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- This paper reads as if | took the PowerPoint presentation and condensed it into a paper

- | did not insert any references or discuss particular applications yet as | wanted to see
your thoughts on it so far

- | think this would probably fit more in the Statistics & Probability Letters since we are
focusing on the methodology and don’t have any certain application (as of now)
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- Some of the equations can be moved to an appendix or supplemental page
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1. Introduction

1.1. Linear Regression

Linear regression is a common statistical model utilized to predict the behavior of a variable
based on other variables. This linear regression model can be expressed with no y-intercept
(Bo = 0) as shown in Eq. 1.1

Vi = Bixgr + o+ Bpxip + &, k=1,..,m [1.1]

where p is the number of regression coefficients and n is the number of observations. The

model expressed in Eqg. 1.1 can be compactly written as

y=XB+e, [1.2] [Deleted:,

Where £~N (0, aﬂj‘i\y € R™1 is the observed data, X € R™? is the design matrix, § € RP*! is
the regression coefficients, e € R™ ! is the residuals (measurement error), and o2 is the
variance of the residuals. One purpose of utilizing a linear regression model is to estimate the
behavior of the regression coefficients f based on the design matrix X (predictor variables)
given the observed data y. Estimating # can also provide hidden results yielded from the

observed data and given design matrix. These regression coefficients can be estimated via
B = XX (X'y). [1.3]

Utilizing Eq. 1.3 for estimating 8 is a simple and very common approach when the parameters
and data are real-valued and the design matrix is observed or known. However, there are
numerous applications that have an unknown design matrix, the parameters are complex-

valued instead of real-valued or have both these occurrences.
1.2. Overview

In the real-world cases of not having a known design matrix and complex-valued data, along
with B, we will also need to estimate X and account for complex-valued nature of the data in
these applications. Here, we will explain how to handle this linear regression model in these
scenarios building up from a real-valued linear regression model with an observed X to a
complex-valued linear regression model with an unobserved X. In Section 2, we will discuss the
standard linear regression model with an observed design matrix. We will then discuss the

linear regression model when the design matrix is unobserved. In Section 4, we will introduce



complex-valued parameters and how we handle the latent regression model. We will then finish

with a discussion in Section 5.

2. Model 1: Real-Valued Parameters with an Observed Design Matrix

In this first model, we will describe, the linear regression model with real-valued parameters and [Deleted: evaluate

an observed design matrix. In this “textbook scenario”, the observed parameters are dependent
data y and the design matrix X. The straightforward approach to estimating g given the

observed data is to utilize Eq. 1.3.

2.1. Bayesian Approach to Simple Linear Regression

For g, Bayesian approach to this model, we will first need to define the data likelihood, prior [Deleted: To analyze

distributions, and the posterior distribution. From these, we can then derive posterior marginals
and posterior conditionals to estimate the parameters of interest from the posterior distribution.
Since the observed data y is assumed to follow a normal distribution, the data likelihood is

expressed as

fOIXB,0%) x (03 rexp -3 0= XBY O = XB)].  121]

For this model, the regression coefficiets # and the variance of the residuals o2 are the

unobserved parameters that need to be estimated. This requires prior distributions to be placed

on both parameters. These prior distributions are
2 2L ng ’
f(B1Bo, 0% mg) o (0%) 2 exp [~ 35 (B = o) (B = Bo)]. [2.2]

f@lay) « (@) “Vexp[-L]. (23]

Eqgs. 2.2 and 2.3 exhibit a normal distribution for # and an inverse gamma distribution for 2,

and are, conjugate priors, simplifying, the determination of the posterior distribution. Combining [Deleted: leaving
the data likelihood and prior distributions, we determine the posterior to be [De'eted‘ easing

ntp+2a

FBo 1y« 02 T Dexp[- L] 1241
where h = (y = XB)'(y = XB) + n3(B — Bo)' (B — Bo) + 2v-
2.2. Posterior Marginals and Conditionals and Parameter Estimation

For the posterior marginals, we aim to integrate out the other unobserved parameters from the

posterior, leaving the parameter we are currently estimating. So, for 8, we would integrate out



a? from the posterior, leaving only observed data to estimate § and then vice versa for 2. This

will give us

v+p

V(X' X+ngly) 2

fexy <ty -py [ e -p)] T 28l
f@*1X,) x (6 @ Dexp[- 5] [2.6]

where g follows a Student-t distribution such that g|X,y ~ t(v,,T), E(B|X,y) = B =

(xX'x + nﬁlp)_l(X’y +ngBo), Var(BlX,y) = =T, and v = 2a + n and o follows an inverse

n+p+2a

gamma distribution such that a2 |X,y ~ IG (a* = Ve = %) E(a%|X,y) = =,

z U 1 ] ! A .
Var(o?|X,y) = m and ¢ = y'y — B'(X'X + ngl,)B +ngBo'Bo + 2y. Since X and y in
the expected value equations (E(B8|X,y) and E(a?|X,)) are known, we can simply calculate the

expected value for  and o2 without requiring any computational techniques.

For the posterior conditionals, instead of integrating out 8 and o2, we can leave the unobserved
parameters in, mathematically determine the posterior conditionals, and utilize a computational

technique to estimate § and o2. These yields
FBIX,0%y) < || Pexp[-3(B-B) (%) (B-B)| 127
f@1B.X,y) o () exp [~ L], [2.8]

where S follows a normal distribution such that §|X, 02,y ~ N (ﬁ =(X'X+ nﬁlp)_l(X’y +

ngBo), Zp = 0% (X'X + nﬁlp)_l) and o2 follows an inverse gamma distribution such that

a?|B, X,y ~IG(a.,y..) and v.. = [(B — B) (X'X + ngl,)(B — B) + ¢]/2. Since B and o2 are
unobserved, we require a computational technique to estimate them from their posterior
conditionals. In this case, we can use a Markov chain Monte Carlo (MCMC) technique, such as

Gibbs sampling, to estimate g and 2.
3. Model 2: Real-Valued Parameters with an Unobserved Design Matrix

In this second model, we will describe the linear regression model with real-valued parameters

and an unobserved design matrix. In this scenario, the only observed parameter is the

[ Deleted: s
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dependent data y. The approach for estimating 8, X, and ¢? in this scenario requires a

computational technique like Gibbs sampling.
3.1. Bayesian Approach to Linear Regression with Unobserved Design Matrix

Similar to the previous model, we first need to define the data likelihood, the prior distributions,

and the posterior distribution before deriving the posterior marginals and conditionals. For the
data likelihood, since the observed data y still follows a normal distribution, we can use Eq. 2.1
as the data likelihood for this model. For the prior distributions of g and a2, they will still follow
normal and inverse gamma distributions as expressed in Egs. 2.2 and 2.3, respectively. Since
the design matrix X is also unobserved, it also requires a prior distribution to be placed on it. To

keep consistency with conjugate priors, X will follow a normal distribution as shown in Eq. 3.1.

f(X1Xo, 0% ) o (07)77 exp [~ 35 tr{(X = Xo)(X = Xo)'}]. [3.1]

202
where tr is the trace of the (X — X)(X — X,)’ matrix. Combining the data likelihood and prior
distributions, the posterior distribution we obtain, is

np+n+p+2a

FBo Xy« @ T e [- L], 32

202
where h, = (y = XB)'(y = XB) + n5(B — Bo)' (B — Bo) + nxtr{(X — Xo)(X — Xo)'} + 2y.
3.2. Posterior Marginals and Conditionals and Parameter Estimation

With the addition of X being an unobserved variable, we can no longer properly integrate out
both X and 42 to estimate . We can still integrate out ¢ for both 8 and X, yielding
vp+p

L R e R e [R5 I X
FXIB,Y) [1 +-(X %) [w] (x - )?)']_T, [3.4]
where f follows student-t distributions such that 81X,y ~ t(vs, B, T ), E(B|X,y) = f =

(XX + nﬁlp)_l(X’y +ngBo), Var(BlX,y) = 1;:_sz’ and X follows a multivariate Student-t

distribution such that X|B,y ~Mt(v,,£,4), E(XIB,y) = & = (vB' + nXo) (BB + naly)
Var(X|8,y) =

computational technique, like an MCMC Gibbs sampler, is necessary for estimating f and X.

Vx
Vo2

A. Since these posteriors marginals still have unobserved parameters, a

( Deleted: Like before
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Like Model 1, for the posterior conditionals, instead of integrating out 8, X, or 62, we can retain
the unobserved parameters , mathematically determine the posterior conditionals, and utilize a

computational technique to estimate g, X, and o2. These yield
FBIX, 0%y o |5 Fexp[<2 (8- BY(30) (B~ B) 135
FXIB,02,y) o |Ex| % exp [— % tr{(X — X)) (X - )?)’}], [3.6]
F@?1B.X,y) o (%) @ Dexp[-L2],  [37]

where g follows a normal distribution such that 8|X,s%,y ~ N (,é =(X'Xx+ n,;lp)_l(X’y +
nﬁﬁo),zﬁ = O'Z(X’X + n[;[p)_l), X follows a multivariate normal distribution such that
X|B,0%y ~ MN ()? = (VB + n Xo) (BB + nxlp)_l,xx =o2(Bp + nxlp)_l), and o2 follows an

inverse gamma distribution such that ¢2|8, X,y ~ IG(@., V.), & =,(np +n +p + 2a)/2, and
Yoo = [ = XB)' (v = XB) + (B — Bo)' (B — Bo) + nxtr{(X — Xo)(X — Xo)'} + 2y]/2. Similar tg the

[ Deleted: leave

[ Deleted: in

Deleted: 0.5

posterior marginals, the poster conditionals also require the usg of an MCMC Gibbs sampler (or
another computational method) for estimating g, X, and o2. Since posterior marginals and
conditionals for § are the Student-t and normal distributions respectively, the expected values
(mean) § are theoretically equivalent. This means that you can use the posterior marginals as a
method of confirming the estimates from using the posterior conditionals (or vice versa). This

can similarly be said for X.
4. Model 3: Complex-Valued Parameters with an Unobserved Design Matrix

In this third model, we will evaluate the linear regression model with complex-valued parameters
and an unobserved design matrix. Like Model 2, the only observed parameter is the dependent
data y and the approach for estimating 8, X, and ¢ also requires a computational method. For

this model, we will introduce a real-valued isomorphic representation for the model.
4.1. Real-valued Isomorphic Representation

Transforming the complex-valued parameters into a real-valued representation allows for easier
parameter estimation compared to the complex-valued counterpart. The complex-valued linear
regression can be expressed as

Ve = XcBe + &, [4.1]
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with “c” subscripts representing that the parameter is complex-valued. For the real-valued
isomorphic representation, each complex-valued parameter will be split into the real component

(represented with an “R” subscript) and the imaginary component (represented with an “/

subscript). We can then express Eq 4.1 as

YrR] _ ¥R —X1[Pr €R

y1] - [xl xR] ﬁ;] + [51]' (4.2]
where (eg, &) ~N(0,021,,). This linear model can be rewritten as Eq 1.2 where y € R2™1, X €
RZ"™2P, B € R?P*1 and e € R, We note that estimating # via Eq. 1.3 with an observed

design matrix X, yields different results when the parameters are kept in complex-valued form

compared with using its real-valued isomorphic representation.|
4.2. Bayesian Approach using the Isomorphic Representation

For the real-valued isomorphic model, there are two representations for the design matrix X.
The first one, expressed as X, is the skew-symmetric form expressed in Eq. 4.2. The second
representation is expressed as H = [Xg ;] yielding H € R™?P. This second representation is
utilized to estimate the real and imaginary components of the design matrix only once since
each component is expressed only one time in H, but twice in X. After estimating the real and
imaginary components of the design matrix using the H representation, these components are

then formulated into the X representation for estimating £ and o2.

With this real-valued isomorphic representation, despite similarity to Model 2, we still need to
define the data likelihood and prior distributions to obtain our posterior distribution. For the

observed data, the real and imaginary components follow a normal distribution, yielding

FOIX.B.0%) « (0)F e |- 5 - XBY - X [43]

As for the prior distributions, 8, X, and a2 will follow a multivariate normal distribution, matrix

normal distribution, and an inverse gamma distribution, respectively, expressed as,

F(B1B0 0% m5) & (02 % exp [~ 22 (B = BoY (B = Bo)], (441

F(HIHo, 0% ) o€ (07)7 % exp [~ 2 er((H = Ho)(H — Ho)Y], 48]

202

f@*lay) & (@) @ Vexp[~ L]  [4.6]

[ Formatted: Font: Italic

{ Formatted: Font: Italic

[ Formatted: Font: Italic

Commented [DR1]: | think you need to show the two
results here with derivation in an appendix.

[ Deleted: ultivariate




One notable difference between this model and Model 2 with the data likelihood and the priors
is the exponent of the a2 component of each equation (except Eq. 4.6) due to the dimensions of
the parameters from the isomorphic representation. The resulting combination of the likelihood

and the prior distributions is

2np+2n+2p+2a h
Znpt2n+2ptaa .

FBoxy x @ T Nep[-L5], @7)

2
where h,. = (y — XB)'(y — XB) + ng(B — Bo) (B — Bo) + nyxtr{(H — Ho)(H — Ho)'} + 2y.

4.3. Posterior Marginals and Conditionals and Parameter Estimation

Similar to,Model 2, we cannot properly integrate out both X and o2 to estimate 3, but can still [Deleted: Like

integrate out ¢ for both 8 and X to obtain the posterior marginals. These posterior marginals

are
vpt2p

oy e[+ (g -y L) (s - )] T 4

Vxt2np

o] e TGRS

f(H|By)

where f follows student-t distributions such that 8|X,y ~ t(vs, 8, T ), E(B|X,y) = B =

(X'X + nﬁIZI,)_l(X’y +ngBo), Var(BlX,y) = 1/;—sz’ and X follows a multivariate student-t

distribution such that H|B,y ~Mt(v,, H,4), E(H|B,y) = A = (YC' + nexo) (CC' + nyly)

Var(H|B,y)=v:f2A,C=[_ﬁEI g;],andY=[yR il

For the posterior conditionals for g, X, or a2, we have
FBIX,0%y) o 55| Fexp|~2(8 - BY(20) " (B—B)], 1410
FHIB, 0% y) o | Ex| " exp [ -myEoE-Ay] @
@218, X, y) o (o%)~ @D exp [~ T], [4.12]

where f follows a multivariate normal distribution such that |X,c%,y ~ N (ﬁ =

(xX'x + n[,,],,)_l(x’y +npBo), Zg = o2(X'X + nﬁlp)_l), H follows a matrix normal distribution | Deleted: ultivariate



such that H|B, 02,y ~ MN (H = (YC' +n,xo) (CC' + nely) By = a2(CC'+ nxlzp)_l), and o2

follows an inverse gamma distribution such that 62|58, X,y ~ [G(.,V.), @ =np +n +p + a),

and .. :v[(y —XB)' (y —XB) +ng(B — Bo)' (B — Bo) + nytr{(H — Ho)(H — Hp)'} + 2y]/2. Like [Deleted: 0.5 ]
Model 2, the posterior marginals and conditionals require a computational technique, such as,a [Deleted: like ]

Gibbs sampler, for estimating £, X, and o2. We can also use the posterior marginals of 8 and X

to theoretically validate the results of the distributional mean of their respective posterior

Conditionals-] Commented [DR2]: Describe this more with potential
details in an appendix.

| think for each model you should add an Estimation subsection describing Gibbs sampler and

ICM algorithm.

5. Discussion

In this paper, we reviewed the effects unobservable and complex-valued parameters have on a
complex-valued latent variable linear regression model. We also discussed that a computational
technique is required to estimate the parameters g, X, and ¢ in Models 2 and 3. For g and X in
these models, either the posterior marginals or posterior conditionals can be utilized for

parameter estimation.

| think perhaps the addition of a table for the three models with conditional dist for each

parameter, and mode for ICM.

What about some sort of illustrative example?




