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1. Introduction
NN Structure, Activation/Score Functions, Estimation

2. Linear Regression and NN
Simple & Multivariate with Gradient Descent

3. Logistic Regression and NN
Simple & Multivariate with Gradient Descent

4. NonLinear Regression and NN
Simple & Multivariate with Gradient Descent

5. MultiLayer (Deep Learning) NN

6. Discussion |
Reiteration and questions.
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1. Introduction-NN Structure
Often illustrations but no details of mathematics.
Discuss foundational ideas of neural networks.

These ideas can be expanded in many directions.
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1. Introduction-NN Structure
Assume we are given input/output pairs, (X,Y:)

outputs inputs
Y1 X1
Yo X5
Y3 X3
Y4 X4
Ys X5
Yo Xe
Y7 X7
Ys Xg
Yo Xg
Y10 X10

and we want to find the relationship between
X and y. Learn the process that generated y from x.

D.B. Rowe
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1. Introduction-NN Structure
Assume we are given input/output pairs, (X,Y:)

//
1 K
AT\
input coefficients output

Find the relationship between x and .
Learn process that generated y from x.
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1. Introduction-NN Structure

Single input and a single output.
Many Tools

//
1 NI
AT\
input coefficients output

Math Is simple for this.

D.B. Rowe
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1. Introduction-NN Structure

Single input and a single output.
Many Tools

Vi =By + BX + &

Objective Function

Q=23 (% - Sy )
1 K i

Estimate Parameters
IR\ (5 )

input coefficients output

X

Math Is simple for this.
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1. Introduction-NN Structure

Multiple input and multiple output.

j =
Xiy I I Yi2
I\ ./
j S \
Xiq I I yip
input coefficients _ output
=15

Math i1s much more advanced.

D.B. Rowe

outputs

Yi1
Yio
Yis
Yia
Yis
Yie
Yiz
Yis
Yio
Yio0

inputs

Xj1
Xi2
Xi3
Xi4
Xi5
Xi6
X7
Xig
Xig
X 10
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1. Introduction-NN Structure
Multiple input and multiple output.

Math i1s much more advanced.
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1. Introduction-NN Structure
Multiple input and multiple output.

Math i1s much more advanced.
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1. Introduction-NN Structure
Multiple input and multiple output.

Some Tools
Y, =XB+¢

Objective Function
1 ! !/ 1
Q= HZ(yi =X B)(y; —%B)

Estimate Parameters

B

Math i1s much more advanced.

D.B. Rowe
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1. Introduction-NN Structure
Multiple input and multiple output.

ll Yi1
ll Yi2

\

Il Yip

outputs

Black Box?

inputs

Computer science has taken a different approach.
That can be extremely complicated to understand.

D.B. Rowe
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1. Introduction-NN Structure
Multiple input and multiple output.

input layer hidden layers output layer
2 activation =
) ]c')g W/ functions \W I I I I .
g m @@ :
 [lig * b -
)\ LFEE0)) | \
|18 \
« IR\ SI7 /N SI7 ANl .
inputs | |fq)] ! outputs

nodes

UCCIJ

Many mterconnected valves.
Functions of functions of ... of inputs.

D.B. Rowe
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1. Introduction-NN Structure
Multiple input and multiple output.

activation
functions
) hidden laye hidden |layer 2 hidden layer 3
input layer
X i 1 {i ——— —— _—_-/ _“Z‘-a{_‘_:—‘fi__?—"—'-—-— \‘_‘_u;:‘:jx;
X — S S 2 -
i O e S &% output layer
g — —

Yi1

T <> g
_‘___-""\__ = S — S
X_ B '\__~__ -» __:—’_-K__ - Lt — »
iq —— X e = s,
d nlnnn
bl UCCP

This gets very complicated very quickly.

https://www.houseofbots.com/news-detail/1442-1-what-is-deep-learning-and-neural-network

D.B. Rowe
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1. Introduction-Activation/Score Functions
There are many activation functions, f(-).
Motivated by neuronal representations.

Linear Step Rectified Linear Unit

D.B. Rowe
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1. Introduction-Activation/Score Functions
Step and ReLU not differentiable for optimization.
Smooth differentiable activation functions, f(-) used.

Linear Step Rectified Linear Unit
/ e e

2B,
f0=3% f) = f(->=ln(1+ef ]

D.B. Rowe
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1. Introduction-Activation/Score Functions
NN parameters are estimated with “training” data
X1,...,X, and a score function Q,

Q= %Z[M — f (Z:Bjxij )]2 Q= Zyi(Zﬂinj) _Zln[l"‘EXp(Zﬂinj)]

Least Squares/Normal Likelihood Score Logistic Regression/Bernoulli Likelihood Score

a function of the activation function f(-),
and f(-) Is a linear combination of the x’s.

2B
f()=28% f()= -1zﬂ,-x,- f(-)=|n(1+ej )

l+e !
Linear Logistic SoftPlus

Score function often motivated by probabillity theory!

D.B. Rowe 17
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1. Introduction-Parameter Estimation
Derivatives exist for smooth activation & score.

1 ) = 0 2
Q==ly, - fOF fO=28x B 2y, -3 A% %)
n i J (’3,81 n= j
Normal Likelihood Score Linear Derivative
1 oQ X;
- . X f()= < _ V. — J
Q=2 (X A%) () = 7 PR Z‘l+exp(—z )
S InfL+ exp(Y Bx)] e "
Bernoulli Likelihood Sco:re Logistic Derivative
1 2. Bi¥;
Q==2ly - fOF f()=In@+e” )
| 0 2 %[y, —InL+ exp(Zﬂ X ))1exp( Zﬂ %)
a—ﬂj:ﬁ i 1+exp(2ﬂ X;)
Normal Likelihood Score SoftPlus L Derivative _

D.B. Rowe
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1. Introduction-Parameter Estimation
lterative estimation, GD, NR, EM, ...

TR\

input coefficients output

D.B. Rowe

1) Start with initial t=0
values (8%, gV)

2) Run n data through
©_ 2(t)
Qi_ _[yi - f(ZIBJ‘t Xij)]2
J

1=1..n

3) Calculate score function
1 .
Q(t) = EZ[yi - f(Zﬂj(t)Xij )]2
i j
4) Update coefficients GD

(ﬁétﬂ) | A1(t+1)) VQ
5) Return to Step 2.
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2. Linear Regression and NN-Simple

Often we believe that there is a linear relationship
between an independent variable x, and a

dependent variable y with measurement error.

Yi ::Bo+181Xi T & 1=1...,Nn
Could assume normal error or use least squares.

Q :%i(yi _:Bo _181)(i)2

D.B. Rowe
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2. Linear Regression and NN-Simple

We can estimate the “best” linear relationship
between x and y using score function

Q :%i(yi _:Bo _/lei)2

by taking derivatives wrt f’s

6Q 2
a_ﬂj—_ﬁizxij(yi_zj:ﬂjxij), Xi0:11 1=1...,n : j=1,...,q
written in vector form as . _[an
2=,
VQ:—E(X'y—X'X,B) Y =1 ¥p)’ p j
setting equal to 0 and solving to get 5 ,f,l
p=(X"X)'X"y . Py

D.B. Rowe
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2. Linear Regression and NN-Simple

A NN Is a way to do multiple linear regression with
linear activation & normal likelihood score function.

Linear Activation 1 AN -
B aQ
f()= 5% N~ o
J X1 :Bl f j yi VQ = 2;?
Normal Likelihood Score /\/ an
1 ﬂZ _aﬂz |
Q:EZ[yi - f(')]2 X5 S
' Gradient 5
Derivatives VQ = - (X'y—X"'X})
can set to 0 and get
0Q 2 Gradient Descent Bo (X X)Xy
%Z‘szﬁ(yi - 25%) . . . Y= (Yyr Vo)
j ' j ,B(Hl) _ IB(t) . WQ(IB(U)
j=0,12

D.B. Rowe
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2. Linear Regression and NN-Simple
Example:
Given observed data:

f()=f,+ 1 Sl 8%?3
)= Po T P Vs

>@ A L)

(4.3.0)

« /ﬂl (5,3.4)

use the NN structure and GD

to iteratively estimate the parameters. 2001
y=.

Q:%i(yi—ﬂo—ﬂlxi)z VQ———(ny X'XB) A= jO - mQ(AY)

(Yprees Ya)'

D.B. Rowe 23
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2. Linear Regression and NN-Simple

Example:
Given observed data: (B 5. = (0.80,0.50)
1
o (1,1.4)
f()=f + X (2.2.3)
>© A (3,1.7)
t (4,3.0)
t=0 5 i (5,3.4)

(52, B9 = (1.50,1.00)
—Run data through with 3% =(8®, )"
Calculate VQ(ﬁ”)=—§(X'y—X'Xﬁ“’) .y =.0001
Calculate new g = g0 —wQ(a®) , t=t+1—

D.B. Rowe
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2. Linear Regression and NN-Simple

Example:

0.24

0.22

0.2

Q 0.18
0.16

0.14

- [0.95
p= 0.47

D.B. Rowe

Q=0.1286

1.5

1.4
1.3 |
1
1.2 1
1

1.1 F

0.9 |
0.8 |
0.7 |
0.6 |

0.5

=]

4

A t I
X B, =0.80
\
A t I I
O B, =050 |
2. 3 4
iteration 105




MU OSCT Workshop 2019

2. Linear Regression and NN-Multivariate
A NN is a way to do multivariate linear regression w/
linear activation and normal likelihood score function.

Linear Activation 1 Y 501 i ]
0Q,
f, ()= Z /Bjk X ?2 A 9o
i X 11 | 9Q,
- ' <ﬂ12 YR 0P
Normal Likelihood Score %
7iy E 0Q,
1 ﬂ21 2 5,3 J
2 | YPak
Qk = HZ[yik - fk ()] X5 /ﬂzz
' Gradient 5
Derivatives VQk :_H(X 'yk - X lX,Bk)'\
k :1 2 can setto O an e
GQk 2 Gradient Descent ’ B = (>t<t'x0)1>(<]| ‘gykt
5ﬂ :_EZXIJ (ylk _Zﬂjkxlj) yk:(ylk""'ynk)I
ik i ' R(t+l) _ (1) (1)
. J K — Mk WQk (:Bk )
]=0,1,2 k=12

D.B. Rowe
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2. Linear Regression and NN-Multivariate
A NN is a way to do multivariate linear regression w/
linear activation and normal likelihood score function.

Linear Activation 1 |~ V;
01 -

f Q

AOEDIMNS 1 Y1 0By,
] X /ﬁll Q.

1 VQ, = B

Normal Likelihood Score H
0Q,

B

Q1 - %Z[yil - fl(')]2 Xy / | OP |

Gradient

Derivatives VQl = —%(X 'yl - X lxﬁl)
can set to 0 and get
@Q 2 Gradient Descent B=(X'X) X"y,
aﬂl — _EZXIJ (yil _ZIBHXIJ (t+1) (t) 0 Yo = (Yagror Vo)
" | J
. ﬁl WQl (ﬁl )

j=0,1,2

D.B. Rowe
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2. Linear Regression and NN-Multivariate
A NN is a way to do multivariate linear regression w/
linear activation and normal likelihood score function.

Linear Activation 1 \

50,

()= B P 7R

J
J 0
Xl ~ VQZ = &
. . ﬂlZ 61812
Normal Likelihood Score
0Q,
1 | Of,, |

Qz :EZ[yiz — f()]2 X, Dy

Gradient 5
Derivatives VQZ = _H(X 'y2 - X IX,Bz)
can set to 0 and get
@QZ Gradient Descent B, =(X'X)1X"y,
= —— i (yl ﬂ I 3/2:(3/12""'%2)I
of, N Z e Z %) S(t+1) (t) (t)
2 o W Qz (:Bz )

j=0,1,2
D.B. Rowe
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2. Linear Regression and NN-Multivariate

Two independent parallel regressions yields same
result as simultaneous multivariate regressions

) SNV
B:(X'X)‘1X'Y o 7 Y1\
Xl ﬁll
B= (181’ 182) ﬂlz 7iy2>
/ 21
Y =(y,Y,) X, [~ hx
B=(X' X)Xy, LY = g0 - wQ,(BY)
Bo=(X X)Xy, o B =B - NQ,(BY)
Yo = (Yipseenr Yno)'

D.B. Rowe
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3. Logistic Regression and NN-Simple

Hours (x) A(y)

Often the probability p of an event E depends s

8

o

10
upon an independent variable x, such as the ?g
orobability p of getting an A on the finalinmy 2z
24
26
class depends on the number of hours that a 5
32
34
36

student studies x. 38

40

P P PPPOORFRPLPOO0COORFR, OO0OODOoO

So pis a function of x, p(x). 0< p(x) <1

D.B. Rowe
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3. Logistic Regression and NN-Simple

This dependency of a probability p(x),0< p(x) <1

on an independent variable X, —0o<x<w, IS

generally described through the - =
logistic mapping function

1
p=px)= 1+ o otAX)

If the event E occurs, then we say y=1 and if not y=0.

P(y=1)=p and P(y=0)=1-p. ... This is a Bernoulli trial.

D.B. Rowe
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3. Logistic Regression and NN-Simple

The likelihood function
L(ﬂo,ﬂl) = H?:l[ p(Xi )]yi [1— p(Xi )]1_yi y. ={0,1} 0< p(Xi) <1

1 —00 < X < 00

where p(x) =
p( ') 1+ e—ﬁo—ﬁlxi

has log likelihood function

LL(S,. ) = > LIy In[p()I+ @= y,) In[L— p(x,)]
= > ynlpOO)I+ Y@=y In[L- p(x)]
= > In[-pO)1+ . i In[p(x) / @— p(x)]
= VB +BAx1-D In[l+emAN]

D.B. Rowe
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3. Logistic Regression and NN-Simple

We can estimate the “best” logistic relationship
between x and 0/1 y using score function

Q= Z Yi (ZIBJ Xij) - Zln[1+ eXp(Zﬂinj )]

by taking derivatives wrt f’s

X..

oQ i

i X.V. — ] .

aﬁj Z IJyI Zl-i_exp(_ZﬂJX”) 3 XIO :1, |:1,|--,n y lel"'lq
j

with no closed form solution.

1
0= 1+ exp(—Zﬂjxj)

D.B. Rowe
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3. Logistic Regression and NN-Multiple
A NN Is a way to do multiple logistic regression with
logistic activation & Bernoulli likelihood score function.

Logistic Activation 1 AN L
1 Py aQ

H0)= m g
1+exp(— X.

P ;ﬂ, D s f y vo-| 2

Bernoulli Likelihood Score /\/ an

Q:Zyi(Zﬂinj) X, /ﬂZ |9, |
—Z In[1+ exp(z Bi%;)] Gradient
Derivatives VQ = E Q ]
5,Bj

Gradient Descent

1+ exp(- Z,B X.,) IB(t+1) ,B(t) +7/VQ(,B(t))

R

j=0,1,2
D.B. Rowe
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3. Logistic Regression and NN-Simple Example

Simple Logistic Regression

. Hours (X) A(y)
Given observed data: ——
10 0

1 N 12 0

1 i3 — -

F()= 18 0
1+ exp(—Z Bix;) f ii 18 °

J y 22 0

ﬂ 24 0

A 26 1

X4 e 28 0

30 0

use the NN structure and GD 1
N n n 36 1
to iteratively estimate the parameters. = |1
vo=| o2 B = O - NQUEY)

op,

D.B. Rowe

35
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3. Logistic Regression and NN-Simple Example
Simple Logistic Regression

Hours (x) A(y)

Given observed data: True Values 1

: (8,,5,)=(-5.00,020) 10 o

1 —

0= —

1+exp(-)_B;x;) i o o

) 22 0

=0 o

- X4 28 0

(B, B = (3.00,0.50) o e

L A _ A A 7 =001 = 1

—Run data through with % =(5".4")' 6 1

A0y _ _ X > .

Calculate VQ(s )—[in,-yi Z‘l+exp(—z ﬂ,—xi,-)]’ L
Calculate new gt = g0 —wQ(p®?) ,'t=t+1—

D.B. Rowe
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3. Logistic Regression and NN-Simple Example
Simple Logitic Results

LBy B =500

| |

A B =020
ﬁ _565 0 r-_ o
| 021 .

’ § ¢ iterations ° xmlc'

D.B. Rowe
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3. Logistic Regression and NN-Multivariate
A NN is a way to do multivariate logistic regression w/
logistic activation & Bernoulli likelihood score function.

Logistic Activation 1 Yﬂm (60, ]
f ()= ! P 7 Y1\ i
1‘|‘ eXp(—ZﬂJkXJ) X <ﬁll VQ _ an
.oy . J : ﬂlZ ‘< a181k
Bernoulli Likelihood Score i i o0
ﬂZl 7 y2 ‘
| i 5 2k
Zyk(Zﬂjk j X2 /ﬂgg B IB J
—Z In[1+ EXD(Z ,Bjk i Gradient
Derivatives VQ, = (Sgk j
ik
OQ X Gradient Desjcent
k
8— - Z XiYik = Z 1 (t+1) N(t+1) (t+1)
By +exp(- Z'Blk i =5 +VQ, (,Bk )
]=0,1,2 k=12

D.B. Rowe
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3. Logistic Regression and NN-Multivariate
A NN is a way to do multivariate logistic regression w/
logistic activation & Bernoulli likelihood score function.

Logistic Activation 1 \ﬂm r ]
1 i E 9Q
f,(-)= fy Y1 0,
1+ exp(—z BiiX;) " ;T vo,-| 2
Bernoulli LikelihoodJ Score 2'[31
Ql = Z yil(z ﬂjlxij) /ﬂ21 | 0B |
X2
_Z In[1+ exp(z ,lex” )] Gradien 20
Derlvatlves Q = -
1 (aﬂu]

Gradient Descent

an = .. V. X A oY
8ﬂj1 iZXU Yio — Zl+exp( ZIBJIXIJ) ﬁ(Hl) ﬂl(t+1) 4 WQl (ﬁl(t+1))

j=012

D.B. Rowe
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3. Logistic Regression and NN-Multivariate
A NN is a way to do multivariate linear regression w/
logistic activation & Bernoulli likelihood score function.

Logistic Activation 1 \ -
0Q,
NO— Z B
1+ eXp(—Zﬁjsz) X 2Q,
j 1 \ﬂ VQ, = 5.
Bernoulli Likelihood Score 12 ; anz
2 7Y 2
Q, = Z yiz(Zﬁjzxﬁ) p Az 0B,
x2 —F22
—Z In[1+ eXp(Z ,BJZX,J) Gradient
0Q,
Derivatives VQ, = [6,8 J
2
8Q X Gradient Desjcent
B - = inj Yio — Zl (t+1) H(t+1) (t+1)
ﬂjZ | +exp( Z'BJZ ij 182 + WQZ (182 )
j=0,1,2

D.B. Rowe
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3. Logistic Regression and NN-Multivariate

Two independent parallel regressions yields same
result as simultaneous multivariate regressions.

B:(ﬂliﬂz) 1 X B
Maximizing Likelihoods ﬁ 02 7 Y1\
Ql = Z yil(Zﬂjlxij) X1 <ﬂll
—Zln[l+ exp(z LX)l 521 7 Y2\
x, | £ B
Z yIZ(Zﬂ]ZXIJ)
> In[1 X
Z n[. +eXp(;,B12X.J )] independently 1(t+1) (t) n ]/VQl (ﬂl(t))
Via Gradient
Descent At 1)

(9 = B0+ NQ(A)

D.B. Rowe
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4. Non-Linear Regression and NN-Simple
We might believe that there is a non-linear

relationship between an independent variable x,

and a dependent variable y with measurement error.
y.=f(Xx)+& i=1..,n

Could assume normal error or use least squares.
Q=3 (v~ 14

2B,
As an example consider the Softplus f()=Inl+e’ ).

D.B. Rowe
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4. Non-Linear Regression and NN-Simple
A NN is also a way to do non-linear regression with
softplus activation & normal likelihood score function.

Softplus Activation 1 AN
Zﬂjxj B f
f()=InL+e’ )

PN

Normal Likelihood Score

1 4 o
Q:EZ[yi - f(')]2 Xy - %
' Gradient VO = aQ
Derivatives VQ = [68,? ] 2/5'1
aQ 2 X”[y' Inl+ exp(Zﬁ )] EXp(Zﬂ X”) Gradient Dejscent _%_
op; n=5 1+ exp(Z,B X;) ,53(“1) _ ﬁ(t) B WQ(ﬁ(t))
j=012 )

D.B. Rowe 43
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4. NonLinear Regression and NN-Multivariate

These univariate non-linear regressions can be put
together similarly to do multivariate regression

Softplus Activation 1
Zﬂixj Y?l
f()=In0+e7 ) 2 Vi
X1 <?l
Normal Likelihood Score 12
ﬂZl 7 Y2 _
1 oQ, |
Q= EZ[yik — ()]2 X2 /ﬂzz 0Py
! Gradien 0Q
VQ, =| —k
Derivatives VQ, = (Sgk j Py
V., — jk oQ,
an ) EZ XIJ [ylk In 1-|- exp Zﬂjk ij ))] exp(z ﬂjk ij Gradient Desjcent 5,32kj
8ﬁjk n [ 1 + eXp(Z ﬁ]k ij N (t-l-l) (t+1) WQ ( (t-l-l) )
_ _ k _ k
]=0,1,2 k=12

D.B. Rowe

44



MU OSCT Workshop 2019

5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have

more than one “hidden” layer.

The outputs from one layer become the inputs to the next.

Let’s go throug

1

N the process as multiple one layer

Neural Nets, from right to left, Backpropagation.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

We consider the first output layer as input to the
second layer. Estimate coefficients.
coefficient node layer
j=012 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

TN

ﬁOlZ
fll _ﬁ Ol% i yli
‘. B

And first focus only on the first node.
Estimate coefficients.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

1

ﬁOlZ

1:11

ﬁ022

1:21 _ﬂ122 1:22 i yzi

Then focus on the second node.
Estimate coefficients.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

1
N Ao
Do
X1 iﬂlll f11 7’ leE
P

ﬁle
X, | i f21 > f22>

And now the second layer Is considered the output
of the first layer. Estimate coefficients.

coefficient node layer

J:O,1,2 k:1,2 |:1,2

D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

1
™ Pou

X, |~

And first focus only on the first node.
Estimate coefficients.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

N

Xl\

ﬁOZl

P
X2 — Bon fZl 7 f22§

Then focus on the second node.
Estimate coefficients.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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5. MultiLayer (Deep Learning) NN-Multivariate

NN’s can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

1

And hence solve the two or multi layer problem.

coefficient node layer

]=0,1,2 k=12 1=12
D.B. Rowe
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6. Discussion
Linear, Logistic, NonLinear Regression as NN's

-Gradient Descent Backpropagation

o-(22] = Y- NQ(EY)

Discussed foundational ideas of neural networks.
These ideas can be expanded in many directions.

D.B. Rowe
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Thank You!

Questions?

Daniel.Rowe@Marquette.Edu

D.B. Rowe




