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Integration - Area Under Curve

Area under curve
f(x) 1 between a and b.
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Integration - Area Under Curve

Divide into intervals: Ax small

)1 _ Ax=(b-a)n  Ax=x — X,

/] N
/
/

a=X, X; X, . b=x X
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Integration - Area Under Curve

Find midpoints: Ax small

)1 Ax=(b-a)n  Ax=x — X,

X: =a+Ax/ 2+ (i—1)Ax
1=1..,n

a=Xy| X, XZT . b=x X




Marquette University MSCS6020

Integration - Area Under Curve

Area by rectangles: Ax small

1)1 ) Ax=(b-a)n  Ax=X —X_
// X: =a+Ax/ 2+ (i—1)Ax
/ :
n 1=1,...,n
/ A=> f(X)AX
=1
a=Xy| X1 | X, e b=x, X:
T n=>5




Marquette University MSSC6020

Integration - Area Under Curve

() 1 A= 2 o)A

/

Ax=(b-a)/n

X: =a+Ax/ 2+ (i—1)Ax
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Integration - Numerical Approach

f(x)=4-(x-1>%

-1 -0.5 0 0.5 1 15

j [4-(x-1)°]dx =10.6667 <

analytic

2.5

numerical

Zn: f (X )AX

<—n=10, Ax=0.4

l' n=50, Ax=0.08
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Accumulation of area
from left to right

Integration - Numerical Approach

-0.5 0 0.5 1

[4-(x-1)"]dx =10.6667 <

analytic

2.5

>
T

numerical

Zn: f(x)AX

| n=10. Ax=0.4

numint=10.7200

1 l n=50, Ax=0.08, numint=10.6688
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Integration - Area Under Curve

Numerical Integration can be applied to find
Expectations E[g(X)]

A:jg(x)f(x) dx

Approximated as

A= g(6) (x)Ax
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3.1 Pseudorandom Number Generation
“Random” (0,1) numbers

Multiplicative Congruential Method

(1) Start with seed x,

(2) Compute x,=ax,, modulo m, n=0,1,2,...
where a and m are given positive integers
X, =remainder(ax,_,)
X. /m~U(0,1)

choose m = 231-1 and a=7° for 32 bit machines
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3.1 Pseudorandom Number Generation
“Random” (0,1) numbers

Mixed Congruential Method

(1) Start with seed x,

(2) Compute x,=(ax,.,;+c) modulo m, n=0,1,2,...
where a, ¢, and m are given positive integers
X =remainder((ax,_ +C))
X. /m~U(0,1)

choose m = to be the computer’s word length
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

Let g(x) be a function and suppose we want
szolg(x)dx

If U Is uniformly distributed over (0,1), then
¢=E(gU))

_ 1 if0O<u<l
Think of f(u) ={

0 otherwise

and 6= g(u)f (u)du
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

If we generate U,,...,U, Independent uniforms
then g(U,),..., 9(U,) will be I[ID with mean 6.

K o .
Z:ﬁ_)E[g(U)]IQ as k — oo Iog(u) (u)du

=1
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

If we want 9=j:g(X)dx . then we can transform
Xtoyasy=(x-a)(b-a), with dy =dx/(b-a)

0= g(x)dx dx = (b —a)dy
X=a+ Yy[b—a]

el
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

Integrate 6= 2x dxusing U(0,1) random numfg)?rs.

AL

Analytically, we'd get 6= [ 2x dx = 2% -1

0 % 1 %

Or we can generate uniform numbers ug,...,u, and

1< Matlab Code: Matlab Output:
Calculate ¢~ H Z (2u i) ] rng(‘default") theta = 1.0006
1=1 - .
n=10"6;
u=rand(n,1);

theta=sum(2*u)/n
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

If we want 6=] g(x)dx, then we can transform
X toyasy=1/(x +1), with dy =-dx/(x+1)>=-y2dx

szooog(x)dx dx = —dy / y? imts X=0—>y=1
x=1/y-1 X=0w0—>Yy=0
6=\ g/ y-Ddy/y’

h(y)=a@/y 1)/ y?

O =

h(y)dy
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

If we want 0= f:g(X)dX, then we can transform
Xtoyasy=e*/(@1+e*), with dy =dxe* / (1+€*)* = ydx/(1-y)

szng(x)dx dx=ydy/(1-y) limits X=—-00—Yy=0

< —In y ] X=+0w0—>Yy=1
-y

(9:.19["][ y D dy y=e/(1+¢€")
Jo 1-y))yd-y) h(y):gﬁm[ y D 1

ol
6= | h(y)dy 1-y))yd-y)
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

1.2
Integrate 6 = j —e 2 dxusing U(0,1) random umbers.
l 2
We know that 6= —e 2 dx=1.

Or we can generate uniform numbers ug,...,u, and

Z\/— __(n[mﬁ ui(]_];ui)zll
0= ;g('”(l_ny y(leY)

Calculate ¢~ =
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3.2 Using Random Numbers to Evaluate Integrals
Monte Carlo Integration

Most useful in evaluating multiple integrals.
1pl 1
H:joj j g(X,..., X, )dx...dx,

0

The key is to use 9=E[g(U,,..,U.)], Where U,,...,U,
are independent U(0,1)’s. T
If we generate u®,..,u® then =E[g(,,...U )]~ 9, )

U, u®
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Homework 1:
f (X) =exp(exp(x)), xe[0,1]

0) Integrate numerically with Matlab from a=0 to b=1.
Do by pencil and paper with n=4 intervals.
Ax=025 (X.%.%,%)=(0.125,0.375,0.625,0.875)

Write a Matlab program to repeat with n=4 intervals.
Change to n=100. Compare results.
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Homework 1:

Chapter 3: # 1*, 3, 7%, 9, 11.

*Repeat generating 104 of these.

Compute mean, variance, and make a histogram.
Repeat using Matlab’s rand() command.
Compare results from to Matlab’s rand().

#Compare results to numerical integration in
problem O with n=100.



