Wisconsin Rowe, MCW

The Distribution of Magnitude
and Complex Voxel Values in MRI

Daniel B. Rowe, Ph.D.

Now at
Marquette University

Associate Professor / Department of Math,
Department of Biophysics Stats, and CS
Division of Biostatistics
Graduate School of Biomedical Sciences

Waisman Laboratory

COLLEGE for Brain Imaging
OF WISCONSIN and Behavior

March 24, 2008




WISC, Waisman Rowe, MCW

OUTLINE

1. Image Reconstruction

2. Statistics-Ricean & Normal
3. Estimation-Ricean & Normal
4. Estimation-Bivariate Normal

5. Discussion
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Reconstruction:
|ldeally measure complex-valued FT of the object.

S(k,.,k,) = Sk (K, K,) 4 S, (k. Kk,)
S(K,.k,) +i
Complex: 96x96 Real: 96x96 Imaginary: 96x96

p=9216
# of voxels

Actual data!
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Reconstruction:
By complex-valued inverse FT of the object.

e

s
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Reconstruction:
Due to imperfect reconstruction (noise, T,*, AB, ...), image is
complex-valued,Y. (X, y) =Y (X, y) +1Y,(X,Y).

Real Image Imaginary Image

given voxel
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Reconstruction:
By complex-valued forward FT

(Qp+iQ,) * (Ve +iY,)

of the object.

k (QXR + ig_le )T -

Rowe, MCW

QO =1

(Sg +1S,)

+1i
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Reconstruction: On Cartesian grid

H
+1
]
stack rows

of S, on —
rows of S,

i take rows of S, take rows of S,

A A

Rowe, Nencka, Hoffmann: JNeuroSciMeth, 159:361-369, 2007.
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reconstruction

Reconstruction:  matix

T
_ Sgr O — QR _QI
2pa \ S \ Q, Q

QR — [(QyR & QXR) _ (le & Qxl )]
QI — [(QyR ® Qxl ) + (le ® QXR )]

Rowe, Nencka, Hoffmann: JNeuroSciMeth, 159:361-369, 2007.
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Reconstruction:
Inverse FT reconstruction can be equivalently described as:

y — @) 88 S

Rowe, Nencka, Hoffmann: JNeuroSciMeth, 159:361-369, 2007. : :
Real-valued isomorphism
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Reconstruction:

take sections of yg take sections of y,
_ [ . [N . |
L yR _
_,
Yr +I Y,
— Y
—
| : transpose
+1
H B
Yr
y —
yl

Rowe, Nencka, Hoffmann: JNeuroSciMeth, 159:361-369, 2007.
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Reconstruction:
Inverse FT reconstruction can be performed as:

y — @) 88 S

Rowe, Nencka, Hoffmann: JNeuroSciMeth, 159:361-369, 2007. : :
Real-valued isomorphism
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Statistics: Expectation and Covariance.

If E(S) = sy, then fory = Qs, E(y) = E(€Qs) = Qs,.

If cov(s) =T, then for y = Qs, cov(y) =cov(Qs) = QI'Q".

This means that with T =&/,

and because QQ'= &’ where o©° = (sz/ IOZ)

cov(y) =o°l.

2px2p
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Statistics: Expectation and Covariance.
When we use normal distribution from thermal noise

s=s,+¢&, &~N(0,0cl)

S~N(sy,o02l), then y~N(Qs,, o?l).

2pxt 2pxt 2px2p 2pxt 2pxt 2px2p
This means that if we choose a voxel, say |

Yri Yij as

64

80

+1

Yij
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Statistics: Expectation and Covariance.

~ 2 istributi - i |
from y ~ N(Qs, ,6°1), the distribution of yg; and yj; is " row of @

/

_ _ 2
Yo | \ AR : ° 02 where U = @;S,
Yi; Hy; 0O o o
My = @y, S

Yo = YR + iylj \ :
(p+j)™ row of Q
the pdf is
1 1
p(yRJ y yU) — 272'62 exp {_ 262 |:(ij _/Lle)z + (ylj _/’llj)zj}

product of two normal pdfs
with phase coupled means  Algj = £ COS O,

Hy; = p;SIN 0O,
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Statistics:

Real Image Imaginary Image
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Statistics:

Magnitude Image

F . ]
SRR T
i jlr--. "'-._ __-q.
p Ty | & )
) Tk

voxel j

Phase Image

Rowe, MCW
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Statistics:

Magnitude Image

F L |
MY
o .l
it i
| l' B

voxel j

Rowe, MCW
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Statistics:

R-I

" Yr

M-P

Rowe, MCW
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Statistics:
Get p(m;) from P(Yg;, Yi)- Hgj = P;SING;

. = p.CO0SH.
Convert from Yg;» Y, to M;,@; . Hij = P;j j

1 exp {—
27102

m;
p(mjigpj) = 5 702 eXP4 —

m? + p? po.m.
= oo T ()

— p; COS 6’1.)2 +(y,; —p; Sin 6?1.)2]}

p(ij, yU) —

—2m, p; cos(g, —Hj)]}

™~ zeroth order modified Bessel function of first kind
Ppim;
: T > Cc0os(¢; —6;)
Rice,S.0., Bell Syst. Tech. 23:282, 1944. 1 e o Q.
Gudbjartsson, Patz. MRM 34:910-914, 1995. 27 Q= J
Rowe and Logan: NIMG, 23:1078-1092, 2004.
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Statistics:

m. m? + p? m. P
O

20 o

Ricean Distribution

The magnitude, does not
have a normal distribution!

Ricean Distribution!

e
VIR,

0 L — ——
0 1 2 3 5

T — e —|
6 7 8 9 1
m./c
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Statistics:
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Statistics:

The high SNR normality of m; can be seen as

m; = (yRJ) +(yu) :|1/2

1/2
= ( ; COs O, +77RJ) +(o;SIn G, +77RJ) ]

1/2

= [PJ +(77RJ +77,J)+2,0J (775; COS O; + 17 SmH )]

o 1 (URJ COSH +77Rj Sln 0 ) (URJ%IJ
— pj
P; /,0,

Q

,OJ- +<S'j

where &; =1y COS ¢9j + g 1 ¢9j
g; ~ N(O, o°)

Vi+u® ~1+u/2, |uj<1
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Statistics:
We take n k-space arrays under different signal conditions

Reconstruct each image.

_ t=1
Real Imaginary
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Statistics:
We get n images under different signal conditions
G g i n
, e jr .?-': }
*_?1‘ ‘;T '\\;3.:_'--__ £
T Cartesian coordinates
) b - P Real-Imaginary
t=1

Real Imaginary
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Statistics:
We get n images under different signal conditions
G g i n
, e jr .?-': }
*_?1‘ ‘;T '\\;3.:_'--__ £
T Cartesian coordinates
) b - P Real-Imaginary
t=1

Real Imaginary

Yrit Yijt

voxel |
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Statistics:
We get n images under different signal conditions

Polar Coordinates
Magnitude-Phase

Magnitude Ph Se
jt Dit

voxel j
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Statistics:

We get n images under different signal conditions

ke,
Q
o
S
©
&)
2
©
)
%)
@®
Ve
o

in a lot of MRI
especially fMRI

0 o
L0
c ®©
c C
S O
(o))
S ©
SP=
o C
S 2
[®)
a =

Magnitude ‘P.hase. .

voxel |

mjt
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Statistics:
We take n images under different signal conditions

Toy Example

Cartesian coordinates
Real-Imaginary

_ t=1
Real Imaginary

ijt yljt
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Statistics: Y. = s,

We take n images under different signal conditions
1 1

_| _| - Real

Yrit \

m, = Y2 + Y2 J0 L _ - Magnitude

- \j= =
/ _ m;

" Yijt | [ Imaginary

t=1 2 3 ... n t=1 2 3 ... n

image image



WISC, Waisman Rowe, MCW

Statistics: Bivariate Normal to Ricean
The distribution of measurement t in voxel j is:

1 :
p(ijt’ yljt) = 2 152 exp {_ — Pj COS th)Z * (yljt — Py SN Hjt)z]}
. mj?t + pjzt | LMy
P(M;) =— —5 €Xp 252 [0l 52 t=1..,n
The goal is to estimate a functional form Hrit = @;Sor = Pt COS O
pi=f(xB;) for the magnitude and possibly My = @, iSo; = P SING,,

0,=9 (uly;) for the phase from the data

I _ig jth
Ycin OF Myg, ..., my, 1IN each voxel. w; is ji row of Q

Yejp @, IS (p+))™ row of Q

X is a vector of known “dial” settings
p 1s a vector of unknown parameters.
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Estimation:
Types of functions to estimate:

Data yqy,...,ycn OF My, ..., m, IN each voxel. No j subscript.

f (x| /) X L

P 1 P
poexp(-TE/T,) TE p,T,
S,exp(—br'Dr) b,r S,,D
p(l—2exp(t/T)) t p.T,

X' X' Js;

ok W N =
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Estimation: Ricean
Estimate parameters of function from magnitude data:

p(mt):m;exp{_mh(f(xt Iﬂ))z}lo(f(xt Izﬂ)mtj
O

2
20 o

[ [m
L = —tjin exp{
LL = —nlog(c?®) + Z log(m,)

> [mé+(F (x| )Y ]+Zlog[ (f(xtlzﬂ)mtﬂ

O

}H' (f(xtm)mtj

Zth

Maximize LL: % — 0 and obt

~=0 Under H; and H,
opf oo
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Estimation: Large SNR Normal

Ricean , :
p(mt):m;exp{_mt +(;(>§|ﬁ)) },O(f(mzﬂ)mtj
~. o o

Normal as SNR T
1

p(m) = e |- Im - 10 | AT |
7TO

Then use usual least squares estimation.

Maximize LL: oL _ 0 and 6LI; =0 Under H; and H,
O oo
1 n
LL=—2nlog(e”) ~ =5 > [m — f (x | A
O =1
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Estimation: Large SNR Normal

LL = —2nlog(c?) +— 21 S Zn:[mt — (x| B
O 2
Under H,:

oL 2 of (x| B)
o8 o tZl[m f(x | B)] Y:

Under H,: add Lagrange constraint h(3,o°) to LL
oLL 2 ot (x18) , oh(B,o”)

A [m—f(XtI,B)] o5 o

Under H, and H;:

M- f (A (+

2
oo o

oh(B,o0°)
ol

Rowe, MCW

May require numerical maximization depending on f(x|f).
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Estimation: Large SNR Normal

GLM: Does not require numerical maximization. X known
Under Hy: ,@z(X'X)_1X'm 62=(y—X,5’)'(yj—X,5’)/n
Under H,: h(B3,0°) =2y 'CB/ o°
p=F(X'X)TX'm & =(y-Xp)(y-Xp)In

¥=1—(X'X)C[C(X'X)CTC
Insert back into likelihoods and take ratio.

A=L(B,6%)1L(,6%)

This is how we get our usual t and F statistics.
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Estimation: Large SNR Normal

DTI: Requires numerical maximization. b and r, known

LL =—2nlog(c?) — 21 ~ > [m, — S, exp(—br,Dr,)]?
O 2

Under H,:

oLL oS, exp(—br/Dr,)

2 < ’
o=t _?Z:[mt — S, exp(—brDr,)]
t=1

oS, S,

Sy 1D = [Z m exp(—bn'ért)} / [zexp(—zbrﬂﬁn)}
t=1 t=1

oLL
D = Does not yield a closed form solution.

Need numerical maximization with say
Newton-Raphson or Levenberg-Marquardt.

Rowe, MCW
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Estimation: Large SNR Normal

Numerical maximization.
2

LL =

SIS

L9 Z:[mt — (X I,B)]2 Minimized by Levenberg-Marquardt

t=1

()@ =3 [m = (x| )] /n

LUy [ \/f (x, | B)? + ()" } Minimize by Levenberg-Marquardt
t=1

2

T 1B +07 |

(c*)@:  LL=

Minimized by Newton-Raphson

L2, ()2, Y, ()?P,...5,(*)  sequence converges to MLE!
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Estimation: Small SNR Ricean

LL=-nlog(e®)+ Y log(m) - = >"[m? +(f (x| 5)°]

20°% “

+thl:'°9['0(f(X‘ Iﬁ)mt/az)]

Under H;: A = f(x | B)m,/c”
oLL 1 N of (x| B)
55~ o M LA/ (M) - T A=
Under Hy:
8LL: 1 <

_ of (x| )  oh(B,o°)
5 = o7 M LA/ 1A = T (x| B ==+ =2
Under H; and H,

2L5= L m2+(f(x | 8))* —2mA f (x| B) - 2no”] (+
o 20

oh(p, 02)j

Folox

No closed form solution. Requires numerical maximization!
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Estimation: Small SNR Ricean
EM Algorithm. Easier and convenient. Does not need phase.

Take magnitude variates m,,...,m, that are Ricean distributed

m5+f(xt|ﬁ)2}lo(f(xtlﬂ)mtj

2
20 o

m
p(m,) =—-exp {—
O
Introduce latent phase variables ¢,...,#, such that

P(Md) = s expl-(n + (x| )’
TO
-2mf (x| A)cosd)/207]

and

LL =—nlog(27c?)+ > log(m,)
t=1

5 Y[ H( 1 B) - 2m A (% | A cos(h)]

2
20° ‘3

Zhu, H. et al., JASA, in press, 2009.
Dempster, Laird, Rubin. JRSS, 1977.
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Estimation: Small SNR
EM Algorithm. Iterative.

LL=-nlog(27o®)+ Y logm, -~ >-[m? + f (x| )" ~2m,f (x, | f)cos
t=1 O

E Step: Let Y =(my,....,m), Yy=(&1,---:80)s Vi =(Xg, o)
given B, (%) : Initial values from normal GLM

E[L.(B.0" Y0, Y5 Y | Yo Yo B, (0%) V] =

~nlog(o!) - 5 M+ 1041 A7) -2m (x| A7) A

A = (x| A7)m, /(o?)

with respect to P(Y, 1Y, Y 87,(6%) ) =] ] p(4 I m,, 87, (7))
=

Zhu, H. et al., JASA, in press, 2009.
Dempster, Laird, Rubin. JRSS, 1977.
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Estimation: Small SNR
EM Algorithm. Iterative.

M Step:

given 8", (c®)") :

(@) == > [+ £ (x| BOY —2m £ (x| BO)AC ]

AP = (x| A7)m, /(o)

n 2
,B(Hl) . minimize Z[ i (Xt |,3)2 _ mtA(r)] given (0_2)(r+1)
t=1

©) (~2Y0) A (2O (r+l) ¢ -2\(r+1)
g () B () (6T)Y seqguence converges to MLE!

Zhu, H. et al., JASA, in press, 2009.
Dempster, Laird, Rubin. JRSS, 1977.
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Estimation: Small SNR EM Algorithm.
f(Sy,D|r,b)=S,exp(—br'Dr)

Fractional Anisotropy, FA Signal-to-Noise Ratio, Sy/5?

Zhu, H. et al., JASA, in press, 2009.
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Estimation: Bivariate Normal

Magnitude Image Phase Image

Ny _I:...:.I'..
' jr.-.l L .-#
gt i
| i -
voxel |
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Statistics:
We get n images under different signal conditions

Polar Coordinates
Magnitude-Phase

voxel j

jt
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Estimation: All SNRs Bivariate Normal
(thj:(ptC?SHtj_F(nRtj, (URthN(O’Z)
Yit P, SN o, M M

1 :
exp{—?‘_z[(ym — P COSHt)Z + (ylt — P Sin @)Z:I}

p(th’ y|t) —

270°
m, 1 5 5
p(mt , ¢t) = 2 12 eXp {_ 252 |:mt T O 2mt10t COS(¢t _Ht)]}

po=T(x|p) and 6 =g(u,|7)
LL = —nlog(27rc®) + Zn: log(m.,)
t=1

[ £ (x 1 8) ~2m 1 (x| B)cos(o, ~ 9(u, 1 )]

20
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Estimation: All SNR Bivariate Normal

LL = —nlog(27c?) + Z log(m,)

S[m?+ (% | B)° —2m,f (x| B)cos(, — g(u, 7)) ]

20 t=1
oL 14 - of (x| B)
55~ o7 2Ameoste — g ) - fx I A=
GLL__ n : _ 8g(ut|;/)
ol t:1[mtf(><t|,8)sm((pt g(u, | 7))] o,

oL _n 1 i{mf”(xtlﬁ)z }
oo’ o° 20'G —2m, T (x| B)cos(e, —g(u, | y))

o ° can be uniquely solved for given 3,y
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Estimation:
Time series are complex, bivariate with phase coupled means.

Maanitude

Y

Imaginary

o

Yr Imaginary: Task related changes!

The yg and y, time courses have related info! From actual human data!




WISC, Waisman Rowe, MCW

Estimation:
Time series are complex, bivariate with phase coupled means.

Magnitude

Maanitude
gnitude: Task related magnitude changes!
y, ‘ : : : : : ‘

| I Periodicity!

Imaginary

.. An FT of this ts would show a peak at task freq.-
0.5 Real e e s e W ma s

Ir Phase: Task related phase changes!

Hoogenrad et al. 1998, Menon 2002, Nencka et al. 2007, Bodurka et al. 1999, Chow et al. 2006.
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Estimation:
Magnitude and or phase change.
Imaginary Imaginary Imaginary
A A A
O\ \ \
> > >
Real Real Real

P =xpand g =uy

1Rowe and Logan: NIMG, 23:1078-1092, 2004. 2Rowe: NIMG 25:1124-1132, 2005a.
SRowe: NIMG, 25:1310-1324, 2005b. 4Bandettini et al.: MRM, 30:161-173, 1993.
SRowe and Logan: NIMG 24:603-606, 2005. 5Rowe, et al.: JNeuroSciMeth, 161:331-341, 2007.

’Rowe: MRM, to appear, 2009.
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Estimation:
Magnitude and or phase change.
Ima'ginary Imaginary Imaginary
Can't distinguish!
-\ | \
> > >
Real Real Real

P =xpand g =uy

1Rowe and Logan: NIMG, 23:1078-1092, 2004. 2Rowe: NIMG 25:1124-1132, 2005a.
SRowe: NIMG, 25:1310-1324, 2005b. 4Bandettini et al.: MRM, 30:161-173, 1993.
SRowe and Logan: NIMG 24:603-606, 2005. 5Rowe, et al.: JNeuroSciMeth, 161:331-341, 2007.

’Rowe: MRM, to appear, 2009.
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Estimation:
Magnitude and or phase change.

Imaginary Imaginary Imaginary
1 1 Can't distinguish!

/\
B ' \

Real Real Real

P =xpand g =uy

1Rowe and Logan: NIMG, 23:1078-1092, 2004. 2Rowe: NIMG 25:1124-1132, 2005a.
SRowe: NIMG, 25:1310-1324, 2005b. 4Bandettini et al.: MRM, 30:161-173, 1993.
SRowe and Logan: NIMG 24:603-606, 2005. 5Rowe, et al.: JNeuroSciMeth, 161:331-341, 2007.

’Rowe: MRM, to appear, 2009.
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Estimation: All SNR
GLM:

o =% and 0 =u'y H,:Cp=0vs. H :Cp+#0
Dy =0 Dy +0

LL =-nlog(27c?)+ > log(m,)
=1

S [+ () - 2mxprcos(p — uy) |

20° ©
Maximize LL: under H, and H,

o (r) 10
B initial value @~ has elements g, \/mtxt'ﬂ
71 A(r)
Z(r) has rows Ut'\/mtx{ﬂ

(1)
m{” has elements m, cos(¢p, —u;7""’)

A(r) _ (21 < —15r ~(r)
7 =(LnLm) L

n

1
&2 (r¢) _ _—
C o2

=1

ﬁ(l’+1) — (x 1 X)—lx lmir)
|:+2(m o m£r+1))| xﬁ/\(r+l)

(m_ X,BA(r+1))|(m_ X,BA(r+1)):|

Rowe: NIMG, 25:1310-1324, 2005.
Rowe: MRM, to appear, 2009.
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Estimation: GLM:

20s off+16x%(8 s on 8 s off), 276 TRs

12 axial slices, 96 x 96, FOV =24 cm
TH=25mm, TR=1s, TE =34.6 ms
FA = 45-, BW = 125 kHz, ES =.708 ms

20s off+16x%(8 s on 8 s off), 276 TRs

10 axial slices, 96 x 96, FOV = 24 cm
TH=25mm,TR=1s, TE=42.8 ms
FA = 45-, BW = 125 kHz, ES =.768 ms

20s off+16x%(8 s on 8 s off), 276 TRs

10 axial slices, 96 x 96, FOV = 24 cm,
TH=25mm,TR=1s, TE=42.8 ms
FA = 45., BW = 125 kHz, ES =. 768 ms

20s off+10x%(8 s on 8 s off), 180 TRs

9 axial slices, 64 x 64, FOV = 24 cm
TH=3.8mm, TR=1s, TE=26.0ms
FA = 45-, BW = 125 kHz, ES = .680 ms

Rowe: NIMG, 25:1310-1324, 2005.
Rowe: MRM, to appear, 2009.
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Hahn, Nencka, Rowe: NIMG, 742-752, 2009.

Hahn, Nencka, Rowe: In progress.
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Discussion:

* Not clear how much improvement from Ricean distribution.

Improvements will show below SNR=5. High b-values.

Other factors hinder it.
Dynamic field changes
Image Warping
\ile]i{e]g
Image Processing

Should also use phase for complete data model.

More biological info extracted with use of phase.
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Discussion:

1. Image Reconstruction

2. Statistics-Ricean & Normal
3. Estimation-Ricean & Normal
4. Estimation-Bivariate Normal

5. Discussion

Further research I1s needed ....

‘ oaaaY
Y

V)’ |
1A

Rowe, MCW
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Thank You

Questions?



