLEL FMRI RECONSTRUCTION
TECHNIQUES ALONG WITH THEIR
COMBINATION

Chase Joseph Sakitis, M.S.

Marquette University, 2024

In fMRI, capturing cognitive temporal dynamics is dependent on how quickly volume
brain images are acquired. The sampling time for an array of spatial frequencies to re-
construct an image is the limiting factor in the fMRI process. Parallel imaging techniques
Sensitivity Encoding (SENSE), which operates in the image space domain, and GeneRal-
ized Autocalibrating Partial Parallel Acquisition (GRAPPA), which operates in the spatial
frequency domain, have been utilized to greatly reduced image acquisition time. In SENSE
image reconstruction, coil sensitivities are estimated once from a priori calibration images
and used as fixed “known” coil sensitivities for image reconstruction of every subsequent
image. This technique utilizes complex-valued least squares estimation via the normal equa-
tions to estimate voxel values for the reconstructed image. This method can encounter
difficulty in estimating voxel values when the SENSE design matrix is not well conditioned.
In GRAPPA, localized weights are utilized to interpolate the missing lines of the subsampled
spatial frequency (Kk-space) coil arrays. These weights are assessed from a priori calibration
spatial frequency arrays and are applied to every point the fMRI time series. This disserta-
tion introduces Bayesian approaches to both SENSE and GRAPPA where prior distributions
for the unobserved parameters are assessed from the a priori calibration information. For
SENSE, the unobserved parameters are the unaliased voxel, coil sensitivities, and image noise
variance, and for GRAPPA, the unobserved parameters are the missing spatial frequencies,
localized weights, and the K-space noise variance. These parameters are jointly estimated
a posteriori via the Iterated Conditional Modes algorithm and Markov chain Monte Carlo
using Gibbs sampling. In addition, variability estimates and hypothesis testing is possible.
This dissertation also explores fusing the GRAPPA and SENSE reconstruction technique
along with applying a Bayesian approach to this fused technique. The Bayesian reconstruc-
tion techniques utilize prior image information to reconstruct images from the posterior
distributions. The traditional image reconstruction techniques and the Bayesian techniques
are extensively evaluated using a simulation study and experimental fMRI data.
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CHAPTER 1: Introduction

1.1 Background

Magnetic Resonance Imaging (MRI) is a type of medical imaging that creates internal
anatomic body images using strong magnetic elds. Functional Magnetic Resonance Imaging
(fMRI) was developed in the early 1990's as a technique to noninvasively observe the human
brain in action without exogenous contrast agents (Bandettini et al., 1993). This procedure
examines brain activity by detecting changes in the blood oxygenation using the blood-
oxygen-level dependent (BOLD) contrast (Ogawa et al., 1990). When a neuron res, the
blood oxygenation changes in the proximity of the neuron and is thus a correlate for neuronal
ring. In MRI, the machine does not directly measure the images. Measurements from the
machine are arrays of complex-valued spatial frequencies calledpace (Kumar et al., 1975).
Thesek-space arrays are then reconstructed into images using an inverse Fourier transform
(IFT) producing brain images. The reconstructed brain images are made up of complex-
valued voxels which contain the signal intensity (magnitude) and a measure of local magnetic

eld (phase) for each pixel in the image.

Since thek-space array is complex-valued, as depicted in Figure 1.1 (column 2), there
is a real part (rst row) and an imaginary part (second row). An inverse Fourier transform
matrix is depicted in Figure 1.1 (column 1) to illustrate the pre-multiplication of thek-space
array with a real part (rst row) and an imaginary part (second row). The real part of
the IFT matrix is a graphical depiction of the cosine waves at di erent frequencies, and
the imaginary part of the IFT matrix is a graphical depiction of the sine waves at di erent
frequencies. Then the transpose of an IFT, depicted in Figure 1.1 (column 3), is used to

post-multiply k-space with a real part ( rst row) and an imaginary part (second row). This



results in a reconstructed image (column 4) with a real part (rst row) and an imaginary
part (second row). Since the magnitude ( rst row, column 5) and the phase (second row,
column 5) of the reconstructed images are observed for fMRI analysis (Rowe and Logan,
2004; Rowe, 2005), they are also shown in Figure 1.1. Despite the phase images generally
being discarded using only the magnitude images for fMRI analysis, the phase images are
utilized for this research. Producing magnitude and phase images is simply a conversion to
polar coordinates from Cartesian coordinates in the complex plane. Since the voxel values
are complex-valued, it forms a vector on a complex plane with the real part indicating
the length in the x-direction and the imaginary part indicating the length in they-direction.
Converting to polar coordinates would give us the magnitude (the length) and the phase (the
angle) of the voxel vector. For this research, the concentration will be on Cartesi&aspace

sampling, with the conversion to polar coordinates used for image depiction purposes.

Figure 1.1: Inverse Fourier transform image reconstruction of a complex-value#-space array to
a complex-valued image ( rst and second row). Inverse Fourier transform image reconstruction of
a complex-valuedk-space array to a magnitude and phase image (third and fourth row).

In fMRI, obtaining hundreds of volume images is necessary to statistically detect activa-
tion in the brain. This series of observations are of the same underlying volume image taken

over time with each image being measured individually through time. Measuring full arrays



of data for all slices required to form volume images takes a considerable amount of time
due to the size of a dataset from a single experiment. For example, the experimental data
used for this dissertation contain nine slices of 986 images with 510 time points yielding
41,472,000 complex-valued voxel values. Acquiring fully sampl&espace arrays limits the
temporal resolution of the reconstructed images which can diminish the power of capturing

brain activity.

Measuring full arrays of data for all the slices that form the volume image typically
takes about one to two seconds, limiting the temporal resolution of the acquired images. The
acquisition of k-space arrays to make up a volume image can take a considerable amount
of time. A great deal of work has been dedicated to reducing the scan time of the fMRI
process by accelerating the number of images acquired per unit of time. Hyde et al. (1986),
Pruessmann et al. (1999), and Griswold et al. (2002) all explore parallel imaging techniques

to reduce the scan time in MRI.

1.2 Previous Approaches

Historically, a single channel coil receiver has been utilized in fMRI to measure fully
sampled k-space data arrays. The drawbacks of acquiring fully samplddspace arrays
directed fMRI research to increase the number of images acquired per unit of time. More
recently, the focus of research has been to acquire more images per unit of time by measuring
less data without losing the ability to form a full image. To accomplish this, multiple receiver
coils are utilized in parallel to each measure spatial frequencies. With multiple receiver coils,
we can skip lines in the acquisition of th&k-space arrays which yields subsampled spatial
frequency arrays for each coil. This subsampling reduces the acquisition time of thepace
arrays, but causes the images, after using the IFT, to be aliased, or appear folded over,

rendering them unusable. This requires the multiple aliased coil images to be unaliased and
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combined into a single, full eld-of-view (FOV) brain image.

There are two common parallel imaging techniques that accomplish this: SENSitivity
Encoding (SENSE) (Pruessmann et al., 1999) and GeneRalized Autocalibrating Partial Par-
allel Acquisition (GRAPPA) (Griswold et al., 2002). SENSE operates in image space after
the IFT utilizing estimated coil sensitivities (coil weightings) to unalias and combine the
aliased coil measurements into a single FOV image. GRAPPA operates on the subsampled
k-space prior to the IFT by estimating localized weights that are used to interpolate the

unacquired spatial frequencies for each coil.

The SENSE method uses complex-valued linear regression with a xed design matrix and
a least squares solution to estimate the unknown parameters, which would be the voxel values
of the single, full brain image. This approach for parameter estimation can be di cult be-
cause the complex-valued design matrix, generally, is ill-conditioned. This can cause aliasing
artifacts, low image quality, and signal-to-noise ratio (SNR) degradation in the nal recon-
structed image, which has led to variations of the traditional technique (King and Angelos,
2001; Liang et al., 2001; Lin et al., 2004, Liu et al., 2009). These variations have de ciencies
that hardly mitigate the limitations of the traditional maximum likelihood SENSE proce-
dure. In Chapter 2, we develop a Bayesian approach to SENSE that will incorporate more
prior information and does not use a singla priori xed complex-valued sensitivity matrix,
yielding increased SNR, no aliasing artifacts, and increased image quality with improved

task detection results.

For the GRAPPA method, once the unacquired spatial frequencies are interpolated, the
full k-space arrays (acquired plus estimated) for each coil are averaged to yield a single, full
spatial frequency array. Then the averaged, fuk-space array is inverse Fourier transformed

into a full brain image. GRAPPA has its de ciencies, such as low image quality, a low SNR,



and diminished task detection power with higher acceleration factors. Also, since GRAPPA
averages the full coik-space arrays, this technique does not incorporate the sensitivities of
the coils which results in a markedly lower overall signal intensity for each voxel. Bayesian
methodologies have been utilized ik-space to improve spatial resolution and image quality
(Kornak et al., 2010), but here we aim to reconstruct subsamplekispace data to produce
full brain images. In Chapter 3, we develop a Bayesian approach to GRAPPA that will
incorporate prior information, yielding increased SNR and image quality, with improved

task detection power.



CHAPTER 2: Bayesian SENSE (BSENSE)

2.1 SENSE Technique

To motivate the proposed Bayesian approach, in this section we rst consider single-
coil full k-space inverse Fourier transform image reconstruction. Then the multi-coil fully
sampled k-space IFT image reconstruction with SENSE image combination, and nally

multi-coil subsampledk-space with SENSE image combination.
2.1.1 Single Coil, No Acceleration Factor

As mentioned in Section 1.2, fMRI historically utilized a single channel receiver coil
as illustrated in Figure 2.1. With a single channel colil, the height of the receiver is taller
than the size of the subject's head, shown in the three-dimensional depiction in Figure 2.1a.
Both parts a and b of Figure 2.1 show the single coil receiver wraps completely around the
subject's head starting from posterior to anterior and connects back at the posterior. The

gray square with the red depicts the FOV of a single slice in both parts of Figure 2.1.

Figure 2.1: (a) lllustration of a three-dimensional single coil channel along with (b) the top-down
view of the colil receiver.



From the single channel coil, thek-space arrays are acquired along a trajectory as
shown in Figure 2.2 (top left) where the machine starts in the bottom left corner and moves
across the row (in thex-direction) measuring complex-valued spatial frequencies along the
Cartesian grid. At the end of each row, you move up one line (in thg-direction) and the
process is repeated in the opposite direction. As the trajectory changes to move up one
line in the y-direction, the machine continues to acquire the spatial frequency points outside
the Cartesian grid called turnaround points. The acquisition of the complex-valued spatial
frequencies continue until all the rows of thé&-space array are obtained for each slice in the
volume spatial frequency array. Then the turnaround points outside the square array are

omitted yielding fully sampled k-space depicted in Figure 2.2 (top right). These complex-

Figure 2.2: Fully sampled k-space zig-zag coverage (top left) with the nalized fullk-space array
after omitting the turn-around points (top right) and the reconstructed brain image using the IFT
(bottom).



valued spatial frequency arrays are then reconstructed into full FOV real and imaginary then
magnitude and phase brain images using the IFT (bottom of Figure 2.2). The reconstructed

phase image is not illustratively shown.

2.1.2 Multi-Coil, No Acceleration Factor

To acquire more images per unit of timenc > 1 receiver coils are utilized instead of a
single channel coil. An example of a four-channel coil arrangement is illustrated in Figure
2.3. The three-dimensional depiction of the multi-coil arrays in Figure 2.3a show the height
of the receiver coils being taller than the head of the subject. In Figure 2.3b, starting with
coil 1 at the anterior of the subject, the coils increment clockwise with coil 2 on the right
lateral, coil 3 on the posterior, and coil 4 on the left lateral of the subject's head. Each of
the four coils can measure full sampleki-space arrays, as exhibited in Figure 2.2, in parallel

which does not increase the acquisition time compared to the single channel coil array.

Figure 2.3: (@) lllustration of a three-dimensional multi-coil channel with four receivers along with
(b) the top-down view of the multiple coils.

Each channel receiver coil possesses a depth sensitivity pro le which depends on its size
and location. This means that each coil can only see parts of the object with a particular

depth sensitivity that decreases as we move farther from the coil. The same four-channel
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coil con guration in Figure 2.3b is displayed in Figure 2.4 (center image with four coils on
each side) showing how the coils would look around a single slice brain image. Figure 2.4
gives an illustrative example of image slices withc = 4 coils (top, bottom, left, right) and
their respective depth sensitivity to the true image slice (the four corners of the gure). In
Figure 2.4, the magenta outline of the brain can be seen in each coil sensitivity image (top,
bottom, left, right) showing the placement of the true slice image in accordance with the
coil. Typically, the sensitivities outside the brain are masked out but are left in Figure 2.4
to visualize how the depth sensitivity decreases for voxels the are further from the respective
voxels. The images for Figure 2.4 are magnitude images used to visualize how the linear
model is designed. In Figure 2.4, the top right corner image displays the true image point-
wise multiplied by the depth sensitivity pro le of coil 1 which is located at the front of the
brain. The resulting image shows that the signal intensity of the image decreases as you move
farther from the coil location towards the posterior of the brain (bottom of the top right
image). When examining a single complex-valued voxel in the weighted brain image for coill
1, the complex-valued voxel from the true image (center) is multiplied by the complex-valued
weighted sensitivity, S;¢, to get a;c = SicVe+ "1c With some additive measurement error. The
other three coils follow the same operation creating the system of equatio&s= Scv. + "

wherea; 2 C"c 1, S.2 C'c 1 v.2 C! 1 and".2 C"c ! as expressed in Eq. 2.1.

2 3 2
aic Si1c "1c
Q¢ Soi1c "ac
= ve + : (2.1)
dsc Ss1c "3c
Auc

With this system of equations,a. (the "aliased" voxel values in the corner images in

Figure 2.4) are the observed measurements, after applying the IFT, from the machine that



Figure 2.4: True slice image (center) along with the coil sensitivity pro les (top, bottom, left,
right) and sensitivity weighted true images (the four corners). The coil sensitivity proles are
typically masked outside the brain but left here to show how the sensitivity decreases with voxels
that are further from the coil.

need to be combined into a single, composite brain image. Since voxels are spatially discrete,

this process is repeated for the rest of the voxels in the coil measurements.
2.1.3 Multi-Coil with an Acceleration Factor

Increasing the number of receiver coils to be greater than 1 decrease the SNR of the nal

reconstructed image but allows for subsampling of thie-space arrays. As previously noted,
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the primary goal of parallel MR imaging is to increase the number of images acquired per unit
of time which can be attained by measuring less data. This can be accomplished by skipping
lines in the k-space array, i.e. subsampling, as displayed in Figure 2.5 (left). Skipping
lines in k-space introduces what is called an acceleration factar,. The acceleration factor
indicates the fraction of lines of data ink-space that are measured and how much sampling
time is reduced for a volume image. For example, with an acceleration factor mf = 2,
every other line horizontally in k-space is measured as exhibited on the left side of Figure
2.5. This would result in each slice of the volumk&-space arrays to be 4896 (top right of
Figure 2.5) instead of the full 96 96. If it took one second to obtain a fullk-space, with

na = 2, the subsampled volume image would take half a second, doubling the rate at which
we can observe brain dynamics. If an acceleration factor nf = 3 is used, a third of the
points along the horizontal lines ofk-space are measured yielding each slice of the volume
image to be 32 96 which means three subsampled volume images would be observed in the

time it would take to observe one fully sampled volume image.

However, skipping lines ink-space causes reconstructed coil-weighted brain images to
appear folded over itself, or aliased, because the IFT cannot uniquely map the downsampled
signals. We can see an example of this in Figure 2.5 (bottom right) where the IFT of the
subsampledk-space (top right), with ny = 2, causes the image to be aliased (bottom right).
The depiction in Figure 2.5 only shows the aliasing for one of the coils, and since multiple
coils are utilized in parallel imaging, a weighted aliased image transpires for each coil. It

only shows the magnitude images as associated phase images are not illustratively shown.

Figure 2.6 shows a similar depiction of the full coil-weighted magnitude brain images
to Figure 2.4 but introduces an acceleration factor ofiy = 3. The sequential subsampling
pattern follows one similar to that shown in Figure 2.5 (left) but measuring every third

line of k-space instead of every other line, resulting in aliased coil-weighted brain images.
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Figure 2.5: Subsampledk-space zig-zag coverage witma = 2 acceleration factor (left), the
nalized subsampledk-space array after omitting the turnaround points (top right) and the aliased
brain image after reconstruction using IFT (bottom right).

In Figure 2.6, the aliased image (top right) is the point-wise multiplication of the given
voxels (center) by the sensitivity pro le for coil 1 (top middle) summed for the three strips,
Q1c = SpicVic + SiacVae + SiacVac. This process is repeated foay. in coil 2 (bottom right),
asz: in coil 3 (bottom left), and a4 in coil 4 (top left). This depiction of four acquired,
complex-valued voxel values in the aliased images, 2 C"c 1, along with the unacquired,
complex-valued coil sensitivities,S; 2 C"c "a | the unacquired complex-valued unaliased
voxel values,v. 2 C"» 1, and the complex-valued measurement errof; 2 C"c 1, create a

linear system of complex-valued equations, shown in Eq. 2.2.

2 3 2 3 2 3

Aic Siic Sz Sizc 2 3 "1c
S Swe St B 7 B

A 21c  22c  D23c 2c

- gvz(é + (2.2)

asc Ssic Sz Sazc "3c
V3c "

Aac S41c S42c S43c 4c

Since the unaliased voxel values,, are the parameter of interest, SENSE estimates the
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coil sensitivities, S, treats it as a known parameter, and models the process as a complex-

valued regression model.

Figure 2.6: True slice image (center) along with the coil sensitivity pro les (top, bottom, left,
right) and sensitivity weighted true aliased images (the four corners). The coil sensitivity pro les
are typically masked outside the brain but left here to show how the sensitivity decreases with voxels

that are further from the coil.
2.1.4 Model

Traditional SENSE performs image reconstruction via the relationship

act ) = Sv) + )y =1;:5K (2.3)
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wherea, 2 C"c ! is the acquired complex-valued aliased coil measuremen®, 2 Chc "a

is the matrix of unacquired complex-valued coil sensitivitiesy, 2 C"» ! is the unacquired
complex-valued unaliased voxel values,, 2 C"c ! is the additive complex-valued noise
where". N(O; 2(1+ i)), and K is the total number of voxels in the full image divided
by the acceleration factom, yielding the total number of voxels in the aliased image. Prior
to an fMRI experiment, a short non-task based set af¢, full k-space volume arrays for the
nc coils can easily be obtained. These commonly measured kHspace volume arrays are
inverse Fourier transformed into full pre-scan coil calibration images similar to Figure 2.4.
From these pre-scan calibration images, an estimate of the complex-valued coil sensitivities

S, can be obtained. The SENSE least squares estimator\affrom Eq. 2.4 is given by
() — (Ya )y 18 (V_ (). e e
00 = (8. 78 ) 18 Tal); =1;:5K: (2.4)

wherey is the Hermitian or conjugate transpose. The SENSE process is repeated for each
voxel in the aliased image to estimate the unaliased voxel valuesyielding a single full FOV
brain image. The design matrixS. is generally ill-conditioned which causes SNR, a ratio that
measures that signal intensities in imaging to background noise, to degrade. This can also
cause aliasing artifacts in the nal reconstructed image under SENSE (Pruessmann et al.,

1999).

In SENSE image reconstruction, the use of a regularizer such as ridge or lasso regression,
can be used to address issues with aliasing artifacts or SNR degradation. However, the regu-
larization has been shown to introduce bias, resulting in blurred images (King and Angelos,
2001; Liang et al., 2001; Lin et al., 2004). These de ciencies motivate our Bayesian approach,
which allows for a more general and automated method for image reconstruction. With the
use of all available prior information, our Bayesian approach provides full distributions for

the unaliased voxel values, coil sensitivities, and residual image variance.
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2.2 SENSE vs. SENSE-ITIVE

We now consider the true complex-valued version of the scenarios described in the previ-
ous subsection, ak-space data acquired by the MRI scanner is not real-valued. Traditional
SENSE performs reconstruction while the data values are still in complex-valued form shown
in Eq 2.5.

(ag +ia)) =(Sr+iS;)(Vr + Vi) +("r + 1")): (2.5)

Bruce et al. (2012) shows that the complex-valued model in Eq. 2.5 can be expressed by a
real-valued isomorphic representation called the SENSE-ITIVE model conveyed by Eq. 2.6.

2 3 2 32 3 2 3

9885 SI9VEETE e NG ) @9
|

aq S| i SR V|

Eq. 2.6 characterizes the design matriX6 as being skew-symmetric. The proposed
BSENSE model will use the real-valued isomorphism instead of the complex-valued rep-
resentation (Bruce et al., 2012). Continuing the illustrative use ofic = 4 receiver coils
displayed in Figures 2.3, 2.4, and 2.6, the depth sensitivity pro les for each coil now contain
a real part and an imaginary part. Each coil measures a complex-valued sensitivity weighted
true image slice that is dependent on the location and size of the coil plus complex-valued
noise. Figure 2.7, similar to Figure 2.6, shows the true noiseless complex-valued image slices
with nc = 4 coils (top, bottom, left, right) and their respective depth sensitivity to the
aliased true image slice (the four corners of the gure) with the real parts on the left and
the imaginary parts on the right. In Figure 2.7 (top right) the aliased image is the point-
wise multiplication of the given voxel by the sensitivity pro le for coil 1 summed for the

three strips. The linear equations for the real component and the imaginary component are
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expressed in Figure 2.7 (top right). This process is repeated for coil 2 (bottom right), coll
3 (bottom left), and coil 4 (top left), displayed in Figure 2.7, with the respective real and

imaginary equations.

Figure 2.7: True real and imaginary slice image (center) along with real and imaginary coil
sensitivity pro les (top, bottom, left, right) and sensitivity weighted real and imaginary true aliased
images (the four corners).

The nc = 4 coil measurements create a system of equations which can be expressed
in matrix form as shown in Eq. 2.7, where the's are acquired aliased coil measurements,
the S's are unacquired coil sensitivities, and the's are unacquired true slice voxel values.
Likewise in Eqg. 2.6 this representation creates a skew symmetric design matrix far This
equation is a latent variable model but complex-valued and can be more compactly written
asa= Sv+ " wherea2 R?'c 1 S2 R?Mc 2 y2 R 1and" 2 R?c 1 are the real-

valued isomorphic representations @, S, V¢, and " respectively. Our proposed model uses
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this real-valued representation.

2 3 2 _ 3 2 3
air Siir SR Sisr Siu S Sia ) 3 "1R
aoR SR Soor Sosr Soul Soo So3) ViR "IR
asr Ssir Ssr Sssr | Ssu Ssa Ssa VaR "3r
AR Sir Sazr Sar | Sa Ss2 Sz V3R AR
——————— e EEnEEErLy 4" SEEEEEE 1 o s EEEEEEE (2.7)
ay) Siun Sz S 3 Siir Sk Sizk V1 "1
ay| Sou S Soz 1 Sorr Soor Sosr Vo "2l
ag S Ssa Ssa o Sarr Ssor Saar V3 "3
ay Sin Ssz Saz i Ssr Sar Susm "4

2.3 BSENSE Technique

For the proposed Bayesian approach, we use the same data generating mechanism as
SENSE-ITIVE (and SENSE). That isa = Sv+ " where" 2 R?'c ! s the real-valued
representation of the measurement error with the real paftz stacked on top of the imaginary
part ",. In this work, two di erent representations of the coil sensitivities will be used.
The rst representation is S 2 R?"c 2" as demonstrated in Eq. 2.7 is necessary for the
proper skew symmetric design matrix for complex-valued multiplication. The second is
H =[Sgr; S ], used in the prior distribution and ultimately for parameter estimation of the

coil sensitivities, sinceSg and S; uniquely determineS and do not need to be duplicated.
2.3.1 Data Likelihood, Prior and Posterior Distributions

Similar to SENSE, we assume that the residual error is normal and independent and

identically distributed in the real and imaginary components. The likelihood for the aliased
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voxel measurements for thec coils becomes

2nc

P(ajS;v; 2/ (2 2 exp 2—12(a svwia Sv): (2.8)

We can quantify available prior information about the unobserved parameters of the
voxel intensitiesv, the coil sensitivitiesS, and the residual variance 2 in the likelihood with
assessed hyperparameters of prior distributions. The voxel valuesare speci ed to have a
normal prior distribution, expressed in Eq. 2.9, since the real and imaginary components
of fMRI data are assumed to be normally distributed (Henkelman, 1985; Lindquist, 2008).
The coil sensitivities, represented all, are also speci ed to have a normal prior distribution

(Eg. 2.10) and the noise variance? is speci ed to have an inverse gamma distribution (Eq.

2.11). H )
2n 5 I
PVINGVe A/ () Fexp S50 W Vo) ; 2.9)
2ncn h I
P(HinsiHo; 2/ () “5*exp 2Str(H HOTH Ho) ; (2.10)
P(%; ) (% Mexp — ; (2.11)

wheretr is the trace of the(H Hy){H Hy) matrix. The hyperparametersns, Hg, ny,
Vo, ; and are automatically assessed from the pre-scan calibration images, but can also
be determined using a fully subjective approach. The joint posterior distribution of the true

slice voxel values, the coil sensitivitiesS (as H ), and the noise variance ? is

P(v;H; ?%a)/ P(aS;v; 2P (viny;vo; 2)P(Hjns;Ho; P( 3 ); (2.12)

with the distributions speci ed from Equations 2.8, 2.9, 2.10, and 2.11.
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2.3.2 Hyperparameter Determination

The full pre-scan coil calibration images can be utilized to fully assess appropriate
hyperparameters for the prior distributions in an automated way. For example, thac, coil
calibration images (top left of Figure 2.8) can be averaged together to give us full complex-
valued coil images. A magnitude/, of the prior mean can be estimated for each voxel in

the unaliased image by computing the Euclidean norm shown in the top right of Figure 2.8.

Figure 2.8: The ny calibration coil images (top left) are averaged through time and the Euclidean
norm is taken yielding a prior mean for the magnitude unaliased voxel valuesgy (top right). The
average of the coil calibration images is then point-wise divided bygy resulting in prior means for
the real and imaginary parts of the coil sensitivitiesHor and Hq, , respectively.

The n. averaged coil calibration images can then be point-wise divided ly, to obtain

a prior mean for the real and imaginary coil sensitivities, as displayed in the bottom of Figure
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2.8. The phase of the coil sensitivities is assesseddrgtan(l1=R)=2 whereR and | are the
real and imaginary components of the coil sensitivities, respectively. This phase is utilized
to assess complex-valued prior means for the coil sensitivitidd,. These coil sensitivity
hyperparameters,Hg, along with the full averaged calibration coil images are used to assess

complex-valued prior means for the voxel valuesy.

The hyperparametersns and n,, which are the scalar weights of the prior means, are
assessed to be the number of calibration imageg,. The average residual variance over the
voxels of the calibration images is calculated to obtain a prior for the noise variancg. The
hyperparameters (shape parameter of the inverse gamma) and (scale parameter of the
inverse gamma) are assessed to be= ngy land =(ng 1) 3. This prior information
is incorporated to reconstruct each voxel measurement in the aliased coil image into the

unaliased voxel values at every time point in the fMRI series.
2.3.3 Parameter Estimation

Using the posterior distribution in Eq. 2.12, two approaches are used to estimate
the unaliased voxel valuess, coil sensitivities S, and residual variance 2: Maximum a
posteriori (MAP) estimation using the Iterated Conditional Modes (ICM) optimization al-
gorithm (Lindley and Smith, 1972; O'Hagan, 1994) to nd the joint posterior mode, and
marginal posterior mean (MPM) estimation via Markov chain Monte Carlo (MCMC) Gibbs
sampling (Geman and Geman, 1984; Gelfand and Smith, 1990). Beginning with the initial
estimates of the each parameter, ICM iterates over the parameters, calculating its posterior
conditional mode and converges to a maximum of the joint posterior density. Since each
of the posterior conditionals are unimodal, the ICM will produce the global maximum, the

MAP. The conditional modes are

¢ =(S%S+ nyla,) Y(S%+ nyw); (2.13)
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R = (VW + nglan,) YV Y%+ ngHo); (2.14)

N2

= X 2.1
2(2nc +2np+  +2ncnp +1)° (2.15)

where =( a Sv)da SV)+n,(v vo)Av Vvo)+ +nstr[(H Ho)(H HY Y =[ar;a]
andV 2 R?A 2 js a skew symmetric matrix representation of the unaliased voxel valugs

as expressed by 2 3

v=§ "™ "L (2.16)
Vi VR

The full conditional distributions are given by

viS; %a Nfe; 4SS+ nyla,) 'g; (2.17)
Hjv; Za MNfH; 2(VV + ngla,) 1g; (2.18)
Jiv;S;a IGT ; ¢ (2.19)
where = ncna+nc+na+ and =[(a Sv){a SV)+ny (v vo)Av o)+ nstr((H

Ho)(H Hg)9+2 ]=2. What distinguishes the MAP estimate from a penalized MLE is more
available prior information is incorporated in the reconstruction of the aliased coil images.
This process is also completely objective providing a fully automated method without having
to calculate a subjective penalty. Our Bayesian approach, however, is exible enough to
include subjective priors if desired. Because we are using available prior information from
the calibration images, we expect the subsequent estimators to have smaller variance and
higher SNR. To illustrate this, extensive realistic simulations are performed in Chapter 5 of

this dissertation.
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CHAPTER 3: Bayesian GRAPPA (BGRAPPA)

3.1 GRAPPA Technique

3.1.1 Reconstruction Process

Like SENSE, GRAPPA is a parallel image reconstruction technique that produces full

images from subsampled-space data. However, SENSE image reconstruction operates in

Figure 3.1: Subsampledk-space coil arrays (top left) that are spread out to show a fullk-space
array where the black dots are the acquired spatial frequencies, and the white dots are the unacquired
spatial frequencies (top middle). The missing spatial frequencies are then estimated (green dots
in the top right) yielding full coil k-space arrays (bottom right). The full coil k-space arrays
are averaged together to produce a full spatial frequency array (bottom middle) which is then
transformed into a full brain image (bottom left) using the IFT.
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the image domain while GRAPPA operates in the spatial frequency domain. The process
for GRAPPA is exhibited in Figure 3.1 with an illustrative example of usingnc = 4 coils.
The machine acquires subsampled spatial frequency arrays for each of the four coils shown
in the top left of Figure 3.1. The top middle of Figure 3.1 displays the subsamplddspace
arrays as full arrays with the black dots indicating the acquired spatial frequencies and the
white dots indicating the unacquired spatial frequencies. The unacquired spatial frequencies
are estimated using GRAPPA image reconstruction, displayed as green dots in the top right
of Figure 3.1. This yields full coilk-space arrays as shown in the bottom right of Figure 3.1.
To get a single full spatial frequency array (bottom middle), the full coil spatial frequency
arrays are averaged together. The full spatial frequency is then IFT reconstructed into a

single, full FOV brain image (bottom left of Figure 3.1).
3.1.2 Model

For GRAPPA reconstruction, localized weights are assessed to interpolate the unac-
quired spatial frequencies. There are two di erent methods of assessing the weights used for
interpolation. The rst method is from acquiring extra lines within the center portion ofk-
space, known as auto-calibration signal (ACS) measurements, when subsamplingkkspace
arrays. An autocalibration pulse sequence is more di cult and there is no information for
higher k, spatial frequencies (further from the center of the array). The second, preferred,
method is acquiring full FOV calibration k-space arrays pre-scan like the calibration images
obtained for SENSE without using the IFT to transform the spatial frequency arrays into the
image domain. For this research, we will continue with using pre-scan full FOV calibration
information for prior information. This allows you to reconstruct with SENSE, GRAPPA,

or both.

To calculate the localized weights used for interpolation, a kernel witk,,, rows and
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keo columns is placed around the acquired spatial frequency points closest to the calibration
point. There are four kernel sizes that will be used for this research: 2,4 1,2 3,and4 5.

A visual of these kernel sizes are displayed in Figure 3.2 with an illustrative usergf = 2

acceleration factor. Using a larger kernel allows for more data points to be averaged together
which can result in an increase in the accuracy of the interpolated value. However, this can
cause higher correlations with more local voxels than a smaller kernel would encounter and
can be more computationally expensive. These thoughts are taken into consideration when

determining which kernel size to use.

Figure 3.2: Dierent kernel sizes used for estimating localized weights: 21,4 1,2 3, and 4 5.

Figure 3.3 illustrates how a 2 1 kernel is utilized to estimate the weights from the
full coil calibration spatial frequencies with a four-channel coil array. In Figure 3.3, all
the complex-valued data points are acquired, but are treated di erently depending on the
location of the data point. The black data points,f,, are utilized as the acquired complex-
valued spatial frequency values, the red pointd,.,i,, are the complex-valued calibration
spatial frequency points, and the white points are ignored for the calculation of those weights
associated with the currentf .5, points. The white dots represent the spatial frequencies
that would be unacquired during the fMRI experiment but are used as calibration points to

estimate the complex-valued weights for those spatial frequencies.

The calibration points f ., and the acquired spatial frequencies, along with the
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Figure 3.3: The k-space coil arrays in the top left are fully sampled where the black dots are treated
as the acquired spatial frequencies and the red dots are the calibration point utilized to calculate the
weights for those colil spatial frequencies. The yellow box shows a 2 kernel indicating which points
are utilized to estimate the weights. From this, we get an acquired black dot above and below each
red coil calibration point. The black points above the calibration points are then stacked by coil
(1 through 4) which is then placed above the stacked black dots below the calibration points. The
image in the top right demonstrates the stacking of the black dots through the purple line and the
orange line with the purple vector then being placed above the orange vector in the system of linear
equations (bottom). The weights, W, for those unacquired spatial frequencies are then estimated
using least squares. Once the weights have been estimated, the red calibration points move to the
next white dots to estimate the set of weights for the next unacquired spatial frequencies.

complex-valued weights\W,, create a system of linear equations as displayed in Figure 3.3
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(bottom). From the linear equations, we can estimate the weighté/. using Eq. 3.1.
W) = f o OF,OYEOFOYY L =1L (3.1)

where W, 2 C"c P is the complex-valued weightsfc.i, 2 C"c ! is the complex-valued
calibration spatial frequenciesf, 2 CP listhe acquired complex-valued spatial frequencies,
P = nckrowsKeois, Y is the Hermitian or conjugate transpose, and. is the total number of
unacquired spatial frequencies in the subsamplédspace array. The process is repeated for
each spatial frequency point that would be unacquired during the actual fMRI experiment

(the white dots in Figure 3.3), yielding di erent weights for each unacquired spatial frequency.

Once the weights for each of the unacquired coil spatial frequencies are estimated from
the calibration k-space arrays, those weights are then utilized to interpolate the unacquired
spatial frequencies in the actual fMRI experiment. The GRAPPA model with the estimated
weights becomes

fec(!) - Wc(! )fkc(!)+ C(!); I =1;::L; (3.2)

wherefe. 2 C'c ! is the complex-valued interpolatedk-space valuesf,. 2 CP ! is the
complex-valued acquiredk-space values, and. 2 C"c ! is the additive complex-valued
noise with . N (0; 2(1+i)). The interpolated coil k-space valuesf., are inserted in the
respective locations of each coil yielding full cok-space arraysf:, , (top right of Figure
3.1). The full coil spatial frequency arrays,, are averaged together and the IFT is applied

to the single, full FOV k-space array reconstructing to a full FOV brain image.

With GRAPPA image reconstruction, however, the resulting reconstructed brain images
can have diminished SNR which is a consequence of either a decreased signal intensity,
increased temporal noise variance, or a combination of the two. With an increase in the

de ciencies motivate our Bayesian approach, which will allow for a more automated method
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for image reconstruction without having to potentially store and use large matrices. Unlike
GRAPPA, our Bayesian approach will utilize all valuable available prior information from
the calibration spatial frequency arrays and provide full distributions for the unacquired

spatial frequencies, the weights, and the residuitspace variance.

3.2 GRAPPA Isomorphic Representation

Similar to the SENSE-ITIVE model of SENSE, we can write a as real-valued isomorphic
representation model of the complex-valued GRAPPA model. The traditional GRAPPA
model estimates the unacquired spatial frequencies while the data values are still in complex-

valued form shown in Eq 3.3.
(fer + if o) =(Wr + IW|)(fug +if i) +( r+ 1) (3.3)

This complex-valued model can be expressed by a real-valued isomorphic representation as
conveyed by Eq. 3.4.
2 3 2 _ 32 3 2 3

W 7 f
BT E T8 (R ) NGO ) (B4)
fel W| i WR fk| |

Eq. 3.4 characterizes the design matriw/ as being skew-symmetric. The proposed BGRAPPA
model will use the real-valued isomorphism (Eq. 3.4) instead of the complex-valued repre-

sentation (Eqg. 3.2).

3.3 BGRAPPA Technique

For our proposed Bayesian approach, we use the same linear model as GRAPPA as

expressed Eq. 3.2, except the acquired spatial frequencies will be thegvariable instead of
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the f . variable. This creates a model where the design matrix and the coe cients can both
be treated as unknown parameters, allowing us to take a Bayesian approach to the linear
regression. Then the weightsW,, and the unacquired spatial frequencied,., along with
the residualk-space variance, 2, are treated as unknowns with prior distributions placed on
them. We also use an isomorphic real-valued representation of the linear GRAPPA model
in Eq. 3.4 wherefegr 2 R ! and fe 2 R" ! are the real and imaginary components,
respectively, off ., Wg 2 R"¢ P and W, 2 R"c P are the real and imaginary components of
W, frr 2 RP tandf, 2 RP !are the real and imaginary components df., and g 2 R"c 1!
and ; 2 R" ! are the real and imaginary components of.. This equation is a latent
variable model with complex values and can be more compactly written &g = Wf, +
wheref, 2 R?c 1 W 2 R?c¢ 2 f, 2 R?% 1 and 2 R?'c ! are the real-valued isomorphic

representations off ¢c, We, fyc, and ., respectively.

In this method, two di erent representations of the weights will be used. The rst
representation is the proper skew-symmetric design matriw/ as shown in Eq. 3.4. The
second representation iD = [Wg; W,] which is used in the prior distribution and for
parameter estimation of the weights. This is to ensur#&/g and W, are uniquely estimated

for W and do not need to be duplicated.
3.3.1 Data Likelihood, Prior and Posterior Distributions

Similar to GRAPPA, we assume that the residual spatial frequency error is normally
distributed in the real and imaginary components, since the real and imaginary components
of fMRI data are assumed to be normally distributed (Henkelman, 1985; Lindquist, 2008).
The data likelihood for the acquired spatial frequencies for the. coils is

PEAW: i D) () Fexp (e WHYMe WH - 35)
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We can quantify available prior information about the unacquired spatial frequenciefs,
the weightsW, and the residualk-space variance ? with assessed hyperparameters of prior
distributions. The unacquired spatial frequencie$, are specied to have a normal prior
distribution, expressed in Eg. 3.6. The weight® are also speci ed to have a normal prior
distribution (Eq. 3.7) and the k-space noise variance? is speci ed to have an inverse gamma

prior distribution (Eq. 3.8),

h i
. 2 n
P(fdnifior A/ (D2 exp 5k f)¥fic fuo) ; (3.6)
i
P(Djnu:Do. 2/ ( 22" exp %tr(D Do)(D  Dy)° : (3.7)
P(% )l (A Pexp — (3.8)

wheretr is the trace of the(D Dy)(D Dg)°matrix and the hyperparametersny, f xo, Nw, Do,
k, and are assessed from the pre-scan calibration spatial frequencies. The joint posterior
distribution of the unacquired spatial frequencie$y, the weightsW, and the residualk-space

variance 2 is

P(fi;D; 2jfe) /! P(fW;fi; 2)P(fujnk;fro; P (Djnw;Do; DP( % «; ); (3.9)

with the distributions speci ed from Equations 3.5, 3.6, 3.7, and 3.8.
3.3.2 Hyperparameter Determination

The hyperparameters can be appropriately assessed in an automated way using the
full pre-scan coil calibration spatial frequencies. For the BGRAPPA hyperparameter as-
sessment, the same full calibration spatial frequencies arid,i, = Wf, model are used
like in GRAPPA reconstruction, but each spatial frequency point is treated di erently than

GRAPPA. As shown in Figure 3.4, the calibration spatial frequencieb.i, for BGRAPPA
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are in the location of the data points where the acquired spatial frequencies are in the actual
fMRI experiment. For GRAPPA, these data points are assigned to thé, variable in the
fcaib = Wcf| model shown at the bottom of Figure 3.4. Using Eq. 3.1, this will result in the
prior for the weights in BGRAPPA, Dy, to be di erent than the estimated weights utilized

in GRAPPA image reconstruction. Thef, points used for estimating the prior mean for the

weights are averaged to obtain the prior mean of the unacquired spatial frequencigg,.

The hyperparametersny and n,,, which are the prior scalars of the prior means, are as-
sessed to be the number of calibration time points.,. The average residuak-space variance
over the coil spatial frequency arrays is calculated to obtain a prior mean for the residual
k-space variance 2. The hyperparameters , (shape parameter of the inverse gamma) and

(scale parameter of the inverse gamma) are assessed to pe Ny land =(ngy 1) &

Figure 3.4: Full calibration k-space arrays that indicate which data points are used af.gjip points
and the f, points for GRAPPA (left) and BGRAPPA (right).
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This prior information is incorporated to estimate the unacquired spatial frequencies in the

subsampledk-space arrays.
3.3.3 Parameter Estimation

Using the posterior distribution in Eq. 3.9 with priors described in Egs. 3.6, 3.7, and
3.8 along with the likelihood distribution 3.5, the MAP estimate for the unacquired spatial
frequencied , the weightsW, and the residualk-space variance ? is estimated via the Iter-
ated Conditional Modes (ICM) optimization algorithm (Lindley and Smith, 1972; O'Hagan,
1994) and the MCMC Gibbs sampler (Geman and Geman, 1984; Gelfand and Smith, 1990)
for the marginal posterior estimates. Beginning with the prior means for each parameter
as initial estimates, the ICM algorithm iterates over the parameters, calculating its poste-
rior conditional mode until convergence at the joint posterior mode. Similar to the ICM
algorithm used for BSENSE, the ICM will produce the global maximum, the MAP, instead
of the local maximum since each of the posterior conditionals are unimodal. The posterior

conditional modes are

i = (WW + nilgp) YWF e+ nifo); (3.10)
D = (FF2+ nyDo)(FkFP+ nulap) 5 (3.11)
N2 (3.12)

T 2(@nc +2p+2nep+ 1)’
where = ( fe Wf)Afe W)+ n(fc fo)Afk fro)t « +nutr[(D Do)(D Do),
Fe = [fer; fer] and Fy 2 R? 2 is a skew symmetric matrix representation of the unaliased

voxel valuesf as expressed by

F, = 2,,7,@,,,}7,5‘,,,@ : (3.13)
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It can be shown that the full conditional distributions of each parameter$,, D, and ?

are given by
FijW; 2 fe  Nffl; 2(WW + nelyp) g (3.14)
Djfi; %fe MNTD; 2(FFc+ nulay) g; (3.15)
%ifoWife IGF ;g (3.16)
where ¢ = ncp+ nc+p+ gand =[(fe WFH)Yfe WF)+ n(fi  fro)Af«

fro)+ nwtr((D Do)(D Dg))+2 ]=2. The Gibbs sampler uses the posterior conditionals
to generate the entire distribution for each parameter at each time point yielding more
information that can be used for statistical analysis. However, the computation time is
longer compared to using an iterative maximuma posteriori (MAP) method. Since the

posterior conditional distribution for both the unacquired spatial frequencie$,, and the

weights W are normally distributed, the mean and mode would theoretically be equal. If we
use the MCMC Gibbs sampler, we would only be interested in the mean of the distributions.
To save practical computational expense, for this dissertation, we only use the MAP estimate

via the ICM for estimating the unacquired spatial frequencie$,, and the weightsW.
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CHAPTER 4: Bayesian Fused GRAPPA/SENSE

In Chapter 2, we discussed SENSE image reconstruction and introduced a Bayesian approach
(BSENSE) and in Chapter 3, we discussed GRAPPA image reconstruction, introducing a
Bayesian approach to GRAPPA (BGRAPPA) as well. For this chapter, we look at a fused
GRAPPA/SENSE reconstruction process. Since GRAPPA operates in the spatial frequency
domain and SENSE operates in the image domain, we can combine these two techniques to
reconstruct subsampled coik-space arrays into a full FOV brain image. We then apply a

Bayesian approach to this Fused GRAPPA/SENSE technique.

4.1 Fused GRAPPA/SENSE

4.1.1 Reconstruction Process

Multiple steps are required to properly fuse both GRAPPA and SENSE together. Fig-
ure 4.1 demonstrates the owchart of how the subsampled spatial frequencies will be recon-
structed into a single full FOV brain image using this Fused GRAPPA/SENSE technique.
There are still the pre-scan calibration spatial frequency arrays in step 1 that are utilized
for estimating the weight, W,, for GRAPPA and the coil sensitivities, S, for SENSE (step
2). Step 3 of the process is then to estimate all the unacquired spatial frequencies using
GRAPPA, at a single time point, yielding full coil k-space arrays. The full coik-space ar-
rays are then inverse Fourier transformed in full coil-weighted images (step 4). Then SENSE
reconstruction is utilized to combine the full coil images into a single composite brain image
(steps 5 and 6). This process is repeated at each time point in the subsampled time series

of coil spatial frequency arrays.
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Figure 4.1: Flow chart for the BGRAPPA/BSENSE combination model for image reconstruction.

4.1.2 Model

The model for the Fused GRAPPA/SENSE technique begins with the GRAPPA model
outlined in Section 3.1.2. Thatisfe') = W () + ') where! =1::::K, fee2 Ce 1
is the complex-valued interpolatedk-space valuesf . 2 CP ! is the complex-valued acquired
k-space values, and; 2 C"c 1!is the additive complex-valued noise with, N (0; 2(1+1i)).
The interpolated spatial frequenciest .., are then placed in the respectively locations of the

missingk-space values resulting in full coik-space arraysfy .

The full coil k-space arraysf¢,; are then inverse Fourier transformed into full coil
images. The SENSE model is then applied to the full coil image measurements with no
acceleration factor,ny = 1, as described in Section 2.1.2. That ig.( ) = S.()v.() + " O,

where =1;::;M, a. 2 C"¢ ! s the complex-valued coil measurements§, 2 C"c ! is
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the matrix of complex-valued coil sensitivitiesy, 2 C is the complex-valued unaliased voxel
value,". 2 C"c 1 s the additive complex-valued noise wherg, N (0; ?(1+i)), andM is

the total number of voxels in the full image.

4.2 Bayesian Fused GRAPPA/SENSE Technique

4.2.1 Data Likelihood, Prior and Posterior Distributions

For the Bayesian approach to Fused GRAPPA/SENSE, we treat the unacquired spatial
frequencied «, the weightsW, the residualk-space variance 2, the unaliased voxel values,
the coil sensitivitiesH, and the residual image variance ? as unknown parameters that are
dependent on the acquired spatial frequencids. The priors for each of these parameters
(Egs. 2.9, 2.10, 2.11, 3.6, 3.7, and 3.8) along with the likelihood equations (Eqs. 2.8 and

3.5) are combined to produce the joint posterior distribution as expressed in Eq. 4.1.

P(VicH; ;D;Fk;TjFe )/ P(McH; jFrun )P(Fk ;D;TjFe ); (4.1)

. . N .

where Vi = (vq;::5;vm ) is the vector of unaliased voxel valuesd = Iy (Hg; i Hy) is
the matrix of coil sensitivities, = (  2;::; 2) is the vector of residual noise variances,

Fx = (fgq;:i ) is the vector of unacquired spatial frequencie) = I, N (Dq;:5DL)
is the matrix of localized weights,T = (Ty;:::;Ty) is the vector of k-space noise variance,
Fe = (fe;:5fe3)) is the vector of acquired spatial frequenciestsy is a vector of the
acquired spatial frequencie$. and the f spatial frequencies after interpolationM is the
total number of voxels in the full image,L is the number of unacquired spatial frequencies,

and J is the number of acquired spatial frequencies.

The P(Fy ;D; TjFe ) is the posterior distribution of our BGRAPPA technique and the
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P (Vi;H; jFsu ) is the posterior distribution of our BSENSE technique. With the BSENSE
posterior portion of being dependent on full coik-space arrays-s,, , we must rst estimate
the unacquired spatial frequency values using BGRAPPA. Then the interpolated spatial fre-
guencies are appended with the acquired spatial frequencies yielding full degpace arrays.
After applying the IFT to the full coil k-space arraysFs, , our BSENSE technique is then

used to complete the image reconstruction process for the Bayesian Fused GRAPPA/SENSE.
4.2.2 Hyperparameter Determination

The hyperparameter determination for our BGRAPPA technique portion of the Bayesian
Fused GRAPPA/SENSE follows the assessment outlined in Section 3.3.2. For the BSENSE
portion of the Bayesian Fused technique, the hyperparameter determinations follows the as-
sessment outlined in Section 2.3.2. The information for both hyperparameter assessments
comes from the same, calibration time points. The full coil calibration k-space arrays
are used for the BGRAPPA part, and the full coil calibration images, after IFT, are used

for the BSENSE part.
4.2.3 Parameter Estimation

The parameter estimation for the BGRAPPA part of the Bayesian Fused technique
follows the estimation outlined in Section 3.3.3. This means that the unacquired spatial
frequenciesf, the localized weightsW, and the k-space noise variance? have the same
posterior conditional modes and posterior conditional distributions as expressed in equations

3.10, 3.11, 3.12, 3.14, 3.15, and 3.16 respectively.

For the BSENSE part, the parameter estimation follows the estimation process outlined

in Section 2.3.3. However, since the coil measurements are full images after the IFT, the
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acceleration factor would beny = 1. This makes the posterior conditional modes to be

¥ = (SOS+ nVIZ) 1(Soa+ anO); (42)

B = (VV + nsly) YV Y%+ ngHy); (4.3)

A2 - ; (4.4)
2(4nc + +3)

where =( a Sv){a SV)+n,(v Vvo)Av Vvo)+ +nstr[(H Ho)(H HY Y =[ar;a]
andV 2 R? ? is a skew symmetric matrix representation of the unaliased voxel valuesas

expressed in Eq. 2.16.

With an acceleration factor of one, the posterior conditional distributions become

vjS; %a Nfe; 2SS+ nyly) lg; (4.5)
Hjv; 2a MNfH; VWV + ngl,) 'g; (4.6)
%v;S;a IGF ;g 4.7)
where =2nc+ +land =[(a Sv{a Sv)+ n,(v v)Av V) + nstr((H

Ho)(H Ho)cb +2 ]:2
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CHAPTER 5: Reconstruction Results

The software used for this research was MATLAB 2022b run on a 12th Gen Intel(R)
Core(TM) i7-1255U laptop computer with 16GB RAM, operating on Windows 11.

5.1 Simulation FMRI Study

5.1.1 Non-Task Data Generation

A noiseless non-task image was used to create two series of 510 simulated full FOV caoil
images for one slice to mimic the experimental data shown in this Section 5.2.1. The last
N time points of the rst time series of non-task images served as pre-scan calibration
information that was utilized for hyperparameter assessment, and the second time series was
used for a simulated non-task experiment. A complex-valued image was multiplied by a
designed sensitivity map withnc = 8 coils, similar to the four-channel coil shown in Figure
2.3 but with four additional coils in each corner as well. Figure 5.1 illustrates the real and
imaginary parts of the full simulated brain image ( rst and second column) being voxel-wise
multiplied by the real and imaginary components of the sensitivities for each of the: = 8
coils (third and fourth column). This results in the real and imaginary components of the

complex-valued full coil weighted images ( fth and sixth column).

In real-world MRI experiments, the rst few images in an fMRI time series have in-
creased signal as the magnetization reaches a stable state. To mimic this, the rst three of
both non-task time series ointgr = 510 time points of the simulated non-task time series
were scaled with the signal slightly decreasing from the rst to the third time point before
reaching a stable signal in the fourth time point. The scaling was determined by dividing the

rst three images of the experimental data by the 21st image, separately. After dividing the
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