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Abstract

Linear regression is a foundational statistical framework, but its classical assumptions are often
not met in modern applications involving latent structure and complex-valued data. Such
settings arise naturally in signal processing, imaging, and blind source separation, where both
regression coefficients and the linear operator relating latent predictors to observations are
unknown. This review presents a unified Bayesian framework for regression models with
increasing levels of latent structure. We begin with the standard real-valued regression model
with an observed design matrix and progressively extend to models with latent design matrices
and complex-valued parameters. For each setting, we derive likelihoods, conjugate priors,
posterior distributions, and both posterior marginals and conditionals, emphasizing when
closed-form inference is available and when computational methods are required. For
complex-valued models, we introduce a real-valued isomorphic representation that facilitates
principled Bayesian inference while preserving model structure. We further discuss
computational strategies, including Gibbs sampling and the iterated conditional modes
algorithm, and clarify the tradeoffs between uncertainty quantification and computational
efficiency.
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1. Introduction

Linear regression is a foundational statistical framework for relating observed data to
explanatory variables and forms the basis of many estimation and inference procedures.
Classical treatments assume real-valued data and a fully observed design matrix, assumptions
that are violated in many modern applications involving latent structure or complex-valued
measurements. These settings introduce new challenges in identifiability and estimation,

motivating extensions of linear regression beyond the standard framework.
1.1. Linear Regression

Linear regression is a common statistical model utilized to predict the behavior of a variable
based on other variables. This linear regression model can be expressed with no y-intercept

(B, = 0) as shown in Eq. 1.1
Vi = Prxpr + -+ Bpxip + &, k=1,..,n [1.1]

where p is the number of regression coefficients and n is the number of observations. The

model expressed in Eq. 1.1 can be compactly written as
y=XB+¢e [1.2]

where e~N(0,0%1,,), y € R™! is the observed data, X € R™? is the design matrix, § € RP*! is
the regression coefficients, e € R™*! is the residuals (measurement error), and o2 is the
variance of the residuals. One purpose of utilizing a linear regression model is to estimate the
behavior of the regression coefficients § based on the design matrix X (predictor variables)
given the observed data y. Estimating g can also provide hidden results yielded from the

observed data and given design matrix. These regression coefficients can be estimated via

B =xX)1(X'y). [1.3]

Utilizing Eq. 1.3 for estimating g is a simple and very common approach when the parameters
and data are real-valued and the design matrix is observed or known. However, there are
numerous applications that have an unknown design matrix, the parameters are complex-

valued instead of real-valued or have both these occurrences.
1.2. Unknown Design Matrix and Complex-valued Applications

Complex-valued latent linear regression with unknown design matrices arises naturally in blind

system identification and source separation, where observed data are linear transformations of



unobserved sources through an unknown operator. In wireless communications, baseband
observations are modeled as linear mixtures of transmitted symbols passed through an
unknown channel, yielding bilinear models in which both the regression coefficients and the
effective design matrix are latent and motivating blind channel estimation and equalization
methods’2. Closely related formulations appear in array (signal) processing, where sensor
measurements are linear combinations of latent complex source waveforms mixed through an
unknown but structured steering matrix parameterized by physical quantities such as directions
of arrival, effectively acting as an unknown design matrix3*. These models connect directly to
multichannel signal separation frameworks that treat the mixing operator as a target parameter

and rely on structural or statistical assumptions to ensure identifiability>©.

From a methodological perspective, much of the blind source separation (BSS) literature can be
interpreted as developing estimators for unknown design matrices under increasingly general
distributional and dependence assumptions. The independent component analysis (ICA)
paradigm formalizes identifiability through independence of latent sources and frames
estimation as learning an unknown linear operator via contrast optimization®. Subsequent work
emphasizes equivariance, stability, and asymptotic behavior of adaptive estimators for unknown
mixing matrices’, as well as unifying analyses of multichannel separation methods based on
second-order and higher-order statistics®. Extensions to temporally dependent latent processes,
such as multichannel ARMA models, further illustrate that uncertainty in the design matrix is
often coupled with stochastic structure in the latent regressors rather than simple independent
and identically distributed assumptions®. Information-theoretic criteria, including information
maximization, provide a unifying objective for blind separation and blind deconvolution, while
robust and nonlinear learning formulations broaden the class of admissible source distributions

and improve stability under model mismatch®'2,

The complex-valued nature of these models introduces additional statistical considerations, as
many practical signals are improper or noncircular, so second-order behavior is not fully
characterized by covariance alone. In such settings, consistent estimation requires accounting
for augmented second-order structure, with direct implications for identifiability and estimator
efficiency when the design matrix is unknown'. These issues arise prominently in 1/Q baseband
systems, array processing, and coherent sensing, where the same physical effects that induce
uncertainty in the mixing operator, such as phase drift or calibration error, also generate

impropriety in the observed data™.



Finally, closely related latent-design formulations appear in speech and audio processing, where
microphone signals are modeled as mixtures of latent sources convolved with unknown room
impulse responses. Blind and semi-blind separation methods are therefore evaluated under
strong model uncertainty, emphasizing robustness to reverberation and nonstationarity'*, while
speech enhancement frameworks treat inference under uncertain mixing and noise models with
perceptual constraints'. Sparse representation—based post-processing approaches further
exploit latent structure to improve perceptual quality after separation without altering the
underlying blind mixing model'®'”. Related perspectives also arise in coherent imaging and
radar autofocus, where unknown calibration or phase errors are naturally modeled as latent
linear operators acting on complex-valued signals, leading to blind deconvolution and phase

retrieval formulations with incomplete observations'®2°,
2. Methodology

In these real-world cases of not having a known design matrix and complex-valued data, along
with B, we will also need to estimate X and account for complex-valued nature of the data in
these applications. Here, we will explain how to handle this linear regression model in these
scenarios building up from a real-valued linear regression model with an observed X to a
complex-valued linear regression model with an unobserved X. In Section 2.1, we will discuss
the standard linear regression model with an observed design matrix. We will then discuss the
linear regression model when the design matrix is unobserved in Section 2.2. In Section 2.3, we
will introduce complex-valued parameters and how we handle the latent regression model. We

will then finish with a discussion in Section 3.
2.1. Model 1: Real-Valued Parameters with an Observed Design Matrix

In this first model, we will describe the linear regression model with real-valued parameters and
an observed design matrix. In this “textbook scenario”, the observed parameters are dependent
data y and the design matrix X. The straightforward approach to estimating g given the

observed data is to utilize Eq. 1.3.
2.1.1. Bayesian Approach to Simple Linear Regression

For a Bayesian approach to this model, we will first need to define the data likelihood, prior
distributions, and the posterior distribution. From these, we can then derive posterior marginals

and posterior conditionals to estimate the parameters of interest from the posterior distribution.



Since the observed data y is assumed to follow a normal distribution, the data likelihood is

expressed as

fOIX.B,0%) « (6*) 2exp[~ 5 0 —XBY (v —XB)].  [21]

For this model, the regression coefficients § and the variance of the residuals ¢? are the
unobserved parameters that need to be estimated. This requires prior distributions to be placed

on both parameters. These prior distributions are
_P ,
f(B1Bo, 0% mp) o (62) 2 exp |~ 25 (B — Bo)' (B — o)), 22]

f(0'2|0(, ¥) « (0.2)—(a+1) exp [_ %] [2.3]

Egs. 2.2 and 2.3 exhibit a normal distribution for # and an inverse gamma distribution for 2,
and are conjugate priors, simplifying the determination of the posterior distribution. Combining

the data likelihood and prior distributions, we determine the posterior to be

n+p+2a

FB.0?1x,y) o« (03T W exp [ 1] [2.4)

where h = (y = XB)'(y — XB) + ng(B — Bo)'(B — Bo) + 2v.
2.1.2. Posterior Marginals and Conditionals

For the posterior marginals, we aim to integrate out the other unobserved parameters from the
posterior, leaving the parameter we are currently estimating. So, for 8, we would integrate out
a2 from the posterior, leaving only observed data to estimate g and then vice versa for 2. This

will give us
F(BIX,y) [1 +-(8-B) [W] (8- B)]_T, [2.5]

2

F(02|X,y) « (02)~@*D exp [— :—] [2.6]

where g follows a multivariate location-scale ¢ distribution such that g|X,y ~ t(v, 8, T),

A , -1 ’ ! -1
EBIX,y) =B = (X'X +ngl,) " (X'y +ngho), Var(B1X,y) = =T, T =2 (X'X +ngl,)) ™, ¢ =
y'y = B'(X'X + ngl,)B + ngPy'Bo + 2y, and v = 2a + n and o2 follows an inverse gamma

distribution such that 62 |X,y ~ IG(a, = (n + p + 2a)/2,y. = $/2), E(c?|X,y) = +—, and

a,—1




2
Var(a?|X,y) = m Since X and y in the expected value equations (E(£|X,y) and

E(c?|X,y)) are known, we can simply calculate the expected value for 8 and ¢ without

requiring any computational techniques.

For the posterior conditionals, instead of integrating out 8 and a2, we can retain the unobserved
parameters, mathematically determine the posterior conditionals, and utilize a computational
technique to estimate 8, X, and o2. This is described as a bridge to a required similar method

when X is unobserved. These yields

f(BIX,02,y) o |55 Zexp|—5 (B - B)'Z5 (B - B)| 12.7]

f(@218,X,y) « (02) @+ exp [~ L], [2.8]

where g follows a multivariate normal distribution such that g|X,52,y ~ N (,[?’ = (X’X +
ngl,) " (X'y +ngBo), 55 = o2(X'X + nﬁlp)_l) and o2 follows an inverse gamma distribution

such that o2|B, X,y ~ IG(a.,v..) and v.. = [(B — B)'(X'X + npl,)(B — B) + ¢]/2. Since B and ¢*
are unobserved, we require a computational technique to estimate them from their posterior

conditionals. In this case, we can use a Markov chain Monte Carlo (MCMC) technique, such as
Gibbs sampling?'??, or other computational techniques, such as the iterated conditional modes

(ICM)?*24 algorithm to estimate g and o2.
2.2. Model 2: Real-Valued Parameters with an Unobserved Design Matrix

In this second model, we will describe the linear regression model with real-valued parameters
and an unobserved design matrix. In this scenario, the only observed parameter is the
dependent data y. The approach for estimating 8, X, and ¢2 in this scenario requires a
computational technique like Gibbs sampling or the ICM algorithm similar to the one described
in Model 1.

2.2.1. Bayesian Approach to Linear Regression with Unobserved Design Matrix

As with the previous model, we first need to define the data likelihood, the prior distributions,
and the posterior distribution before deriving the posterior marginals and conditionals. For the
data likelihood, since the observed data y still follows a normal distribution, we can use the
same Eq. 2.1 as the data likelihood for this model. For the prior distributions of 8 and o2, they

will still follow normal and inverse gamma distributions as expressed in Egs. 2.2 and 2.3,



respectively. Since the design matrix X is also unobserved, it also requires a prior distribution to
be placed on it. To keep consistency with conjugate priors, X will follow a normal distribution as

shown in Eq. 3.1.
F(X|Xo, 0%, 1) o (07)72 exp|— 25 tr{(X — Xo)(X — X'}, [3.1]

where tr is the trace of the (X — X,)(X — X,;)’ matrix. Combining the data likelihood and prior

distributions, the posterior distribution we obtain is

np+n+p+2a

FB.X,02y) « @ T ap[- 2], 32

where h, = (y — XB)' (y — XB) + ng(B — Bo)' (B — Bo) + nytr{(X — Xo)(X — Xo)'} + 2y.
2.2.2. Posterior Marginals and Conditionals

With the addition of X being an unobserved variable, we can no longer properly integrate out

both X and o2 to estimate 5. We can still integrate out 2 for both g and X, yielding

Vﬁ+p

ey [t (- By [ g -p)] ¢ Bl
_vxtnp

FXIB,y) [1 +1(x-%) [M] (x —)?)’] P [34]
where f follows a multivariate location-scale t distributions such that g|X,y ~ t(vﬁ,ﬁ, T),
EQIX,y) = B = (XX +ngl,) " (X'y + ngBo), Var(BIX,y) = v;—’jo, T = %(X’X +ngl,) ", b=
y'y — B'(X'X +ngly)B + nyetr{(X — Xo)(X — Xo)'} + npBo'Bo + 2y, and vg = np + p + 2a and X
follows a matrix location-scale t distribution such that X|8,y ~Mt(v,,X,4), E(X|8,y) =X =
OB +nXo) (BB +1uly) ™ Var(X1B,y) = 5254, A= 7 (BB +aly) 6=y -

tr{X (BB’ + nxly)X'} + 13 (B — o) (B — Bo) + nyetr{XoXo'} + 2y, and v, = n + p + 2a. Since these

Vx

V=2

posteriors marginals still have unobserved parameters, a computational technique is necessary

for estimating  and X.

In the same way as with Model 1, for the posterior conditionals, instead of integrating out 3, X,
or o2, we can retain the unobserved parameters, mathematically determine the posterior

conditionals, and utilize a computational technique to estimate g, X, and ¢2. These yield



f(BIX,02,y) o | 55| Zexp|—5 (B — B)'Z5"(B - B)]| 13.5]
F&IB,0%) o |5kl Zexp [~ 2er{(X - D)z (X - X))],  [3.6]
f(0'2|ﬁ; X,y) (0.2)—(a*+1) exp [_ %], [3.7]

where g follows a multivariate normal distribution such that §|X, 02,y ~ N (B =(X'X +
ngl,) " (X'y +ngBo), 55 = o2(X'X + nﬁlp)_l), X follows a matrix normal distribution such that

X|B, 02,y ~ MN ()? = W'+ neXo) (BB +nuly) Zx = o2(BB + nxzp)'l), and o2 follows an
inverse gamma distribution such that ¢2|8, X,y ~ IG(a,,V..), @, = (np + n+ p + 2a)/2, and

Voo = [ = XBY' (v = XB) + ng(B — Bo)' (B — Bo) + netr{(X — Xo) (X — Xo)'} + 2y]/2. Similar to the
posterior marginals, the posterior conditionals also require the use of a computational technique
for estimating 3, X, and 2. Since posterior marginals and conditionals for  are the location-
scale t and normal distributions respectively, the expected values (mean) 8 and the mode are
theoretically equivalent since the mean and the mode for the location-scale t and normal
distributions are equal. This means that we can use the posterior marginals as a method of
confirming the estimates from using the posterior conditionals (or vice versa). This can similarly
be said for X.

2.3. Model 3: Complex-Valued Parameters with an Unobserved Design Matrix

In this third model, we will evaluate the linear regression model with complex-valued parameters
and an unobserved design matrix. Similar to Model 2, the only observed parameter is the
dependent data y and the approach for estimating 8, X, and o2 also requires a computational

method. For this model, we will introduce a real-valued isomorphic representation for the model.
2.3.1. Real-valued Isomorphic Representation

Transforming the complex-valued parameters into a real-valued representation allows for easier
parameter estimation compared to the complex-valued counterpart. The complex-valued linear

regression can be expressed as

Ve = XcBe + & [4-1]

“ 0

with “c” subscripts representing that the parameter is complex-valued. For the real-valued

isomorphic representation, each complex-valued parameter will be partitioned into the real



component (represented with an “R” subscript) and the imaginary component (represented with

an “I” subscript). We can then express Eq 4.1 as

Yr] _ [*r  —X11[Pr R

[YI] N [XI XR ] [ﬁl] + [51]’ [4.2]
where (&g, £,)'~N(0,021,,,). This linear model can be rewritten as y = X + ¢ where y € R?"*1,
X € R7™?P B € R?P*1 and ¢ € R?™1. We note that estimating /3, via Eq. 1.3 with an observed
complex-valued design matrix X, yields similar results when the parameters are kept in

complex-valued form compared with using its real-valued isomorphic representation, as

presented in the Appendix, but becomes untrue when introducing a covariance structure®.
2.3.2. Bayesian Approach using the Isomorphic Representation

For the real-valued isomorphic model, two representations for the design matrix X will be
utilized. The first one, expressed as X, is the skew-symmetric form expressed in Eq. 4.2. The
second representation is expressed as H = [Xg  X;] yielding H € R™*??_ This second
representation is utilized to estimate the real and imaginary components of the design matrix
only once since each component is expressed only one time in H, but twice in X. After
estimating the real and imaginary components of the design matrix using the H representation,

these components are then shaped into the X representation for estimating 8 and o2.

With this real-valued isomorphic representation, despite similarity to Model 2, we still need to
define the data likelihood and prior distributions to obtain our posterior distribution. For the

observed data, the real and imaginary components follow a normal distribution, yielding

FOIXB0D) x (612 exp |- 0 - XBY G —XB)].  [4.3]

As for the prior distributions, 8, H, and a2 will follow a multivariate normal distribution, matrix

normal distribution, and an inverse gamma distribution, respectively, expressed as,

F(B1Bo,02mp) & (017 exp|~ 2L (B~ Bo) (B—Fo)].  [4.4]

np

f(H|Ho, 0%, n) < (69)7 2 exp [~ L tr((H — Ho)(H — HoY})|,  [4.5]

f(o?|a,y) « (62)~ (@D exp [— %] [4.6]

One notable difference between this model and Model 2 with the data likelihood and the priors

is the exponent of the 02 component of each equation (except Eq. 4.6) due to the dimensions of



the parameters from the isomorphic representation. The resulting combination of the likelihood

and the prior distributions is

2np+2n+2p+2a

F(B 021X, y) o (o) ) e [

h**
202

| @7
where h.. = (y —=XB)'(y — XB) + ng(B — Bo)'(B — Bo) + nxtr{(H — Ho)(H — Hy)'} + 2y.
2.3.3. Posterior Marginals and Conditionals

Similar to Model 2, we cannot properly integrate out both X and o2 to estimate g, but can still
integrate out 2 for both g and X to obtain the posterior marginals. These posterior marginals

are

VB+2p

) o Lo 2 (p - py [ (g - )] P s

_Vxt2np

In+%(H—9?)[W‘(CC'T+W”)](H—ﬁ)’| *4.9]

f(H|B,y) x

where f follows a multivariate location-scale t distribution such that g|X,y ~ t(vﬁ,[?,T ),

EQBIX,y) = B = (XX +ngly,) " (X'y +ngBo), Var(BIX,y) = v;’jz T,T = %(X’X +ngly) L b=

y'y — B'(X'X + nplyy,)B + nytr{(H — Hy)(H — Hy)'} + ng By’ Bo + 2y, and vg = 2np + 2p + 2a and
X follows a matrix location-scale t distribution such that H|B,y ~Mt(v,,H,4 ), E(H|B,y) =H =

’ ’ -1 X 0 /J -1 ’
(YC' + nyxo) (CC' +nylyy), Var(H|B,y) = =24, 4 =Z(CC +n.lyy) ,0=y'y—

Vy—2
Br  Bi

tr{Z(CC" + nylyp)2'} +1p(B — Bo)' (B — Bo) + nytr{HoHy'} + 2y, C = [_‘31 Br

[Yr  Yi].

],ande

For the posterior conditionals for g, X, or o2, we have
F(BIX, 0% y)  |55| Zexp -2 (B - B)z5" (B~ B)], 14.10]

fH|B, 0% y) |2X|‘§ exp [—%(H - B)zx(H - H)'],[4_11]

f(@218,X,y) o (02) @+ exp [~ L], [4.12]



where g follows a multivariate normal distribution such that §|X,c%,y ~N (B =

(X'X + nﬁlp)_l(X’y +npBo), 25 = a*(X'X + nﬁlp)_l), H follows a matrix normal distribution
such that H|, 02,y ~ MN (H = (YC' + nHo) (CC' + nylyp)”, Ex = 0%(CC' + nylyy,) ), and o2
follows an inverse gamma distribution such that ¢2|8,X,y ~ IG(a,,7..), @. =np + n+p + a, and
Voo = [0 = XB)' (v = XB) + ng (B — Bo)' (B — Bo) + nytr{(H — Ho)(H — Hy)'} + 2y]/2. Similar to
Model 2, the posterior marginals and conditionals require a computational technique, like a
Gibbs sampler or the ICM algorithm, for estimating 8, X, and ¢2. The process for the Gibbs
sampler and the ICM algorithm is outlined in Section 2.3.4 for Model 3. Also, in the same way as

for Model 2, we can use the posterior marginals of § and X to theoretically validate the results of

the distributional mean or mode of their respective posterior conditionals.
2.3.4. Computational Techniques for Parameter Estimation

As discussed in the Posterior Marginals and Conditionals subsections, different computational
strategies are either optional (Model 1) or required (Models 2 and 3) for posterior inference. In
Figure 1, we illustrate the process of the Gibbs sampler and the ICM algorithm for Model 3,
formulated using the real-valued isomorphic representation of the latent regression model.
Because the computational procedures for Models 1 and 2 follow analogous steps, we focus
exclusively on Model 3 as a representative case. The methods shown can also be implemented

for the posterior marginals.

Before applying the computational methods, prior data is utilized to compute estimates for ,,
Hy, o, ng, Ny, @, andy. For By, Hy, and o¢, these are determined by estimating the regression
coefficients, design matrix, and sample variance, respectively, from fully observed prior data,
not the current observed data. The scalar hyperparameters ng and n, are set to be n,, which is
the number of samples utilized to estimate g,, H,, and ¢¢. We set the inverse-gamma
hyperparameters to @ = n, — 1 and 1 = (n, — 1)o&, which ensures that the prior mean of the

variance equals ¢¢ and allows n, to be interpreted as an effective prior sample size, a standard

choice in conjugate Bayesian models for variance parameters?.

Once the hyperpriors are computed and set initial values for B q), H(g), and 0(20), we can begin
the computational process using either the Gibbs sampler or ICM algorithm as outlined in
Figure 1. The exact distributions for the Gibbs sampler and modes for the ICM algorithm for

each parameter in Model 3 are presented in Table 1. For the Gibbs sampler, there are a fixed



set of burn-in iterations that are removed from the parameter estimation analysis since each
sampling iteration is utilized for estimating mean, variance, confidence intervals, etc. of each
parameter. For the ICM algorithm, there are no burn-in iterations since the algorithm only takes
the last iteration as the mode estimate for each parameter. Both algorithms are completed once

convergence is reached.

Both the Gibbs sampler and ICM algorithm provide notable advantages compared to the other.
The Gibbs sampler provides a full sampling distribution for each parameter which allows for
extensive statistical analysis. However, running a full Gibbs sampler can be computationally
expensive, especially with a larger dataset and the number of iterations it may take to achieve
convergence (can be up to hundreds of thousands of iterations). If we are only interested in the
expected value (mean) of the sampling distribution for the regression coefficients  and design
matrix X provided from the Gibbs sampler, we can simply use the ICM algorithm instead since
the means and the modes of their posterior conditionals and marginals (normal and location-
scale t distributions, respectively) are theoretically equivalent. This would save a significant
amount of computational expense since the ICM algorithm can converge in as little as three

iterations.
3. Discussion

In this review, we examined how unobserved design matrices and complex-valued parameters
fundamentally alter the structure and estimation of linear regression models. By progressively
moving from a classical real-valued regression framework with an observed design matrix
(Model 1) to increasingly realistic settings involving latent design matrices (Model 2) and
complex-valued parameters (Model 3), we highlighted both the methodological challenges and
the corresponding Bayesian solutions required for valid inference. In particular, we
demonstrated that while closed-form estimators are available in the simplest setting, Models 2
and 3 necessarily require computational techniques to marginally estimate the regression

coefficients, latent design matrix, and residual variance.

A central theme of this work is the equivalence and interplay between posterior marginals and
posterior conditionals in latent regression settings. For both the regression coefficients and the
latent design matrix in Models 2 and 3, either formulation may be used for estimation, with
posterior marginals providing theoretical validation for estimates obtained via posterior
conditionals. This duality is especially valuable in practice, as it allows researchers to balance

computational efficiency against inferential richness. When full uncertainty quantification is



required, sampling-based methods such as the MCMC Gibbs sampler provide access to
complete posterior distributions. When point estimation is sufficient, optimization-based

alternatives such as the ICM algorithm offer substantial computational savings.

As emphasized in the Introduction, complex-valued latent regression models arise naturally
across a wide range of scientific and engineering applications. Functional magnetic resonance
imaging (fMRI) provides a particularly compelling example. The BSENSE?” method operates in
the image domain and employs a complex-valued latent regression formulation directly on the
images, while BGRAPPA? applies the same model in the spatial-frequency domain with both
methods improve reconstruction accuracy, enhance signal-to-noise ratio, and brain activity
detection power. These applications demonstrate that explicitly modeling both latent structure
and complex-valued data is not merely a theoretical extension, but a practical necessity for

achieving state-of-the-art performance in modern imaging pipelines.

Several important directions for future work naturally follow from the framework developed here.
First, all models considered in this review assume independence among observations and
among regression coefficients, including independence between real and imaginary
components. While this assumption simplifies analysis and computation, it may be restrictive in
applications where temporal, spatial, or structural dependencies are present. Extending the
latent regression framework to incorporate covariance structures among observations,
regression coefficients, or both would allow the model to capture additional sources of
dependence and potentially improve estimation accuracy and interpretability. More broadly, the
Bayesian formulation presented in this review provides a flexible foundation for extending latent

regression models beyond the settings considered here and we recommend it for future use.
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Appendix

Below exhibits the math showing that the complex, ordinary least squares estimate for 8 is
equal if left in complex-valued form compared to the real-valued isomorphic representation

when the design matrix is known.
Be = Br + ip

Be = XEX) T (XEye)

Be = [(Xp + iX)" (X + iXD]”

Be =Xk -

Be = [XEXg + iXEX; —

XD (Xg + XD (XE —

Be = [XEXp + IXEX, —

Be = [(XEXg + X[ X)) + i(XEX,
A= XEXg +XTX) B = (XLX,

B. = (A +iB)~'(C +iD)

(A+iB)B.=C+iD

(A+iB)(Br + i) = C +iD

APg +iAB, + iBBg + i?BB; = C + iD

(APr — BB;) +i(AB; + BBgr) = C +iD

[ABr — BB = ]
|AB; + BBg =

5 =15
MR

Br| _ |(XEXR + XT'X)
Bl |(XEX, — XTXR)

—(Xp X, —

Br] _ [(XEXR + XTX) (XTXg—XEX

HXg + XD (g + iyp)]
XD g +iyp)]

IXTXp — %X X171
iX{ Xp + X[ X)) [XRyR + iXky —
— X[ Xp)] ™

— X[ Xg)

XITXR) (XZ;:VI + ngl)
(XgXgr + X X))

)] [(XRyI + X&)

X = Xg + 1X; Ye =Yr + 1Y

(complex-valued OLS)
(R/I components)
(distribute Hermitian)
[XEyr + iXEy; — iXFyr — i?X] y] (multiply parentheses)
iX[yr +X{ yi]
[(X&yr + Xgyp) + i(Xgy — X[ yr)]

C = (Xgy + Xgy) D = (Xky

(simplified i?)
(rearrange)

— X[ yr)
(replace equations with letters)
(multiply both sides by (4 + iB))
(express B in complex form)
(multiply parentheses)

(rearrange)

(Write as system of equations)
(breakdown of the system into matrix/vectors)

(divide matrix on both sides)

(write out equations for each letter)

(X£y1 - XITyR)

(distribute minus sign)

B |(XRX — X[ Xg)  (XiXgr + XX, Xkyr — X[ yr)
) -1

[Br] Xy XTix, -X Xy xT
'[;’I" = [ )’;T XIT] [XI; XRI] [ )’;T ! );;] (break up each component)
LP1 ] —Xj R —Xj
B [ T -1 T
55 X —-X X X X X YR

r| _ |[4r i R I R i
Bl [XI Xr ] X Xg ] [XI XRr ] 3’1] (move transpose)




B=&"X)"(X"y) (simplify)

p=[5] x=[y 3] v=[7)



Tables

Table 1: Model 3’s parameter estimation from the posterior conditional distributions via Gibbs

sampling and the ICM algorithm. The j subscript indicates the iteration number where j =
1,..,L.

Parameter Technique Parameter Estimation from Posterior Conditional

olyBG-1y Hij-1, X,y ~ 1G (e, ¥..)
a,=np+n+p+a

Gibbs sampler | Vu = [(y — XB(j-1))' (¥ — XB(j-1))

+n3(B-1) = Bo) (Bij-1) — Bo)

o2 + nytr{(H(j-1) — Ho) (Hj-1y — Ho)'} + 2v]/2

0'(2]') =¥./(a, +1)
a,=np+n+pt+a

ICM Ve = [(y = XByi—ny)' (v = XBi-ny)

+ng(Bij-1) = Bo)' (Bij-1) = Po)
+nytr{(Hg-1) = Ho) (Hj-1) — Ho)'} + 27]/2

~ X, 2,' ~N((X'X + I -1 X'v + )
Gibbs sampler Pl oGy (( ) ",ﬁ ») 3:1 ngho)
d 3 = o) (XX +ngl,)) ")
IcM By = (XX +ngly) " (X'y + ngfo)
H(j|C, 0%, Y ~ MN ((YC’ +n,x0) (CC + nylyy)
o (cC’ + nxlzp)_l)

ICM Hjy = (YC' 4+ nyxo)(CC + nxlzp)_1

Gibbs sampler




Figures

Figure 1:

Compute estimates for §y, Hy, ag, ng, Ny, a, y from prior data.

Start with initial values for 8oy, Ho), and a(y.

For iteration j:
Gibbs Sampler Iterated Conditional Modes
Form X from H;_ Form X from H;_q
Generate o)) Compute o(j,
Generate f3 Compute S
Form C &Y from 3 j &y Form C &Y from fj &y
Generate H ) Compute Hg)
Next Iteration (j + 1) Next Iteration (j + 1)

Figure Legends

Figure 1: Process for Model 3 parameter estimation via Gibbs sampling and ICM algorithm.



