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 A B S T R A C T

In functional magnetic resonance imaging (fMRI), it is important to observe the functioning brain as fast as 
possible and at as high of a spatial resolution as possible. Increased spatial and temporal speed results in voxels 
with increased noise relative to signal and contrast. There is much evidence to suggest that there is important 
biological information contained within the phase component of the fMRI signal. When the signal-to-noise ratio 
within a voxel is low, as when there is ultra-high resolution, the marginal statistical distribution of the phase is 
non-standard and difficult to work with. This non-standard marginal phase distribution at high signal-to-noise 
ratios is Normally distributed, but at low signal-to-noise ratios needs to be utilized for accurate modeling. In 
this work, phase-only activation will be computed directly from Lathi’s mathematically correct non-Normal 
distribution, yielding additional physiological information to what is typically observed.
. Introduction

In functional magnetic resonance imaging (fMRI), images are most 
ften collected via single shot echo planar imaging (EPI). The most 
ommonly used pulse sequence in EPI for fMRI is gradient recalled echo 
GRE) [1,2]. The steady state GRE signal equation, given by 

(𝑘𝑥, 𝑘𝑦) =

∞

∫
−∞

∞

∫
−∞

𝑀0 sin(𝛼)
(

1 − cos(𝛼)𝑒−𝑇𝑅∕𝑇1
)×

(

1 − 𝑒−TR∕𝑇1
)

𝑒−𝑡∕𝑇
∗
2 𝑒𝑖𝛾𝛥𝐵𝑡𝑒−𝑖2𝜋(𝑘𝑥𝑥+𝑘𝑦𝑦) 𝑑𝑥 𝑑𝑦,

(1)

ields a complex-valued signal 𝑠 at a given point (𝑘𝑥, 𝑘𝑦) in k-space. A 
oint of interest in the GRE signal equation is the term 𝑒𝑖𝛾𝛥𝐵𝑡 where 
𝐵 is a catch-all term for any spatio-temporal inhomogeneity in the 
agnetic field local to a voxel. These fluctuations from the intended 
niform magnetic field can be caused by scanner imperfections, gradi-
nt coil imperfections and eddy currents, patients’ own magnetization, 
issue composition and interfaces with air, and more [2–4]. Since the 
xponential term that includes 𝛥𝐵 is the only non-Fourier term that 
ncludes an imaginary part, the local biological information contained 
ithin 𝛥𝐵 can be found within the local phase of reconstructed images. 
t is often the case that the true complex-valued nature of fMRI data is 
gnored, and only magnitude images are studied.
In fMRI, the blood-oxygen-level-dependent (BOLD) signal is inter-

ogated to determine regions of activation [5,6]. The BOLD signal is 
 measure of localized brain blood volume and oxygenation changes 
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which are correlates for neuronal activity. These changes occur as a 
result of certain stimuli or tasks, e.g., right-hand finger tapping, that 
activate known regions of the brain. The BOLD signal presents itself 
as a 𝑇 ∗

2  effect since the change in magnetic properties of oxygenated 
and deoxygenated hemoglobin in blood causes a perturbation in the 
local magnetic field, 𝛥𝐵, which causes a transverse dephasing of spins. 
Hence, fMRI time series are 𝑇 ∗

2 -weighted images, highlighting regions 
of the brain with significant 𝑇 ∗

2  effects. It is known that 

1∕𝑇 ∗
2 = 1∕𝑇2 + 1∕𝑇 ′

2 (2)

where 𝑇2 is the ‘‘true’’ transverse relaxation effect due to intrinsic 
molecular interactions, and 𝑇 ′

2 is transverse relaxation due to magnetic 
field inhomogeneities 𝛥𝐵. In fact, 1∕𝑇 ′

2 = 𝛾𝛥𝐵 which is located in 
the non-Fourier complex exponential term in Eq.  (1) [7]. The BOLD 
signal has a measurable effect in both the magnitude (from the term 
𝑒−𝑡∕𝑇

∗
2 ) and phase (from the term 𝑒𝑖𝛾𝛥𝐵𝑡) of the signal within a voxel. 

Therefore one would expect to observe any detectable task-related 
signal change within a voxel in both the magnitude and phase of the 
reconstructed voxel time series. Traditionally the BOLD signal is ana-
lyzed in magnitude-only images, discarding any information contained 
within the phase. It is possible that there is change in one or both of 
the magnitude and phase [8]. If the phase data is ignored, only changes 
in magnitude can be detected, which leads to the loss of physiological 
information found in the phase.

Historically in fMRI, a general linear model with Normally dis-
tributed errors was used for the marginal distribution of the magnitude 
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component of the time series [6]. However, the Normal assumption is 
not valid at low signal-to-noise ratios (SNRs). Recently, efforts have 
been made to use the proper Ricean marginal distribution for the mag-
nitude component in fMRI [9–11]. It should be noted that there is also a 
line of research utilizing the full complex-valued time series [8,12–15]. 
In this line of research, task related magnitude, phase, or magnitude 
and phase activation is computed within the full complex-valued time 
series. It is believed that by using the full 2𝑛 complex-valued mea-
surements there is increased detection power over using 𝑛 magnitude 
measurements even at high SNR [9]. Further, when there are task 
related changes in both the magnitude and phase, a model that detects 
both yields increased detection of task activation [8]. Ever increasing 
relaxation of the assumed model parameters was made [11,16,17] as 
well as Bayesian inference [18–21]. There has been some effort to 
properly estimate and perform inferences on the phase component of 
the time series [22]. In past work, researchers centered each voxel time 
series, unwrapped it, and simply fit a linear regression model with 
Normally distributed errors. However this can have challenges when 
there are one or more phase transitions on the [−𝜋, 𝜋] boundary and 
Type I and II errors when the incorrect distribution is used. In this 
work, we will use Lathi’s mathematically correct phase distribution to 
compute task-related phase activation [23]. This will be compared to 
using a Normal distribution and a more accurate angular regression 
model to make estimations [22].

2. Methods

2.1. Distributions

It has been well established that MRI voxel values are complex-
valued consisting of real and imaginary parts. The real 𝑦𝑅 and imag-
inary 𝑦𝐼  parts of a given voxel value at a specified time contain 
independent additive Normally distributed noise, 𝑦𝑅 ∼ 𝑁(𝜌 cos 𝜃, 𝜎2)
and 𝑦𝐼 ∼ 𝑁(𝜌 sin 𝜃, 𝜎2) [24–26]. The parameters 𝜌 and 𝜃 represent the 
true magnitude and phase signal within the voxel. The joint distribution 
of the real and imaginary parts can be expressed as a bivariate Normal 
distribution with phase-coupled means 

𝑓 (𝑦𝑅, 𝑦𝐼 |𝜌, 𝜃, 𝜎2) =
1

(2𝜋𝜎2)1∕2
exp

[

−
(𝑦𝑅 − 𝜌 cos(𝜃))2

2𝜎2

]

×

1
(2𝜋𝜎2)1∕2

exp
[

−
(𝑦𝐼 − 𝜌 sin(𝜃))2

2𝜎2

]

.
(3)

A transformation of variables from the Cartesian random variables 
(𝑦𝑅, 𝑦𝐼 ) to the polar random variables (𝑟, 𝜙) can be performed, resulting 
in the following joint distribution for the measured magnitude 𝑟 and 
phase 𝜙

𝑓 (𝑟, 𝜙|𝜌, 𝜃, 𝜎2) = 𝑟
2𝜋𝜎2

exp
[

− 1
2𝜎2

[

𝑟2 + 𝜌2 − 2𝑟𝜌 cos(𝜙 − 𝜃)
]

]

. (4)

From this bivariate distribution, the Ricean marginal distribution for 
magnitude with location 𝜌 and scale 𝜎 can be extracted by integrated 
out the phase 𝜙, yielding 

𝑓 (𝑟|𝜌, 𝜎2) = 𝑟
𝜎2

exp
[

−
𝑟2 + 𝜌2

2𝜎2

]

𝐼0

(

𝑟𝜌
𝜎2

)

(5)

where 𝐼0 is the zeroth order modified Bessel function of the first 
kind [14,25,27]. The mathematically correct marginal distribution for 
phase, which will further be referred to as the ‘‘Lathi’’ distribution, is 
found to be 

𝑓 (𝜙|𝜌, 𝜃, 𝜎2) = 1
2𝜋

exp
[

−
𝜌2

2𝜎2

]

×
[

1 +
𝜌
𝜎

√

2𝜋 cos(𝜙 − 𝜃) exp
[

𝜌2 cos2(𝜙 − 𝜃)
2𝜎2

]

𝛷
(

𝜌 cos(𝜙 − 𝜃)
𝜎

)]

,
(6)

where 𝛷(𝑥) is the cumulative distribution function of the standard 
Normal distribution [14,23,28]. This Lathi distribution is often ap-
proximated to be the Normal distribution. This approximation is only 
2 
supported in voxels where the true signal 𝜌 is high relative to the noise 
𝜎. The von Mises distribution, a close approximation to the wrapped 
Normal distribution, has also been used to characterize the phase [22]. 
In regions of empty space where 𝜌 ≈ 0, the Lathi distribution becomes 
uniform on the interval [−𝜋, 𝜋]. A power analysis of the distribution 
in Eq.  (6) compared to the Normal and von Mises approximations as 
well as a visual comparison of the three distributions are explored 
in Appendix  A. At a fixed Type I error rate of 𝛼 = 0.05, the Lathi 
distribution provides the largest statistical power over the Normal and 
von Mises distributions, indicating an increased ability to correctly 
identify task-active voxels.

2.2. Estimation

In fMRI, there is a time series of 𝑛 complex-valued measurements 
collected at each voxel location. An association measure between the 
time series and the expected response from the fMRI experiment is 
computed, usually in the form of a linear regression that is applied to 
only the magnitude of the complex-valued time series. Without task, 
the parameters in Eq.  (5) can be estimated via maximum likelihood 
estimation. The likelihood function is given by 

𝐿(𝜌, 𝜎2) =
𝑛
∏

𝑡=1
𝑓 (𝑟𝑡|𝜌, 𝜎2), (7)

where 𝑓 (𝑟𝑡|𝜌, 𝜎2) is the Ricean distribution described in Eq.  (5).
Similarly, without task, the parameters in Eq.  (6) can be estimated 

via maximum likelihood estimation. The likelihood function is given by 

𝐿(𝜌, 𝜃, 𝜎2) =
𝑛
∏

𝑡=1
𝑓 (𝜙𝑡|𝜌, 𝜃, 𝜎

2), (8)

with 𝜃 = 𝜃0 where 𝜃0 is the baseline phase. In the case where task is 
present, 𝜃 = 𝜃0 + 𝜃1𝑥𝑡 where 𝜃1 is the additive task-related signal and 
𝑥𝑡 ∈ {0, 1} is an indicator of expected response at time 𝑡.

This can be structured as a hypothesis test of 𝐻0 ∶ 𝜃1 = 0 versus 
𝐻1 ∶ 𝜃1 ≠ 0. The likelihood for the null and alternative hypotheses can 
be maximized and the parameters estimated via maximum likelihood 
estimation (MLE). Since it is well known that the task-related mag-
nitude signal change is extremely small compared to the baseline, an 
aggregated magnitude MLE 𝜌̂ is used when computing the phase MLEs 
from Eq.  (8). This also provides an estimate for 𝜎̂2 which is updated 
during the phase estimation.

Utilizing the distribution in Eq.  (6) for each of the 𝑛 observations at 
time 𝑡, the phase likelihood becomes 

𝐿(𝜃, 𝜎2) =
𝑛
∏

𝑡=1

{

1
2𝜋

exp
(

−
𝜌̂2

2𝜎2

)

[

1 +
𝜌̂
𝜎

√

2𝜋 cos(𝜙𝑡 − 𝜃) exp
(

𝜌̂2 cos2(𝜙𝑡 − 𝜃)
2𝜎2

)

𝛷
(

𝜌̂ cos(𝜙𝑡 − 𝜃)
𝜎

)

]}

(9)

where 𝜃 = 𝜃0 under the null hypothesis and 𝜃 = 𝜃0 + 𝜃1𝑥𝑡 under the 
alternative hypothesis. A grid search for the parameters the maximum 
likelihood estimates was also performed and results are consistent with 
the optimization procedures used.

A voxel-wise likelihood ratio statistic 𝜆 = 𝐿𝐻0
∕𝐿𝐻1

 can be com-
puted as the ratio of the null likelihood over the alternative likelihood, 
and the 𝛬 = −2 ln(𝜆) ∼ 𝜒2(1) test statistic formed [29]. Since there is a 
single degree of freedom, a 𝑧-statistic can be formed 

𝑧 = sign(𝜃̂1)
√

−2 ln(𝜆) (10)

and utilized to detect ‘‘task-active’’ voxels [30].



J.C. Bodenschatz and D.B. Rowe Magnetic Resonance Imaging 131 (2026) 110696 
Fig. 1. Maximum likelihood estimation for 𝜌̂ (a) and 𝜎̂2 (b) from Eq.  (7) with resulting SNR (c). Average angular measured voxel phase 𝜙̄ (d). Linear regression 
estimate for 𝜃̂0 (e) and 𝜃̂1 (f). Notice the within brain banding effect in (f) that is a result of phase wrap-around. This can make diagnosing regions that contain 
task-related activity difficult.
3. Results

3.1. Simulated results

This method was tested on both simulated and experimental fMRI 
data. The simulated data was made using the same MR parameters as 
the experimental data for consistency of methods and comparability 
of results. The simulated fMRI time series data was generated using 
SHAKER v1.1 [31]. The simulated time series is of slice 91 from a 
size 128 phantom in the Axial plane. The MRI parameters were set 
to be the following: Acceleration Factor = 1, Field Strength = 3 T, 
TE = 50 ms, TR = 1000 ms, Flip Angle = 90◦, EESP = 0.832 ms, 
and Number of Coils = 1. The data was simulated with the Gradient 
Echo signal equation (Eq.  (1)) using a Cartesian 𝑘-space trajectory. The 
experimental design involved an initial 16 rest images followed by 19 
epochs, each consisting of 16 task images followed by 16 rest images, 
for a total of 624 images. The initial 3 images are omitted from analysis. 
The SNR was set to be about 5 in the brain and the CNR was set to 0.25 
in the region of task-activation. There were 6 degrees of phase added 
to the region of activation.

Fig.  1 are voxel-wise estimates that use the Normal distribution 
ordinary least squares (OLS) and not the Lathi distribution in Eq. 
(6). Figs.  1(a) and 1(b) depict the MLE estimates for magnitude and 
variance from Eq.  (7). Fig.  1(c) shows the estimated SNR defined by 
𝑆𝑁𝑅 = 𝜌̂∕𝜎̂, which was intentionally simulated to be about 5 within 
the brain. Fig.  1(d) depicts the mean angular phase 𝜙̄ of the time 
series. Figs.  1(e) and 1(f) are the simple linear regression coefficient 
estimates for baseline phase 𝜃0 and task-related phase 𝜃1. The baseline 
phase coefficient estimate appears reasonable within the brain when 
compared to the mean angular phase, but poorly estimates the regions 
in empty space. Similarly, the task related phase coefficient estimate is 
very unreasonable in empty space, and within the brain there is a very 
clear banding artifact that comes from the phase wraparound near the 
[−𝜋, 𝜋] boundary. This artifact can make it very difficult to determine 
with confidence both the existence of task-related phase change and 
the true value of the angular difference from baseline phase.

Another phase model described by Rowe (2007) uses the von Mises 
distribution to characterize the phase. This distribution has support 
on [−𝜋, 𝜋] and is often compared to the wrapped Normal distribution. 
3 
The results of applying this model to the simulated data under the 
alternative hypothesis are shown in Fig.  2. The baseline phase estimate 
𝜃̂0 (a) is spatially smoother at the wraparound regions, and the estimate 
for task-related phase change 𝜃̂1 is free of the banding artifacts that 
were observed with Normal estimation. The variance of estimation is 
increased, largely in regions of empty space.

Fig.  3 shows the maximum likelihood estimates of 𝜃̂0, 𝜎̂2, and 𝜃̂1
under the null and alternative hypothesis in the top and bottom rows 
respectively. Contrary to Fig.  1, these estimations are based on the more 
accurate Lathi distribution in Eq.  (6) and formed via the maximum 
likelihood presented in Eq.  (9). In the top row, Figs.  3(a) and 3(b) depict 
the estimates 𝜃̂0 and 𝜎̂2 under the null hypothesis that 𝜃 = 𝜃0. In the 
bottom row, Figs.  3(d), 3(e), and 3(f) depict the estimates 𝜃̂0, 𝜃̂1, and 
𝜎̂2 under the alternative hypothesis that 𝜃 = 𝜃0+𝜃1𝑥𝑡. The estimate 𝜃̂0 is 
approximately the same for both hypotheses while the estimate for 𝜎̂2
appears to be slightly decreased in empty space under the alternative 
hypothesis. The estimate for 𝜃̂1 looks nearly uniform at about 0 inside 
the brain, and noisy in empty space.

While the image of 𝜃̂1 in Fig.  3(e) appears fairly spatially smooth just 
like with the simulated data in Fig.  2, closer examination reveals details 
about the nature of 𝜃1. Calculating the likelihood ratio statistic as de-
scribed in Section 2.2 and corresponding 𝑧-statistic as described by Eq. 
(10), we can highlight exactly where the task-related phase coefficient 
𝜃1 is significant. The 𝑧-statistics produced from this method, presented 
in Fig.  4, are thresholded using the Benjamini–Hochberg procedure to 
control the false discovery rate at the 𝛼 = 0.05 level [32–34]. The 
resultant critical 𝑧-statistics are found to be ±3.28, ±4.40, and ±4.45 for 
the Normal, von Mises, and Lathi distributions, respectively. Here we 
can clearly identify a region of task-related phase change. The average 
value for 𝜃̂1 in the voxels that were simulated to have an additional 6 
degrees of task-related phase change was found to be 5.34 degrees. In 
each of Figs.  1(f), 2(b), and 3(f), the measure for 𝜃̂1 is a direct measure 
of the change in magnetic field local to the space that make up each of 
the voxels.

3.2. Experimental results

Experimental data is from a single subject block design right-hand 
finger tapping experiment on a 3.0-Tesla General Electric Signa LX MRI 
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Fig. 2. Simulated data estimations from the von Mises approximation for 𝜃̂0 (a), 𝜃̂1 (b), and 𝜎̂2(c) under the alternative hypothesis, 𝜃 = 𝜃0 + 𝜃1𝑥𝑡. Note the high 
scale of variance in space compared to the Normal distribution in Fig.  1 and later for the Lathi distribution in Fig.  3.
Fig. 3. Maximum likelihood estimations for 𝜃̂0 (a) and 𝜎̂2 (b) under the null hypothesis, 𝜃 = 𝜃0 with anatomical image (c). Maximum likelihood estimations for 
𝜃̂0 (d), 𝜎̂2 (e), and 𝜃̂1 (f) under the alternative hypothesis, 𝜃 = 𝜃0 + 𝜃1𝑥𝑡.
Fig. 4. 𝑍-statistics from each of the three distributions, thresholded by the Benjamini–Hochberg procedure controlling the false discovery rate at the 𝛼 = 0.05
level. The results from the Normal approximation (a), von Mises approximation (b), and mathematically correct Lathi distribution (c). The Lathi distribution was 
most successful in determining task-active voxels.
scanner. The imaging parameters were 𝑛𝑧=7 slices of 2.5 mm thick 
and 128 × 128 array size with a field-of-view FOV=24.0 cm, echo 
time TE=60.4 ms, effective echo spacing EESP=0.832 ms, and time-
of-repetition TR=1 s. The experiment timing followed an initial 16 s 
of rest followed by 19 epochs of 16 s of task alternating with 16 s of 
rest resulting in a total of 𝑛𝑡=624 total image volumes. The initial 3 
images are omitted from analysis. Each slice image at each time point, 
was Nyquist ghost corrected [35]. Images were phase drift corrected 
by subtracting each voxel’s angular phase temporal mean. A local 
second order polynomial was spatially fit to the resultant difference 
4 
of each phase image in the time-series. The spatially fitted phase is 
angularly subtracted from the original time series [36]. A simple linear 
regression model was fit to each voxel’s unwrapped phase time series 
and angularly subtracted off. Then the angular mean was added to each 
voxel’s time series, resulting in a stable global phase over time.

Fig.  5 are voxel-wise estimates that use the Normal distribution OLS 
and not the Lathi distribution in Eq.  (6); this figure is the experimental 
equivalent to Fig.  1. Figs.  5(a) and 5(b) depict the MLE estimates for 
magnitude and variance from Eq.  (7). Fig.  5(c) shows the SNR which 
was found to be about 5 within the brain. These brain images were 
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Fig. 5. Maximum likelihood estimation for 𝜌̂ (a) and 𝜎̂2 (b) from Eq.  (7) with resulting SNR (c). Average angular measured voxel phase 𝜙̄ (d). Linear regression 
estimate for 𝜃̂0 (e) and 𝜃̂1 (f). Notice the within brain banding effect in (f) that is a result of phase wrap-around. This can make diagnosing regions that contain 
task-related activity difficult.
Fig. 6. Experimental data estimations from the von Mises approximation for 𝜃̂0 (a), 𝜃̂1 (b), and 𝜎̂2(c) under the alternative hypothesis, 𝜃 = 𝜃0 + 𝜃1𝑥𝑡. Note the 
high scale of variance in space compared to the Normal distribution in Fig.  5 and later for the Lathi distribution in Fig.  7.
collected using a body receive coil with decreased SNR, resulting in 
particularly noisy data. Fig.  5(d) depicts the mean angular phase 𝜙̄ of 
the experimental time series. Figs.  5(e) and 5(f) are the simple linear 
regression coefficient estimates for baseline phase 𝜃0 and task-related 
phase 𝜃1. Similar to the simulated data, the baseline phase coefficient 
estimate appears reasonable within the brain when compared to the 
mean angular phase, but poorly estimates the regions in empty space. 
Also the task related phase coefficient estimate is very unreasonable in 
empty space, and within the brain there is a very clear banding artifact 
that comes from the phase wraparound near the [−𝜋, 𝜋] boundary. This 
artifact makes it impossible to determine with confidence the existence 
of task-related phase change.

The results of applying the previously described von Mises model 
to the experimental data under the alternative hypothesis are shown in 
Fig.  6 [22]. Similarly to the simulated data, we see improved estimation 
of both the baseline phase and task-related phase change. The results 
are more consistent with what we would expect based on the mean 
angular phase 𝜙̄.

Fig.  7 shows the maximum likelihood estimates of 𝜃̂0, 𝜎̂2, and 𝜃̂1
under the null and alternative hypothesis in the top and bottom rows 
respectively; this is the experimental equivalent of Fig.  3. In the top 
row, Figs.  7(a) and 7(b) depict the estimates 𝜃̂0 and 𝜎̂2 under the null 
hypothesis that 𝜃 = 𝜃 . In the bottom row, Figs.  7(d), 7(e), and 7(f) 
0

5 
depict the estimates 𝜃̂0, 𝜃̂1, and 𝜎̂2 under the alternative hypothesis 
that 𝜃 = 𝜃0 + 𝜃1𝑥𝑡. The estimate 𝜃̂0 is approximately the same for both 
hypotheses while the estimate for 𝜎̂2 appears to be slightly decreased 
in empty space under the alternative hypothesis. The estimate for 𝜃̂1
looks mostly uniform at about 0 inside the brain and noisy in empty 
space, as one might expect.

The 𝑧-statistics produced from the method described in Section 2.2, 
presented in Fig.  8, are thresholded using the Benjamini–Hochberg 
procedure to control the false discovery rate at the 𝛼 = 0.05 level. The 
resultant critical 𝑧-statistics are found to be ±3.18, ±4.1, and ±3.89 for 
the Normal, von Mises, and Lathi distributions, respectively. The left 
motor cortex is expected to have a task-related signal change as a result 
of right-hand finger tapping (the performed task for the experimental 
data). There is a distinct region of voxels that have task-related phase 
increase exactly at this location. The average value for 𝜃̂1 in the voxels 
that were determined to have task-related phase change was found to 
be 6.33 degrees. In each of Figs.  5(f), 6(b), and 7(f), the measure for 𝜃̂1
is a direct measure of the change in magnetic field local to the space 
that make up each of the voxels.

An experimental signal time series selected from voxels in the left 
and right motor cortices as well as from the posterior midline are 
presented in Fig.  9 (center). A stable magnitude and phase are seen 
through time for both voxels (left). Neither the observed task-related 
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Fig. 7. Maximum likelihood estimations for 𝜃̂0 (a) and 𝜎̂2 (b) under the null hypothesis, 𝜃 = 𝜃0 with anatomical image (c). Maximum likelihood estimations for 
𝜃̂0 (d), 𝜎̂2 (e), and 𝜃̂1 (f) under the alternative hypothesis, 𝜃 = 𝜃0 + 𝜃1𝑥𝑡.
Fig. 8. 𝑍-statistics from each of the three distributions, thresholded by the Benjamini–Hochberg procedure controlling the false discovery rate at the 𝛼 = 0.05
level. The results from the Normal approximation (a), von Mises approximation (b), and mathematically correct Lathi distribution (c). The Lathi distribution was 
most successful in determining task-active voxels.
phase change nor any task-related magnitude change are visually evi-
dent from the time series alone without further investigation. The gray 
shaded regions in the plots indicate TRs of subject task activation. 
The task-associated signal change is very small for both the magnitude 
and phase, making it difficult to visually infer from the time series 
alone. The magnitude (left) and phase (right) FDR thresholded 𝑧-
statistics are shown as well as the locations of the selected voxels. The 
magnitude activation statistics are found from a magnitude-only model 
and thresholded to control the FDR at 0.05 [9].

The logarithm of the amplitudes of the Fourier coefficients of the 
Fourier transformed magnitude and phase time series from the same 
voxels in Fig.  9 are presented in Fig.  10. The zero-frequency has been 
omitted to further illustrate the differences between higher frequencies. 
The arrow in the top center plot for the voxel in the left motor cortex 
indicates a large Fourier coefficient at a frequency of about 0.03 Hz or 
19/621 s−1. The experimental timing had 19 epochs of the task on–off 
sequence that repeated every 32 s. No large Fourier coefficients are 
observed in the expected range for respiration (0.2–0.4 Hz). The TR 
of 1 s for the experimental data is consistent with fMRI experiments. 
As a result of the Nyquist criterion, any phenomenon occurring at a 
frequency greater than 0.5 Hz is unable to be isolated (e.g. cardiac 
rhythms in the 1–1.5 Hz range). The magnitude (left) and phase (right) 
FDR thresholded 𝐹 -statistics for the Fourier coefficient at the previously 
mentioned 0.03 Hz are shown as well as the locations of the selected 
voxels. The 𝐹 -statistics are computed by comparing the zero-frequency 
6 
only model with a Fourier regression model. At each frequency, the 𝐹
statistic is computed by

𝐹2,𝑛𝑡−2−1 =
(𝑅𝑆𝑆1 − 𝑅𝑆𝑆2)∕2
𝑅𝑆𝑆2∕(𝑛𝑡 − 2 − 1)

,

where 𝑅𝑆𝑆1 is the residual sum of squares for the zero-frequency only 
model and 𝑅𝑆𝑆2 is the residual sum of squares for the Fourier model 
that includes coefficients for specified, measurable frequencies. The 
𝐹 -statistics are thresholded at the 𝛼 = 0.05 level of significance. As 
indicated by the left and right figures, the time series for voxels in the 
left motor cortex were found to have statistically significant Fourier 
coefficients at a frequency of about 0.03 Hz.

4. Discussion

It is rarely the case in fMRI studies that the whole complex-valued 
data is studied, leaving out the phase information to look only at 
the magnitude data. Further, when phase data is analyzed, the time 
series distribution of measurements is often simplified to the Normal 
distribution, which is only valid in voxels with high SNR. The Normal 
distribution also lacks support on the unit circle in favor of the real 
line, which creates artifacts when the measured phase is near the 
[−𝜋, 𝜋] boundary. In this work the mathematically correct non-Normal 
distribution from Lathi, which is valid for all SNRs, was used to estimate 
task-related changes in the phase signal. This maximum likelihood 
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Fig. 9. Experimental data time series (center) of the magnitude (blue) and phase (red) of voxels located in the left motor cortex (top), right motor cortex (bottom), 
and posterior midline (bottom). The gray shaded regions in the time series plots indicate TRs of subject task activation. Left and right are the significant 𝑧-statistics 
for magnitude- and phase-only activation, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
Fig. 10. Experimental data log Fourier coefficients (center) of the magnitude (blue) and phase (red) of voxels located in the left motor cortex (top), right motor 
cortex (middle), and posterior midline (bottom). The arrow in the top right plot indicates a large Fourier coefficient at a frequency of 19/621 s−1 or about 
0.03 Hz. Left and right are the significant 𝐹 -statistics for the magnitude- and phase-only Fourier coefficients, respectively. (For interpretation of the references 
to color in this figure legend, the reader is referred to the web version of this article.)
estimation model was tested on complex-valued simulated data and 
promising results were demonstrated on complex-valued experimental 
data. In both the simulated and experimental data it was demonstrated 
that the non-Normal Lathi distribution works well at all SNRs and has 
detected task-related phase changes in the left motor cortex from a 
unilateral right-handed finger tapping experiment. This mathematically 
correct model has stronger detection ability than the popular Normal 
assumption model. It also performs slightly better than a von Mises 
approximation.

Work has been done to show that the sensitivity of the phase data 
can contain physiologically meaningful and spatially distinct infor-
mation [37–39], though the exact statistics may be different due to 
multiple coils and a more elaborate preprocessing pipeline. This work 
continues to show exciting results for the ability to detect additional 
biological information contained in the phase: task-related activation. 
This motivates further investigations into phase activation resulting 
from local magnetic field changes due to vascularity or even direct 
neuronal current [40–42].
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Appendix A. Power analysis of alternative distributions

In the hypothesis test described in Section 2 a significance level of 
𝛼 = 0.05 was chosen. This represents the probability of committing a 
Type I error or false positive, which in this application would mean 
falsely claiming a voxel has some task-related phase change when in 
reality it does not. A result of fixing 𝛼 = 0.05 is the value of the 
power 𝛽 of the hypothesis test. Statistical power is the ability of a 
hypothesis test to correctly reject the null hypothesis when it is false, or 
for this application, the probability of correctly identifying a voxel as 
having some task-related phase change. A depiction of statistical power 
is shown in Fig.  A.1. In this figure, the maximum likelihood estimates 
of the parameters from an experimental voxel that was determined to 
be task-active are used to draw theoretical distributions. In black is 
the distribution for phase measurements under the null hypothesis that 
𝜃 = 𝜃0. In red, blue, and green are the distributions for 𝜃0 + 𝜃1 under 
the alternative hypothesis that 𝜃 = 𝜃0 + 𝜃1𝑥𝑡 using the mathematically 
correct Lathi distribution, the Normal approximation, and the von 
Mises approximation respectively. The power is represented by the 
similarly colored area under each 𝜃 + 𝜃  distribution curve, to the 
0 1
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Fig. A.1. Theoretical distributions based on maximum likelihood estimates from an active voxel in Fig.  8. The null hypothesis (black) assumes the Lathi distribution 
in Eq.  (6). The alternative hypothesis using the Lathi (red), Normal (blue), and von Mises (green) distributions. The power is the highlighted area to the right 
of the critical value for each alternative hypothesis distribution. (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)
right of the critical value 𝜃0𝛼 . Here we can visually see that the Lathi 
distribution (red) and von Mises distribution (green) provide larger 
statistical power than the Normal assumption (blue) due to the large 
difference in area to the right of the critical value. The Lathi and von 
Mises distributions perform similarly.

The example in Fig.  A.1 is for a specific voxel with an estimated 
value for 𝜃0 and 𝜃0 + 𝜃1. One way to generalize to other voxels is to 
vary the effect size (i.e. compare different values of 𝜃1) and observe how 
the power changes. This was done without loss of generality by using 
the estimate for 𝜃0 from the same voxel that was used for the previous 
example and adjusting the estimate for 𝜃1 from 0 to 1 radian. The power 
for each effect size is then calculated and plotted, resulting in Fig.  A.2. 
The red, blue, and green power curves are for the alternative hypothesis 
following a Lathi, Normal, and von Mises distribution respectively. For 
effect sizes where 𝜃1 ⪅ 0.5 radians (about 30 degrees), the Lathi and 
von Mises distributions provide higher statistical power. The maximum 
likelihood estimate for 𝜃1 for the voxel from the active experimental 
voxel is marked by a vertical line at about 0.18. Measurements for 𝜃1
are observed to be at or below this level.

Note that this demonstrative example is for a one-tailed hypothesis 
test which assumes the phase change will be positive. The methods 
described in Section 2 support a two-tailed test, which is what is 
measured in practice in Section 3. This allows for the possibility of a 
negative change in phase, though it is observed that most changes are 
in the positive direction.

Appendix B. Experimental results for all seven slices

As mentioned in Section 3.2, the experimental data included seven 
axial slices. A particularly active slice was chosen for model demonstra-
tion in that section. Fig.  B.1 shows a summary of results for all seven 
slices. The rows are organized by slice; slice 6 was examined in Sec-
tion 3.2. The first column shows the maximum likelihood estimate for 
𝜌 for each slice. There is a small amount of Nyquist ghosting present in 
the magnitude estimation for each slice. The second and third columns 
show the estimates for 𝜃0 and 𝜃1 under the alternative hypothesis. Each 
baseline phase estimate 𝜃̂  has some amount of phase wrapping that is 
0
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Fig. A.2. Power curves for Lathi (red), Normal (blue), and von Mises (green) 
alternative hypotheses under a null hypothesis that assumes the Lathi distribu-
tion in Eq.  (6). The vertical line at about 0.18 indicates where the maximum 
likelihood estimate 𝜃̂1 was located for this particular active voxel. The inset 
image is a zoomed in region of interest to highlight the difference in statistical 
power of the three distributions. (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.)

known to cause issues when using simple linear estimation. The task-
related phase change estimate 𝜃̂1 is visually similar for each slice when 
on the [−𝜋, 𝜋] scale. The fourth column is the variance estimation 𝜎̂2. 
The final column are the Benjamini–Hochberg thresholded 𝑧-statistics 
superimposed onto anatomical magnitude images of the slices. The 
task-related phase change in the left motor cortex is most noticeable in 
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Fig. B.1. Summary images for all seven experimental slices (rows). The columns indicate magnitude estimation 𝜌̂, baseline phase 𝜃̂0, task-related phase change 
𝜃̂1, and variance 𝜎̂2 under the alternative hypothesis, and 𝛼 = 0.05 thresholded 𝑧-statistics. Slice 6 was explored further in Section 3.2.
slices 6 (critical 𝑧 = 3.89) and 7 (3.88), with trace amounts of activation 
detected in slices 4 (3.90) and 5 (3.90). Slices 1–4 exhibit no obvious 
signs of a task-related phase change.
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