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O
n
e

V
o
xel

C
o
n
t.

R
ep

eat
steps

to
get

the
previous

one
voxel

data
10000

tim
es.

S
catter

plot
of

the
α̂

’s.
N

ot
the

sam
e

each
tim

e.

T
rivariate

distribution.



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

It
can

b
e

show
n

that
the

distribution
of

α̂
=

(α̂
0 ,α̂

1 ,α̂
2 ) ′

α̂
∼

t(n
−

2−
1,α

,σ̃
2(X

′X
) −

1,1)
3×

1

p(α̂
)

=
k
t [σ̃

2(X
′X

) −
1 ]−

12

{
1

+
1

n−
3
(α̂
−

α
) ′ [σ̃

2(X
′X

) −
1 ]−

1
(α̂
−

α
) }

(n−
3)+

3
2

w
here

σ̃
2

=
1

n
−

3
(y
−

X
α̂

) ′(y
−

X
α̂

).

e
n

is
n
-dim

vec
of

1’s,
c
n

is
n
-dim

vec.
of

count.
#

’s,
r
n

is
ref

funct.

X
′X

=


e ′n

e
n

e ′n
c
n

e ′n
r
n

c ′n
e
n

c ′n
c
n

c ′n
r
n

r ′n
e
n

r ′n
c
n

r ′n
r
n 

=


128

8256
0

8256
707264

−
512

0
−

512
128


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e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

C
om

pare
to

the
previous

m
ultivariate

t-distribution

t
∼

t(ν,t0 ,Σ
,φ

2)
p
×

1

p(t|ν,t0 ,Σ
,φ

2)
=

k
t (φ

2)
ν2|Σ| −

12

[φ
2

+
1ν
(t−

t0 ) ′Σ
−

1(t−
t0 )] ν

+
p

2



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

S
catter

plot
of

the
α̂

1
and

α̂
2 ’s.

G
ravity

in
the

α̂
0

direction.

B
ivariate

distribution.
H

istogram
.



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

W
e

can
com

pute
the

m
arginal

distribution
of

α̂
∗

=
(α̂

1 ,α̂
2 ) ′

p(α̂
1 ,α̂

2 )
=

∫
p(α̂

0 ,α̂
1 ,α̂

2 )
d
α̂

0 .

It
can

b
e

show
n

that

(α̂
1 ,α̂

2 ) ′∼
t(n
−

2−
1,α

∗ ,σ̃
2W

∗∗ ,1)
2×

1

p(α̂
∗ )

=
k
t [σ̃

2W
∗∗ ]−

12

{
1

+
1

n−
3
(α̂

∗ −
α
∗ ) ′ [σ̃

2W
∗∗ ]−

1
(α̂

∗ −
α
∗ ) }

(n−
3)+

2
2

w
here

W
=

(X
′X

) −
1

E
(α̂

∗ )
=

α
∗

=

(
W

11
W

1∗
W

∗1
W

∗∗ )
v
a
r(α̂

∗ )
=

(n−
2−

1)
(n−

2−
1)−

2 σ̃
2W

∗∗

W
∗∗

is
the

low
er

right
2×

2
m

atrix.



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

H
istogram

of
the

α̂
2 ’s.

G
ravity

in
the

α̂
1

direction.

U
nivariate

distribution.
m

ean
variance

H
ist

7.0008
0.1229

T
rue

7
0.1285



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

W
e

can
com

pute
the

m
arginal

distribution
of

α̂
2

p(α̂
2 )

=

∫
∫

p(α̂
0 ,α̂

1 ,α̂
2 )

d
α̂

0
d
α̂

1 .

It
can

b
e

show
n

that

α̂
2
∼

t(n
−

2−
1,α

,σ̃
2W

33 ,1)
1×

1

p(α̂
2 )

=
k
t [σ̃

2W
33 ]−

12

{
1

+
1

n−
3
(α̂

2 −
α

2 ) [σ̃
2W

33 ]−
1
(α̂

2 −
α

2 ) }
(n−

3)+
1

2

w
here

W
=

(X
′X

) −
1

and
W

33
is

the
33

elem
ent.



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

C
om

pare
to

the
previous

student
t-distribution

t
∼

t(ν,t0 ,σ
2,φ

2)
1×

1

p(t|ν,t0 ,σ
2,φ

2)
=

k
t (φ

2)
ν2(σ

2) −
12

[φ
2

+
1ν
(t−

t0 )(σ
2) −

1(t−
t0 )] ν

+
1

2



R
ow

e,
M

C
W

O
n
e

V
o
xel

T
h
resh

o
ld

in
g

L
ow

er
a

parallel
line

and
get

a
(1
−

α
)∗

100%
C
I.

H
yp

othesis
test

of
α̂

2
(T

hresholding).

t̂
=

α̂
2 −

α
2

√
σ̃

2W
33

=
6.2765−

0
√

(15.4716)(0.0079)
=

17.9472

L
ook

at
t-distribution

t(n
−

2−
1,0,1,1)

and
if

the
test

statistic
is

in
the

upp
er

or
low

er
tail

w
ith

a
certain

probability
reject

H
0 .

P
(|t|

>
c)

=
α

.
N

ote
that

F
=

t 2.



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

H
istogram

of
the

g’s.
m

ean
variance

H
ist

2000.13
63049.29

T
rue

2000
64000



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

H
istogram

of
the

σ̃
2’s.

m
ean

variance
H

ist
16.0011

4.0352
T
rue

16
4



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

It
can

b
e

show
n

that
the

distribution
of

g
=

(y
−

X
α̂

) ′(y
−

X
α̂

)
is

a
scalar

W
ishart

(G
am

m
a)

g
∼

W
(σ

2,1,n
−

2−
1)

1×
1

p(g
)

=
k
W

(σ
2) −

(n−
2−

1)
2

g
(n−

2−
1)−

2
2

e −
12 (σ

2) −
1g

C
om

pare
to

g
:
1×

1,
g
∼

W
(υ

2,1,ν
0 )

p(g|υ
2,ν

0 )
=

k
W

(υ
2) −

ν02
g

ν0 −
2

2
e −

12 (υ
2) −

1g



R
ow

e,
M

C
W

O
n
e

V
o
xel

C
o
n
t.

L
ow

er
a

parallel
line

and
get

a
(1
−

α
)∗

100%
C
I.

H
yp

othesis
test

of
σ̃

2
or

g.

χ
2

=
(n
−

2−
1)σ̃

2

σ
2

=
(125)(15.4716)

10
=

193.3950

L
ook

at
scalar

W
ishart

(G
am

m
a)

distribution
W

(10,1,n
−

2−
1)

and
if

the
test

statistic
is

in
the

upp
er

or
low

er
tail

w
ith

a
certain

probability
reject

H
0 .

M
inim

allength
C
I’s

using
L
agrange

m
ultipliers

(T
ate

&
K

lett,
JA

S
A
).



R
ow

e,
M

C
W

T
w
o

V
o
xels:

B
lo

ck
d
esig

n
fi
n
g
er

ta
p
p
in

g

y
1i

=
α

0
+

α
1 x

1i
+

α
2 x

2i
+

ε1i ,

y
2i

=
γ

0
+

γ
1 x

1i
+

γ
2 x

2i
+

ε2i ,

i
=

1,...,n



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

y
i

=
x ′i

B
+

εi ,
εi
∼

N
(0,Σ

)
2×

1
2×

3
3×

1
2×

1
2×

1

W
here

y
i
=

(
y
1i

y
2i )

,
x

i
=


1x
1i

x
2i 

,
B

=
(α

,γ
),

εi
=

(
ε1i
ε2i )

α
=


α

0
α

1
α

2 
,

γ
=


γ

0
γ

1
γ

2 



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

If
w
e

stack
the

y
i ’s

y
=

(I
2 ⊗

X
)

β
+

ε,
ε
∼

N
(0,I

n
⊗

Σ
)

2n
×

1
2n
×

6
6×

1
2n
×

1
2n
×

1

W
here

y
=


y
1...y
n 

,
X

=


x ′1...x ′n 

,
β

=

(
αβ

)
,

ε
=


ε1...εn 

p(y|X
,β

,Σ
)=

(2π
) −

n
p2|I

n ⊗
Σ| −

12e −
12 [y−

(I
2 ⊗

X
)β

] ′(I
n ⊗

Σ
) −

1[y−
(I

2 ⊗
X

)β
]

⊗
is

the
K

ronecker
product

w
hich

m
ultiplies

every
elem

ent
of

its
first

m
atrix

argum
ent

by
its

entire
second

m
atrix

argum
ent.



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

It
can

b
e

show
n

that
the

previous
likelihood

sim
plifies

to

p(Y
|X

,B
,Σ

)=
(2π

) −
n
p2|I

n | −
p2|Σ| −

n2e −
12 trI −

1
n

(Y
−

X
B

) ′Σ
−

1(Y
−

X
B

)

W
here

Y
=


y ′1...y ′n 

,
X

=


x ′1...x ′n 

,
B

=
(α

,γ
),

E
=


ε ′1...ε ′n 

Y
=

X
B

+
E

,
E
∼

N
(0,I

n
⊗

Σ
)

n
×

2
n
×

3
3×

2
n
×

2
n
×

2
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C
W

obs1
obs2

y
1,1

y
1,1

...
...

y
1,8

y
1,8

y
1,9

y
1,9

...
...

y
1,16

y
1,16

...
...

...
...

y
1,113

y
1,113

...
...

y
1,120

y
1,120

y
1,121

y
1,121

...
...

y
1,128

y
1,128

=

con
lin

ref
1

1
1

...
...

...
1

8
1

1
9

-1
...

...
...

1
16

-1
...

...
...

...
...

...
1

113
1

...
...

...
1

120
1

1
121

-1
...

...
...

1
128

-1

∗

cf1
cf2

α
0

γ
0

α
1

γ
1

α
2

γ
2

+

er1
er2

ε1,1
ε2,1

...
...

ε1,8
ε2,8

ε1,9
ε2,9

...
...

ε1,16
ε2,16

...
...

...
...

ε1,113
ε2,113

...
...

ε1,120
ε2,120

ε1,121
ε2,121

...
...

ε1,128
ε2,128



R
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e,
M

C
W

T
w
o

V
o
xels

C
o
n
t.

W
ith

the
likelihood

(distribution)

p(Y
|X

,B
,Σ

)=
(2π

) −
n
p2|I

n | −
p2|Σ| −

n2e −
12 trI −

1
n

(Y
−

X
B

) ′Σ
−

1(Y
−

X
B

)

It
can

b
e

show
n

that

B̂
=

(X
′X

) −
1X

′Y

and

Σ̂
=

1n
(Y
−

X
B̂

) ′(Y
−

X
B̂

)

are
M

L
E
’s.

If
Y

=
(Y

1 ,Y
2 )

and
B̂

=
(α̂

,γ̂
),

then

Σ̂
=

1n

[
(Y

1 −
X

α̂
) ′(Y

1 −
X

α̂
)

(Y
1 −

X
α̂

) ′(Y
2 −

X
γ̂
)

(Y
2 −

X
γ̂
) ′(Y

1 −
X

α̂
)

(Y
2 −

X
γ̂
) ′(Y

2 −
X

γ̂
) ]



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

R
ep

eat
steps

to
get

the
previous

tw
o

voxel
data

10000
tim

es.
C
an’t

show
a

scatter
plot

of
the

α̂
0 ’s,

α̂
1 ’s,

α̂
2 ’s,

γ̂
0 ’s,

γ̂
1 ’s,

γ̂
2 ’s.

H
exavariate

distribution.



R
ow

e,
M

C
W

T
w
o

V
o
xels

C
o
n
t.

It
can

b
e

show
n

that

B̂
∼

T
(n
−

2−
1,B

,(X
′X

) −
1,Σ̃

)
3×

2

p(B̂
|·)

=
k
T |Σ̃| n−

2−
1

2
|(X

′X
) −

1| −
22

∣∣∣ Σ̃
+

1
n−

2−
1 (B̂
−

B
) ′[(X

′X
) −

1] −
1(B̂
−

B
) ∣∣∣

(n−
2−

1)+
3

2

w
here

Σ̃
=

1

n
−

2−
1
(Y
−

X
B̂

) ′(Y
−

X
B̂

).



R
ow

e,
M

C
W

T
w
o

V
o
xels

C
o
n
t.

C
om

pare
to

the
previous

m
ultivariate

t-distribution

T
∼

T
(ν,T

0 ,Σ
,Φ

)
p
×

n

p(T
|ν,T

0 ,Σ
,Φ

)
=

k
T

|Φ| ν2|Σ| −
n2

|Φ
+

1ν
(T
−

T
0 ) ′Σ

−
1(T
−

T
0 )| ν

+
p

2



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

S
catter

plot
of

the
α̂

2
and

γ̂
2 ’s.

G
ravity

in
the

α̂
0 ,

α̂
1 ,

γ̂
0 ,

and
α̂

1
directions.

B
ivariate

distribution.
H

istogram
.



R
ow

e,
M

C
W

T
w
o

V
o
xels

C
o
n
t.

W
e

can
com

pute
the

m
arginal

distribution
of

β̂
2

=
(α̂

2 ,γ̂
2 ) ′

p(α̂
2 ,γ̂

2 )
=

∫
∫

∫
∫

p(α̂
0 ,α̂

1 ,α̂
2 ,γ̂

0 ,γ̂
1 ,γ̂

2 )
d
α̂

0
d
α̂

1 d
γ̂

0
d
γ̂

1 .

It
can

b
e

show
n

that

(α̂
2 ,γ̂

2 ) ′∼
t(n
−

2−
2,(α

2 ,γ
2 ) ′,Σ̃

,1)
2×

1

p(β̂
2 )

=
k
t [W

33 Σ̃ ]−
12

{
1

+
1

n−
2−

2 (
β̂

2 −
β

2 )
′[W

33 Σ̃ ]−
1 (

β̂
2 −

β
2 ) }

(n−
2−

2)+
2

2

w
here

W
=

(X
′X

) −
1

and
W

33
is

the
33

elem
ent.

E
(β̂

2 )
=

β
2

v
a
r(β̂

2 )
=

(n
−

2−
2)

(n
−

2−
2)−

2
W

33 Σ̃
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M

C
W

T
w
o

V
o
xels

C
o
n
t.

C
om

pare
to

the
previous

student
t-distribution

t
∼

t∼
t(ν,t0 ,Σ

,φ
2)

p
×

1

p(t|ν,t0 ,Σ
,φ

2)
=

k
t

(φ
2) ν2|Σ| −

12

[φ
2+

1ν
(t−

t0 ) ′Σ
−

1(t−
t0 )] ν

+
p

2



R
ow

e,
M

C
W

T
w
o

V
o
xel

C
o
n
t.

S
catter

plot
of

the
α̂

2
and

γ̂
2 ’s.

B
ivariate

distribution.
H

istogram
.

L
ow

er
a

parallel
plane

to
get

an
ellipse.

A
(1
−

α
)∗

100%
C
I
for

α̂
2

&
γ̂

2
in

the
ellipse.



R
ow

e,
M

C
W

T
w
o

V
o
xel

T
h
resh

o
ld

in
g

M
ound

or
hill

w
hich

is
the

bivariate
distribution.

L
ow

er
a

plane
w

ith
95%

inside
ellipse

or
5%

outside.
D

eclare
voxel

pairs
outside

the
ellipse

active.
H

yp
othesis

test
of

(α̂
2 ,γ̂

2 )
=

(α
2 ,γ

) ′.



R
ow

e,
M

C
W

T
w
o

V
o
xel

T
h
resh

o
ld

in
g

G
eo

m
etry

R
eview

:
W

e
learned

the
equation

of
an

ellipse

(x
−

h
) 2

a
2

+
(y
−

k
) 2

b 2
=

1.

T
he

general
form

of
an

ellipse
(tilted

or
not

tilted)
is

a
x

2
+

by
2

+
cx

y
+

d
x

+
ey

+
f

=
0,

c
2−

4a
b

<
0.

If
c

=
0

then
not

tilted.



R
ow

e,
M

C
W

T
w
o

V
o
xel

T
h
resh

o
ld

in
g

A
n

F
-statistic

(R
ow

e
B

row
nbag,

pap
er

in
subm

ission.)

F
=

(n
−

2−
2)

2
W

−
1

33
(β̂

2 −
β

2 ) ′G
−

1(β̂
2 −

β
2 )

=
1

2W
33 (β̂

2 −
β

2 ) ′Λ
(β̂

2 −
β

2 )
Λ

=
[G

/(n
−

2−
2)] −

1

=
1

2W
33 (α̂

2 ,γ̂
2 ) (

Λ
11

Λ
12

Λ
21

Λ
22 )

(
α̂

2
γ̂

2 )
Λ

12
=

Λ
21

=
1

2W
33 (Λ

11 α̂
22

+
2Λ

12 α̂
2 γ̂

2
+

Λ
22 γ̂

22 )
←

an
ellip

se

A
significance

level
w

hich
determ

ines
F

and
an

ellipse.

=
(124)

2(0.0079) (7.3038,6.6355) (
.00198

.00048
.00048

.00088 )
(

7.3038
6.6355 )

=
316.88

L
ook

at
F

-distribution
F

(2,n
−

2−
2)

and
if

the
test

statistic
is

in
the

upp
er

or
low

er
tail

w
ith

a
certain

probability
reject.

F
=

t ′t,
w

here
t

=
(pW

33 Σ̃
) −

1/2(β̂
2 −

β
2 )
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m
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variance
H
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1960
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T
w
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V
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h
resh

o
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g

A
ctually

consider
the

joint
t-distribution

of
the

tw
o

t
statistics.
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T
w
o

V
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h
resh

o
ld
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g

W
ithout

the
ellipse

consider
a

rectangle.
W

e
determ

ine
thresholds

based
on

m
arginal

tail
areas.



R
ow

e,
M
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T
w
o

V
o
xel

T
h
resh

o
ld

in
g

T
hresholds

based
on

m
arginal

tail
areas.

B
A

Y
=

P
(|t1 |

>
c
1 )

+
P

(|t2 |
>

c
2 )−

P
(|t1 |

>
c
1 ∩
|t2 |

>
c
2 )

=
a

+
a
−

a ′

=
α

A
ssum

ing
w
e

know
P

(|t1 |
>

c
1 ∩
|t2 |

>
c
2 ).

i.e.
T

he
joint

distribution.
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T
w
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V
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T
h
resh

o
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g

S
am

e
as

putting
a
/2

in
the

tails
of

the
m

arginals.
T

he
rectangle

is
not

the
sam

e
as

the
ellipse.



R
ow

e,
M

C
W

T
w
o

V
o
xel

T
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resh

o
ld

in
g

W
e

put
som

e
significance

value
in

each
of

the
yellow

tails.
L
ess

area
in

the
tails

m
eans

m
ore

area
in

the
rectangle

and
vise

versa.
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T
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V
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T
h
resh
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g

A
ssum

ing
w
e

don’t
know

P
(|t1 |

>
c
1 ∩
|t2 |

>
c
2 ).

N
o

one
ever

uses
the

joint
distribution!

E
veryone

uses
the

m
arginals!

B
A

Y
=

P
(|t1 |

>
c
1 )

+
P

(|t2 |
>

c
2 )−

P
(|t1 |

>
c
1 ∩
|t2 |

>
c
2 )

=
2a

(
a2

in
each

tail )

P
C

E
=

P
(|t1 |

>
c
1 )

+
P

(|t2 |
>

c
2 )

=
2α

(
α2

in
each

tail )

B
O

N
=

P
(|t1 |

>
c
1 )

+
P

(|t2 |
>

c
2 )

=
α

(
α2p

in
each

tail )

α
<

2a
<

2α
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C
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T
w
o

V
o
xel

T
h
resh

o
ld

in
g

W
hat

ab
out

a
hyp

othesis
test

to
see

if
Σ

is
diagonal?

(R
ow

e,
2003.

M
C
M

A
V
ol.

9
N

o.
4.)

T
hat

is,
are

the
tw

o
voxels

indep
endent?

U
se

the
test

statistic

v
=
−

[ν
−

(2p
+

5)/6]ln|R̂
|.

M
onte

C
arlo

critical
values

by
R
ow

e
or

asym
ptotic

χ
2

distribution
w

ith
p(p
−

1)/2
D

F
w

here
ν

=
n
−

q
−

p.
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M

C
W

R
em

ark
s

M
ultivariate

statistics
can

b
e

useful!

C
atch:

T
he

F
statistic

ellipse
is

only
com

putable
w

hen
p
≤

n
.

W
hen

p
≤

n
,
G

is
p
ositive

definite
and

G
−

1
is

com
putable.

T
he

F
(joint)

statistic
says,

yes
they

are
together

active.
T

he
m

arginal
t’s

say
yes,

this
one

is
active,

and
this

one,
etc.

S
olution:

P
seudoinverse

w
ith

S
V
D

?
G

is
at

least
nonnegative

definite.
B
ut

the
derivation

assum
ed

that
G
−

1
w
as

com
putable.

B
ayesian

approach.

O
ther

O
ptions:

F
D

R
,
and

other
resam

pling
m

ethods.

F
uture

R
esearch:

S
ingular

N
orm

al
&

T
distributions.


