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Dependencies

Multivariate Bayesian Statistics, Rowe, D.B. CRC Press.
Independent is a special case of dependent.

We should safeguard against using an independent model
and drawing inferences with it by explicitly modeling dependencies.

The routine analysis of fMRI data is to fit an independent multiple
regression model in each voxel and compute a statistic of interest.

When computing “activation maps’ these dependencies are apparent.
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Normal Distribution

r:1x1, x~ N(uo°)
p(a|u,0%) = (2m0%) "2 27

Central Limit Theorem: The Normal distribution, also called
the bell curve, is that distribution which any other distribution
(with finite first and second moments) tends to be on average.
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One Voxel: Block design finger tapping
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Normal Distributions
r:1x1, x~ N(uo°)
9 _l o9 1
p(z|p,0%) = (2m) 2(07) 2
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Normal Distributions
r:1x1, x~ N(uo?

p(x|p, Qwv = (2m) 2(0

x:.p X1, &ZZAFMV
plx|p,X) = (2m) 2|2 |Mm|w§|E\ML§|S
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Normal Distributions
v:1x1, x~ Ny o)
plalu, o) = (2m) 2(o?) 22Tl Hamn

r:px1l, x~N(uX)
p(zl, X)) = (2m) 8[| 22w e —p)
X:pxn, X~NWMOPR)
p(X|M, 3, P) = @ﬁﬁﬁ@ﬁm_!|mm|%%|:x|§\m£x|§
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Normal Distributions
v:1x1, x~ Ny o)
plalu, o) = (2m) 2(o?) 22Tl Hamn

x:.p X1, &ZZAFMV
wmgngmvuuAmaV|mMu|wm|%g|:<M|:g|tv

X:pxn, X~NMO®Y)

n n 1 — —
p(X|M, Z,8) = (2m)~ F|@|2[m| e matr T (X-M/ETHX=A)

If p =1 then second is scalar normal.
If p =1, then third is vector normal.
If n =1, then third is vector normal.
If p=1& n =1, then third is scalar normal.
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Normal Distributions
x:1x1, x~N(uo?
)

p(z|p, o%) = (21) 73

vipx L@~ N X)
p(x|p, ¥) = @ifﬁ ~3—3@—p) S a—p)

X:pxn, X~NMO>R)
p(X|M, X, d) = Awﬁ.vl|;@_l|_m;lM®Im?@ X —M)S Y X-M)

Mode(X|M,3,®) = M
var(vec(X)|M,3,0) = ® @ X
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Student T-Distributions
t:1x1, t~tvtyo @

p(tlv, ty, 0%, ¢°) = ky

% + Lt — SXQMVL@ —to)| 2
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Student T-Distributions
t:1x1, t~tvty,o ¢°)

]
=
N )

p(tlv, tg, 0%, %)

t:px1, t~tutyZ, )

p(tlv, t, S, ¢°) = ky
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Student T-Distributions
t:1x1, t~t,ty,o ¢
w
p(t|v 10, 02 &%) (97)*o
2+ Lt —t0)(02)~ Yt — o) T
t:px1, wZitw?M@v
(62)2]5] 2
v+
62 4+ 3t — o) SNt — 1) 2
T:pxn, T~T(v1Ty23,P)
D|7|| 72

\aﬂ V+p
D+ LT — Tp)S—UT — Tp)| 2

),

]
=
i )

p(tly, tg, 2, ¢°) = ky

@AMJ_S HNJov Mu“ @v
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Student T-Distributions
t:1x1, t~t,ty,o ¢

p(tis b, 0% 6%) — ki (#92(0
B+ Lt — t0)(0?)1(t — to)] 7

t:px1, wZitw?M@v
vy —1
CREDE

),

p(tly, tg, 2, ¢°) = ky

v+
62 4+ 3t — o) SNt — 1) 2
T:pxn, T~T(v1Ty23,P)
D7~ 2
p(T|v, Ty, 2, P) = kp P12} T

P+ (T — Ty)S—NT — Ty)| 2
If p =1 then second is scalar t.
If p =1, then third is vector t.
If n =1, then third is vector t.
If p=1& n =1, then third is scalar t.
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Student T-Distributions
ti1x1, te~tvty,o’ ¢
w
p(tlv.to,0% 6%) = ky LAt
(92 + 5(t — to) (o) 71t —to)] 2
t:px1, t~twtyX, o)
Ca
62+ St — oyt — 1) T
T:pxn, T~T(v1Ty23,P)
217572
@+ (T — Tp)'S~ YT — Tp)|
E(T\v, Ty, %, D) = Ty,
Mode(T |v, Ty, 35, D) %ou
var(vec(T)|v, Ty, 3, P)

),

p(tly, tg, 2, ¢°) = ky

@Aﬂ_wv ﬂovmv@v \ANJ V+p
2

w|&e®mv
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Wishart (Gamma) Distributions
g:1x1, g~T(a,pB)

1
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Wishart Distributions
g:1x1, g~T(,p)

|
@A.Qimuf\@v — I AQV \QQQQ|H®|Q\Qu a = %g \@ — M@N

g:1x1, g~W( 1Y)
vy Y2 :@va,@

by (v7) " 2g" 7 e

»H.|ﬂmwvw%
2

p(glv*, )
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Wishart Distributions

g:1x1, g~T(a,p)

plgla,B) = ————g"Le 08 0 =2 g2

I () B g 2

.Q”H—VAHu .Q\/\%A\QNQH—QTOV
14 vo—2 1 N —1
plglv®, 1) = w:\A@mVl%m 30 g

G:pxp, QZ%Q @Eov
p(GIT,p, ) = k| Y| 2|G 2 2t T

P ASV 27
W 2

ﬁ
N\oﬁ ﬁﬁ 1) |_|H|

If p =1 then the Wishart Bn_:nmm to the Gamma.
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Wishart Distributions
g:1x1, g~T(a,p)
1
p(gla, B) = g lem9/8 o0 = 3= 9y

g:1x1, g~W( 1y

|
g
=}
(N)
SN—
|
]
)
O
D
O

p(g|v?, )

G:pxp, G~WI(T, p,w)
p(G|T,p,vy) = kY| 2|G]” 2 e 2

E(Glvy, T) = T
Mode(Glvg, T) = (vg—p—1)T
@%;@S. v, 1) = SA@W,Q. + S.s.@@.v
cov(gijgrilve, T) = vo(virvjr + vigvjr)
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One Voxel: Block design finger tapping
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1 =1,...,n
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One Voxel Cont.

16 =22 1= el =10 a5 112 125
tirme
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One Voxel Cont.
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One Voxel Cont.
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One Voxel Cont.

sa0 | .
S320

S20

frend

S0

SO0

a0 | " .

16 =22 1= el =10 a5 112 125
tirme

y; = 500+ .25(2) + Txo;
1 =1,...,n
xr9; = —1 if rest, 1 if task.
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One Voxel Cont.

tirme
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One Voxel Cont.

Errors
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One Voxel Cont.

tirme

e = 465, € " N(0,47)
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One Voxel Cont.

Errors
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One Voxel Cont.
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One Voxel Cont.

y = X a  + €, €~ ZAQQQw\«\;v
nx1l nx33x1 nxl n X1
Where
Y1 1 )
Y= . , wi= |2y |, X = m
Un L2 &w
Q) €1
a=|ar |, e=
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One Voxel Cont.

Y - X o + €, € ZZAOvQ.wNSV
n X 1 nx33xI1 n X 1 n %X 1

EASQ“QMTXQ H Awﬁ.vlm;gbbg IWQIW@INQV\AQMNQLlH@INQV

n g _n ~ (y—Xa)(y—Xa)
— Awﬁ.leAq lemw 202
It can be shown that

& = (X'X) X'y

3 X 1
and
52 = Ly— Xa)(y— Xa) = =
- Y Y — 3Q

1 x1

are MLE's.
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One Voxel Cont.

The values for & and &2 for the previous plotted data are.

& = (501.3976,0.2368, 6.2765)"
g = 1934.0
2 — 15.1090
52 5 = 15.4716
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One Voxel Cont. . .
Repeat steps to get the previous one voxel data 10000 times.

Scatter plot of the &'s. Not the same each time.

503 —°
502 -
501 -’

5500
499 -’

Trivariate distribution.
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One Voxel Cont.

lt can be shown that the distribution of & = (¢, &, &g)’
& ~tn—2—1,0,6(X'X)"11)

3 X 1
_ 1
> \Aw ﬁm.wﬁvmi;vmv|: 2
pla) = (n—3)43
{1475 @ - [P2XX) ] a-a)} °
where
5 = ——(y - Xa)(y - Xa).
n—3a
en is n-dim vec of 1's, ¢y, is n-dim vec. of count. #'s, r, is ref funct.
elen € cn ehrn 128 8256 0
X'X=| dencencdry | = 8256 707264 —512

rlen ricn Thrn 0 =512 128
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One Voxel Cont.

Compare to the previous multivariate t-distribution

t o~ tv,tg, 2, 0°)
p X1

Vo1
ke(¢?)2|2] 2
V+Dp

EAiTU wou Muu ﬂwv —
02+ L(t —to)SL(t —t0)] T
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One Voxel Cont.
Scatter plot of the &1 and a»'s.
Gravity in the aq direction.

029}
(]

028} o % ® o0
0271
0.26
S025F 94

[
024+

0231

022k O & - 1 0 o corr= 0.1049

0.2 _ :
2.5 3] 6.5

Bivariate distribution. Histogram.
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One Voxel Cont.

We can compute the marginal distribution of & = (&, Ay’

plag, Gg) = \@Eou@f@wv davy.

It can be shown that
A@Hu @MV\ ~/ NA\B\ - N - Hv Dmv_f @M%%%u H—v

2 %X 1
1
() = (n—3)+2
f + L (b — ) [62Wa] T (s — SL :
where
o W Wy v (n=2—1) .9
A\ Wi Wi @@%AQ*V B Ailwlblwg. W

Wx is the lower right 2 X 2 matrix.
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One Voxel Cont.
Histogram of the as's.

Gravity in the & direction.

\__H__H__H_ ! ! ! ! ! ! !
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.}

&,
mean variance

Univariate distribution. Hist 7.0008 0.1229
True 7 0.1285
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One Voxel Cont.

We can compute the marginal distribution of s

_ \ \ P, Gy, Gn) déy dévy.

It can be shown that
oy ~tn—2-1,q, @wg\wwv 1)
I x1
1
k¢ ﬁ@wg\w& 2
EAQM (n—3)+1
ﬁ Go — a) |62 Was] g — SL :

where W = (X' v and W33 is the 33 element.
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One Voxel Cont.

Compare to the previous student t-distribution

t ~ t(v ity 0%, ¢°)
1 x1

ki(62)2(02) 2
v+1

E@is mou Q.wu %wv —
%+ L(t —to) (D) Mt — to)] T
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One Voxel Thresholding
Lower a parallel line and get a (1 — «) x 100% CI.

25 ..7

- o C

Hypothesis test of &g (Thresholding).

o — 2765 —
po2—o2 6200570 yog40

V5 Wss  4/(15.4716)(0.0079)

Look at t-distribution t(n — 2 — 1,0, 1, 1) and if the test statistic
is in the upper or lower tail with a certain probability reject H.

P(|t| > ¢) = a. Note that F = ¢,



Rowe, MCW

One Voxel Cont.

hm_“._ T T T T T T T T T
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1400 1600 1800 2000 2200 2400 2600 2800 3000
a

mean variance
Histogram of the ¢'s. Hist 2000.13 63049.29
True 2000 64000
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One Voxel Cont.

550 T T _ T T T T
500
450
400
350
300
250
200
150
100
50

10 12 14 16 18 20 22 24

mean variance
Histogram of the &2's. Hist 16.0011 4.0352
True 16 4
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One Voxel Cont.

It can be shown that the distribution of ¢ = (y — X&) (y — X&)
is a scalar Wishart (Gamma)

g ~W(e*1,n—2—-1)
I x1

Compare to

g:1x1, g~W( 1Y)
P A 50D

plglv*,m) = k(0?29 7 73
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One Voxel Cont.
Lower a parallel line and get a (1 — «) x 100% CI.

a'#a"'
a'ta""=2¢

Hypothesis test of 62 or g.

—2—1)5° (125)(15.4716
2= Jo” _ (125)( ) _ 103.3050
o2 10
Look at scalar Wishart (Gamma) distribution W (10,1,n — 2 — 1)
and if the test statistic is in the upper or lower tail with a certain

probability reject Hj.

Minimal length Cl's using Lagrange multipliers (Tate & Klett, JASA).
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Two Voxels: Block design finger tapping

5o f m m m m m m TR, -
H H H H H H B i

S50 -

jandy,
th
W
Q
"]
Ea

S20 -

510 J#H it

] i it I " . m m m
soo " L 4 ﬂ m " m m m .

U1, = O+ Q1T T QX9 + €14,

Yo; = Y0 T Y1X15 T V2T T €24,
1 =1,....n
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Two Voxel Cont.

v, = B + €, e; ~ N(0,%)

(4

2% 1 2xX33x%x1 2 % 1 2 %1

Where
1
Y1 €1;
SIA .vu ri= |z, |, B=(a7), @IA v
Y2 . €24
L9
() Y0
a=|a |, v=|m

a9 72
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Two Voxel Cont.

If we stack the y;'s

y = (HLeX) 8 + ¢ e ~N(0,I,®X)
2n X 1 2n X6 6 X1 2n X 1 2n X 1
Where
Y1 z N €1
Yy = : ., X = : : QIAQV“ € = :
Un M&@ €n

p(y|X, B, Z)=(2m) "2 | [,®% —5 e 3ly—(2X) 8] (In®0)~ fy— (Lo X)d]

® is the Kronecker product which multiplies every element of
its first matrix argument by its entire second matrix argument.
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Two Voxel Cont.

It can be shown that the previous likelihood simplifies to

p(Y|X, B,X)=(21)"F|L,| 85| S atrln (V=X B2~ (Y =X B)
Where
” 7 €]
Y= ], A= |, B=(a,7y), FE=
Yn T e
Yy = X B + E E ~N(0,I,®Y)

nx2 mnx33X2 nx?2 n X 2
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obsl obs2 con lin ref erl er2
Y11l Y11 1 11 €11 €21
Yis Y18 1 8 1 €18 €28
Y19 Y19 1 9 -1 €19 €29
H H H H H O*H n*.N H H
Y116 Y116 1 16 -1 . €116 €2,16
: . — : : : | ok y Q\O I_I . :
a1 7
@8
Y1113 Y1,113 1113 1 2 2 €1,113 €2.113
Y1.120 Y1,120 1120 1 €1,120 €2,120
Y1121 Y1121 1 121 -1 €1,121 €2,121
Y1128 Y1,128 1128 -1 €1,128 €2.198
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Two Voxels Cont.

With the likelihood (distribution)
p(Y|X, B, X)= Awil|_~ _||_M —% ~5trl (Y -XB)S (Y -XB)

It can be shown that

B=(X'X)"'X"y
and ) . ) )
Y=Y -XB)(Y - XB)
are MLE's. > "
IfY = (V1,Y5) and B = (&, %), then
o100 — N&\AS —- Xa) (V1 - Xa) (Yo — X9)
(Yo = X9)(V) = X&) (Ya— X9)' (Yo — X9)
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Two Voxel Cont. . .
Repeat steps to get the previous two voxel data 10000 times.

Can't show a scatter plot of the ag's, aq's, @9's, Yp's, 1's, Y2's.

Hexavariate distribution.
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Two Voxels Cont.

It can be shown that

N

B
3 X 2

~T(n—-2-1,B,(X'X)"1 %)

n—2—1

~ 2
krS] 2 |(X'X) 7

AN

5+ (B — BY[(X'X)"~1(B - B)

n—2—1

(Y — XB)(Y — XB).

(n—2—1)+3

2
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Two Voxels Cont.

Compare to the previous multivariate t-distribution

T ~TwTp,x,®)
pXn

% n
P[2]2] 2
V+Dp

EAMJ;S 10, 2, @v = kr
D+ LT —T))YS—HT - Ty)| 2
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Two Voxel Cont. .
Scatter plot of the &y and 79's.

Gravity in the ag, a1, 90, and a7 directions.

Tor

5.5
2.5

Bivariate distribution. Histogram.
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Two Voxels Cont.

We can compute the marginal distribution of mw = (&9, 99)’

p(Gig, 4) = \ \ \ \ P60, &1, G, A0, A1) dévg déddg dén.
It can be shown that

(G2, 92)" ~ t(n —2 —2, (a9, 7)), %, 1)
2 %1

pl(B) = o (W]

DO —

(n—2—2)+2
2

A / ~a—1 [/ ~
|+ —— A@ — mwv W33 A@ — mwv
where W = (X'X)~! and Wag is the 33 element.
E(3) = P
(n—2—2)

var(f) = 22— w:\wwm
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Two Voxels Cont.

Compare to the previous student t-distribution

t ~ t ~t(v,tg, 2, d°)
p X1

2
E@iﬁ woumu%wv = ki (&) UFD

2+ (t—t0)' S (t—tg)] 2
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Two Voxel Cont.
Scatter plot of the a9 and 75's.

8571

Tor

5.5
2.5

Bivariate distribution. Histogram.
Lower a parallel plane to get an ellipse.

A (1 — )% 100% CI for &g & 49 in the ellipse.
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Two Voxel Thresholding

D509

Mound or hill which is the bivariate distribution.
Lower a plane with 95% inside ellipse or 5% outside.
Declare voxel pairs outside the ellipse active.
Hypothesis test of (A9, 49) = (am, ).
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Two Voxel Thresholding

Geometry Review:
We learned the equation of an ellipse
2= kP
a? b? .
The general form of an ellipse (tilted or not tilted) is

@&w+§w+m&@+&&+m@+\Hou ¢ — 4ab < 0.

If ¢ = 0 then not tilted.
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Two Voxel Thresholding

An F'-statistic (Rowe Brownbag, paper in submission.)

n—2—72 1A 1A
F'= A ; v:\ww:@ — B2)'G (B — o)

w:\ww — (g — 32) A(Bo — ) AN=[G/(n—-2-2)]

L A1 A o
— N > — >

m:\ww?@ ¥2) Aoy Aoy ) \ 4 19 = Aoy
1 . R .

wg\wwgi 5+ 2N 1000y0 + >w3wv «— an ellipse

A significance level which determines F' and an ellipse.

124 . . .
= (124 (7.3038,6.6355) UO198 00048 13038 =316.88

2(0.0079) 00048 .00088 6.6395

Look at F-distribution F'(2,n — 2 — 2) and if the test statistic
Is in the upper or lower tail with a certain probability reject.

F =t't, where t = @S\wwmvliwaw - Qwv
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Two Voxel Thresholding

\__H__H__H_ ! ! ! ! ! ! !

900 -

800 -

00 -

600 -

500 -

400

300 -

200 -

100 |

150 200 250 300 350 400 450 500 550

Histogram of the F's.
mean variance

Hist 287.2 1997.1
True 287.5 1960
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Two Voxel Thresholding

Actually consider the joint ¢-distribution of the two t statistics.

ts
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Two Voxel Thresholding

Without the ellipse consider a rectangle.
We determine thresholds based on marginal tail areas.

ta

Eayes
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Two Voxel Thresholding

Thresholds based on marginal tail areas.
BAY = P([t1| > c1) + P([ta] > o) — P(|t1] > c1 N [t2] > o)
—a+a—ad
= «

Baves Eule

A

Assuming we know P(|t1| > ¢1 N|tg| > ¢9).
i.e. The joint distribution.



Rowe, MCW

Two Voxel Thresholding

Same as putting a/2 in the tails of the marginals.
The rectangle is not the same as the ellipse.

a2

a2

Eayes a2 ar2
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Two Voxel Thresholding

We put some significance value in each of the yellow tails.
Less area in the tails means more area in the rectangle and vise versa.

a2

a2

AB

Bayes a/2 ar2

Doesn’t ahieve optimal|region!
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Two Voxel Thresholding

Assuming we don't know P(|t1| > ¢ N |ta| > ¢9).
No one ever uses the joint distribution!
Everyone uses the marginals!

BAY = P([t1| > c1) + P(|ta| > c2) = P([t1] > c1 N [ta] > c2)

— 2a Am n @mowgzv
PCE = P(|ty| > c1) + P([ta] > e2)
Q. :
— 2« AME @@ovgnv
BON = P([t1] > c1) + P([ta] > ¢2)
a .
= — in each tail
2p

a < 2a < 2«
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Two Voxel Thresholding

ta
2.504

2.5%

=

2.5% 2.5%

Eayes
Per Comparison

Smaller rectangle, more activations.
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Two Voxel Thresholding

ta
1.25%

1.25%p

1.25%p 1.25%4p

Per Comparison
Bonferroni

Bigger rectangle, less activations.
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Two Voxel Thresholding

What about a hypothesis test to see if X is diagonal?
(Rowe, 2003. MCMA Vol. 9 No. 4.)

That is, are the two voxels independent? Use the test statistic

v=—[v—(2p+5)/6]In|R)|.

Monte Carlo critical values by Rowe or asymptotic Xm
distribution with p(p — 1)/2 DF where v =n — q — p.
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Remarks

Multivariate statistics can be useful!

Catch:

The F' statistic ellipse is only computable when p < n.
When p < n, G is positive definite and G~1 is computable.
The F' (joint) statistic says, yes they are together active.
The marginal t's say yes, this one is active, and this one, etc.

Solution:

Pseudoinverse with SVD? (G is at least nonnegative definite.
But the derivation assumed that G~! was computable.
Bayesian approach.

Other Options: FDR, and other resampling methods.

Future Research: Singular Normal & T distributions.



