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MSSC 6020 Statistical Simulation
Outline

1. Introduction
NN Structure, Activation/Score Functions, Estimation
2. Linear Regression and Neural Nets
Simple & Multivariate with Gradient Descent
3. Non-Linear Regression and Neural Nets
Simple & Multivariate with Gradient Descent
4. Logistic Regression and Neural Nets
Simple & Multivariate with Gradient Descent
5. Multi-Layer Deep Neural Nets
Two or More Layers
6. Discussion
More to learn hands on.
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MSSC 6020 Statistical Simulation
1. Introduction

There are often illustrations, but no details of mathematics.
input layer hidden layer 1 hidden layer 2 hidden layer 3
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This leaves the suence out of Data Science and results in a Data Artist.

https://towardsdatascience.com/training-deep-neural-networks-9fdb1964b964
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MSSC 6020 Statistical Simulation
1. Introduction

Assume we want to learn the relationship between x and y.

Sample
outputs Inputs

output Y1 X

| Y2 X2
Input l I y Vs Xq
X I | y4 X4
Ys Xs

Y6 Xg

Y7 X7

Ys Xg

Yo Xg

Y10 X10
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MSSC 6020 Statistical Simulation
I coefficient
1. Introduction . B, f(S) 1

Single input and single output.
functional flow valve Functional Form

y=3S

> |1  w/ probability p(S)
{O w/ probability 1-p(S)

Many Tools

Well known solutions and interpretations.

D.B. Rowe



MSSC 6020 Statistical Simulation

1. Introduction

Single input and single output.

functional flow valve

Well known solutions and interpretations.

coefficient

A TG ps)=—

Functional Form

y=3S
> |1  w/ probability p(S)
= {O w/ probability 1-p(S)
Objective Function

Q5 /)

Estimate Parameters

(B, B)
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MSSC 6020 Statistical Simulation
I coefficient
1. Introduction . B, f(S) 1

Multiple inputs and single output.
functional flow valve Functional Form

y=3S

" |1 w/ probability p(S)
= {0 w/ probability 1-p(S)
Objective Function

QB+ )

e (@ Estimate Parameters

al (Bore )

Well known solutions and interpretations.
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MSSC 6020 Statistical Simulation
1. Introduction coeficent _nade B .(S)

Multiple inputs and multiple outputs.

functional flow valves Functional Form
Multivariate Linear Regression
Other nonlinear functions
Multinomial Logistic...

Fewer Tools

Well known solutions and interpretations.

D.B. Rowe
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I coefficient  node layer
1. Introduction y B T (Sk)

J=0,....,qk=1..,r /=12

Multiple inputs and multiple outputs.

functional flow valves Functional Form
Multivariate Linear Regression
Other nonlinear functions
Multinomial Logistic...

Fewer Tools

Hnnn
gaccp

Well known solutions and Interpretations.
Many interconnected valves. Functions of functions of ... of inputs.

D.B. Rowe



MSSC 6020 Statistical Simulation
1. Introduction

Multiple inputs and multiple output

1 / outputs

inputs

Many interconnected valves. Functions of functions of ... of inputs.
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MSSC 6020 Statistical Simulation
1. Introduction

Multiple inputs and multiple output.
Inputs 1 outputs

Although you put all the pieces In the box, it Is extremely complicated
to understand and interpret. We will examine the basic structure.

D.B. Rowe
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1. Introduction NV

There are many activation functions f(:) from (non)linear
regression, but most used are motivated by neuronal representations.

Linear Rectified Linear Unit Step

D.B. Rowe



MSSC 6020 Statistical Simulation
1. Introduction N Y

Yo
Step and ReLU not differentiable for optimization so smooth
differentiable approximate activation functions, f(-) are used.
Linear Rectified Linear Unit Step
Regression through Origin Logistic
SoftPlus SoftMax
2. Bi%; 1
FO =26 f(-):ln£1+e’ J fO)=—S=
J -

D.B. Rowe



MSSC 6020 Statistical Simulation
1. Introduction

Si = o+ X+ + PXy

The form of the function depends on the type of input/output variable.

Distribution Activation Likelihood

Continuous Real Valued Linear Normal

y. ~ Normal(f (S,),c°) f(S5,)=S L(B,.. ) = (27) ™ exp{——z (y,—f(S) }
Continuous Real Valued SoftPlus Normal

(Not focusing on.)

y, ~ Normal(f(S,),0?)  f(S)=In(1+e*)  L(B...B,)=(2x) ”’Zexp{——z (y.—f(S))}

Discrete 0/1 Valued Logistic 1 Bernoulli

¥, Bemoulli(p(S))  P(S)=1m LBy B) = [T [PGSPIL- p(S)T

These are motivated from statistics!

D.B. Rowe



MSSC 6020 Statistical Simulation

1. Introduction

S :,Bo "‘,leﬂ +- 4 X
We generally take the natural log of the likelihood for the score functlon
Distribution Activation Score/Objective Function
Continuous Real Valued Linear Least Squares
yi ~ NOrmal(f(Sl),Jz) f(SI):SI Q Z[y| Z'BJ ji
Continuous Real Valued SoftPlus Least Squares

(Not focusing on.)

y, ~ Normal(f(S,),0?) f(S)=In(l+e*) Q= Z[y,—ln(1+exp(z,6’] )k

Discrete 0/1 Valued Logistic 1 Bernoulli

v~ Bermoulli(p(S)) (S =r——= Q=Y y(XAx)- Y Inlt+exp(} 4x;)]

1+e

And optimize the score function using “training” data x,,...,x|

D.B. Rowe



MSSC 6020 Statistical Simulation

1. |
Introduction S, = By + B+ + BoX,
. . . L = 2., Bi%i
We can differentiate the score function for optimization.

Score/Objective Function

Derivative

Distribution Activation

Least Squares-Linear

Q= Tl-T A 5= U E IR

Lea?&i‘?é‘ifﬁg'iﬁ?P'”s @;tz X;[y, —In(L+ exp(z B%))] exp(z Bix)
Q Z [yl_ln(l-l_exp(ZIBJ jl))] G—,BJ:H i 1‘|‘eXp(Zﬂ X”)
Q=YY 8x,)- Y It exp(Y A, ) LR 5 7R p—

= j S j Y op; 5 4 1+eXp(_Zﬂinj)

And optimize the score function using “training” data x,,...,x|

D.B. Rowe



MSSC 6020 Statistical Simulation
1. Introduction cocen g, f(S) s=X Bx

Single input and single output.

functional flow valve

1) Start with initial t=0
values (50, g0)

2) Run n data through
Qi(t) = [yi - f(Zﬁj(t)Xij )]2

1=1...n

e 3) Calculate score function
QY = Z[Y. f(Zﬂ“)X.,)]
4) Update coefficients GD
( IB(Hl) 181('[+1)) VQ
A well known general numerical solution. o) Return to Step 2.

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets

Often we believe that there Is a linear relationship between an
Independent variable x and a dependent variable y with measurement
error.

Yi = /Bo+161Xi T &

1=1....Nn

Could assume normal error or use least squares.

Q=%_i(yi By - BX)

D.B. Rowe
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2. Linear Regression and Neural Nets V. =B +BX +e

We can estimate the “best’ linear relationship between an independent
variable X and a dependent variable y using the score function

Q= Z(Y. By = Bx)’ £
by taklng derivatives with respect to the f coefficients -
_:__ (V. — X. 1=1..,n
TR LY B
written in vector form as L N
VQ:—%(X'y—X'X,B) Y= (Yo V) o
0
setting equal to zero and solving to get £=| : VQ :[%]
p=(X"X)"X"y B, |

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets S, = Sy + By -+ BiXg

A Neural Net Is a way to perform Multiple Linear Regression by using a
linear activation function with the corresponding normal likelihood and

least squares score function. " 60
Linear Activation 1 B
™ O
B
f(S) =2 B, : 4\ &
j A, | 9Q
X, - VQ — | —*
Normal Likelihood Score 8ﬂl
X2 can setto 0 and get @
Q Z [y| Zﬁj Ji p=(XX) Xy aﬁz
| Y= V) -
Gradient 2
Derivatives VQ — —H (X ' y — X ! X ﬂ) Linear
aQ 2 Z[ Zﬁ X ]( X.. ) Gradient Descent
n | yl ij ij A A

LY = pO - NQ(BY)

j=012

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets

| Data
Example: Given observed data: (X,Y)
(1,1.4)
(2,2.3)
Linear Activation 1 N (3’17)
f(X)= B, + AX ¢ O\ (4,3.0)
(5,3.4)
Vs
use the Neural Net structure X
and Gradient Descent to iteratively estimate the parameters.
1 2 H(t+ A (t At
Q== [yi—2.B%T VQ=——(X"y-X"Xp) Y = po - NVQ(BY)
N j n y =.0001

D.B. Rowe 21



MSSC 6020 Statistical Simulation

2. Linear Regression and Neural Nets

Example: Given observed data:

True Values

(ﬁo ’181 ) — (0-801 0-50)

Linear Activation 1

S pp

t(X) =5, + BiX f

A\

t=0 /Iglm
(5, p) = (1.50,1.00) "
~Run data through with g© = (3®, 30)’
Calculate vQ(p®Y) = —E(x 'y—X'X W), y=.0001
n N A
Calculate new g™ = g _wQ(p"), t=t+1—

Data
(X,y)

(1,1.4)
(2,2.3)
(3,1.7)
(4,3.0)
(5,3.4)

D.B. Rowe



MSSC 6020 Statistical Simulation

2. Linear Regression and Neural Nets

Start
Q 0.24 " /
Linear Activation 0.22 T
0.2 —_—
f()=B+Bx |
0.16 L
0.14 Q=0.1286

0

L = O - NQ(BY)

Normal Likelihood Score

Q:%Zi[yi_Zﬁjxji]Z

Finish

- [0.95
p= 0.47

Data
(X,y)

(1)

w:: B, =0.80 |
1.2 —Ilﬂ.l
I"'.,
11t "‘\
1t N
0.9 : :
Q(t)
ol B B, =050
0.8
0.7
0.6
0.5}
0.4 //.-
0.3
2, . 3
Iteration

(1,1.4)
(2,2.3)
(3,1.7)
(4,3.0)
(5,3.4)

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets Sic = Pox + Bk ++ PyXy

A Neural Net Is a way to do Multivariate Linear Regression with linear
activation function and normal likelihood — least squares score function.

Linear Activation 0Q
f (S,)= Zﬂjkxji A 0P
J X, VQ, = 0

Normal Likelihood Score A aIB].I(

1 . Q
Qk :Hzi[yi_Zﬂjkxji 2 _6182k_

j
Gradient 2
[ggatives , VQ, = _H(X y-X'XB, )\ o
K _ Gradient Descent b= (X" X)Xy,

o8, _n D1 2 ARlK) =0 -NQBY) T

j=012 k=12

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets

Sil — 1801 T 1311X1i oot Pk

A Neural Net Is a way to do Multivariate Linear Regression with linear
activation function and normal likelihood — least squares score function.

Linear Activation

fl(Sil) — Zﬂjlxji
J
Normal Likelihood Score

1
Q= Hzi[yi_Zﬂjlxji 2
J
Derivatives

0Q 2 ) .
b N Z[yi Zj:'gjlxij]( X;)

]=0,12

1

RN
B
A &) oQ
_Fu VQ]_ — 1
, 0P
/ 21

0Q,
0P

0Q,
| O _

Gradient 2
le :_H(X y-X lX:Bl)

Gradient Descent

Ao A n
1(t+) = 1(t) — WQl(ﬁl(t))

—~ can set to 0 and get
ﬂlz(xlx)_lx 'y1 -
Yi= (Y11 """ ynl)

D.B. Rowe



MSSC 6020 Statistical Simulation
2. Linear Regression and Neural Nets Siz = Poa + PoXu + 0+ PioXy

A Neural Net Is a way to do Multivariate Linear Regression with linear
activation function and normal likelihood — least squares score function.

Linear Activation 1 ggz
fz(Siz) :Zﬂjzxji P g
,. i vo, | 22
B B i N Ji;
Normal Likelihood Score f, Y, 12
By oQ
1 , 2 2
Qz :HZi[yi_ZﬂjZin _51822_
. Gradient 2
Derivatives VQZ :_H(X ly_ X 'XﬂZ)\
8Q2 2 Gradient Descent an ieE;c() 0; r)](Ellg;ét' y
b HZ[yi =2 BiX1(=%;) o - TN
j2 ! J » =5 —VQ,(5;7)

]=0,12

D.B. Rowe
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2. Linear Regression and Neural Nets

S _180k+181kxll+ T gk q|

Two independent parallel Multiple Regressions yield the same coefficient
estimate as simultaneous multivariate regression (different covariance).

3= (X'X)X'Y )
N N4,
B=(4.5,) F Fe 7 %
Y — (yl’ y2) 5 <1312/

Z5 £
B =(X"X)X"y, S

,32:()(')()‘1)(')/2 +
= O B =g - NQ(BP)

Yo = (Yizses Yoa)' Ag(m) — z(t) - WQZ (,Bz(t))

Now the trained Neural Net can be applied to new data.

D.B. Rowe




MSSC 6020 Statistical Simulation
3. Non-Linear Regression and Neural Nets

We might believe that there is a non-linear relationship between an
iIndependent variable x, and a dependent variable y with measurement error.

y, = F(x)+& i=1,..,n

We can assume normal errors or use least sguares.

Q=%_i(yi (X))

D B,
As an example consider the SoftPlus function f()=In(L+e’ ).

D.B. Rowe



MSSC 6020 Statistical Simulation
3. Non-Linear Regression and Neural Nets

Si =B, + BiXy +"'+:quqi

A Neural Net Is a way to do Non-Linear Regression with SoftPlus
activation function and normal likelihood — least squares score function.

SoftPlus Activation

f(S)=In+e*)
Normal Likelihood Score

Q=%Zi[yi—ln(1+e8i)]2

Derivatives

N _2
0B, n‘

]=0,12

1

_@_

X[y, ~ InL+ exp(Zﬁ X.,))]exp(Zﬂ X; )

\:Bo 8:Bo

/'817@ VQ — @

, op,
/ 2

Q
9P,

Gradient
0Q
VQ SoftPlus
= op,
radient Descent

1+exp Z,B ;)

LY = pO - NQ(BY)

D.B. Rowe
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3. Non-Linear Regression and Neural Nets

50 2 %[y —InL+ exp(Zﬂ X.,))]exp(Zﬂ X;) |
Example: Given observed data: TA:HZ 1+eXP(Zﬂ X;)
SoftPlus Activation 1 N
f(S,)=In(1+e/"/4) }@ &
A
use the Neural Net structure X

and Gradient Descent to iteratively estimate the parameters.

Normal Likelihood Score Gradient Gradient Descent

op; y =.0001

D.B. Rowe 30
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3. Non-Linear Regression and Neural Nets

50 2 %[y —InL+ exp(Zﬂ X.,))]exp(Zﬂ X;) |
Example: Given observed data: op, nA4 1+eXP(Zﬂ X;)

True Values

(5y:B)
SoftPlus Activation 1 -
f(S,)=In{1+e") AN &
t_O B0

e

(B, B
~Run data through with g® = (8", s0)'

Calculate vQ(s™) , 7=.0001
Calculate new gt = g0 _wQ(B"M), t=t+1—

D.B. Rowe



MSSC 6020 Statistical Simulation
3. Non-Linear Regression and Neural Nets Sy = Boe + BuX +-+ BuX,

A Neural Net Is a way to do Multivariate Non-Linear Regression with SoftPlus
activation function and normal likelihood — least squares score function.

SoftPlus Activation 1 v ng
f(S,) = In(L+e*) o /) Po
X1 ?1 VQk = 8Qk
Normal Likelihood Score & aﬁlk
. o\
1 Sy \12 x (e Q
:Hzi[yi—ln(l+e ] 0B,
Gradient
. Q
Derivatives |J[y|k In 1_|_ exp Zﬁjkxu ]exp ZIBJKXIJ Qk [8,3 j SoftPlus
8_Qk _g Gradient Descent I
Pr oty a0 (2A%) 0 = B0 - QU (AY)
1=U4 k=12

D.B. Rowe
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3. Non-Linear Regression and Neural Nets

S _180k+181kxll+ T gk q|

A Neural Net Is a way to do Multivariate Non-Linear Regression with SoftPlus
activation function and normal likelihood — least squares score function.

SoftPlus Activation

£(S,)=In(L+e%)

Normal Likelihood Score

Q=3 [y~ In(t+ )]

Derivatives

0Q, 2

aIB]]_ n i

le[y|1 In l+eXp Zﬂjlxlj ]eXp Zﬂjlxlj

1

I

Do
fy 2 Y1 \
- P VvV Q]_
Doy
/

Gradient
0Q
le a : SoftPlus
IB j1

Gradient Descent

=0,12

1+exp Z i)

B = O - MQUBY)

50,

0P
0Q,
0P
0Q,
0P _

D.B. Rowe
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3. Non-Linear Regression and Neural Nets

S _1802+1312X1|+ T q2 q|

A Neural Net Is a way to do Multivariate Non-Linear Regression with SoftPlus
activation function and normal likelihood — least squares score function.

SoftPlus Activation

£(S.,) =In(l+e%)

Normal Likelihood Score

=%Zi[yi"”(1+ o)

Derivatives

0Q, 2

aﬂjz n i

le[yIZ In 1+eXp ZIBJZXIJ ]eXp ZIBJZXU

]=012

1+exp Zﬂ,zx.,

1 A
) = 0 - Q)

1 _ an _
0
b 8,(8302
~ B VQZ — 2
N f, A aﬁlZ
P 8QZ
0P _
Grggient an
2 @ ﬂj , SoftPlus
Gradient Descent

D.B. Rowe
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3. Non-Linear Regression and Neural Nets

= P + Pk +---+ P X

Two Independent Non-Linear Regressions yield the same coefficient
estimate as simultaneous Non-Linear Regression.

. " Nog,
B:(ﬁl’ﬁZ) P
Y = (yl’yZ) Xl <'312,

7 Y1

/o

P The last one in iteration.

Bz The last one in iteration.

1
, B = B - N Q(BY)
y1:(y11'"-1yn1) A(t 1) (t) (t)
: +
y2:(y12 ’’’’ yn2) 2 — 2 _7 ‘ QZ(IBZ )

Now the trained Neural Net can be applied to new data.

D.B. Rowe
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4. Logistic Regression and Neural Nets

Often the probability p of an event E depends upon an
iIndependent variable x, such as the probability of getting
an A on a class final depends on the number of hours that
a student studies x.

So pis a function of x, p(x). 0<p(x) < 1.

D.B. Rowe

Hours (Xx) A (y)

6
3
10
12
14
16
18
20
22
24
26
28
30
32
34
36
38
40

0

P PFRPPRPPOOPFPRFOOCOOEF, OOOCODO
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4. Logistic Regression and Neural Nets

This dependency of a probabillity p(x), 0< p(x) <1, on an independent
variable x, -co< X < o0, IS generally described through a link function,
here the logistic mapping function

B B 1
P = p(X) - 1+ e—(ﬂo+ﬂ1x) '

If the event E occurs, then we say y=1 and if not, y=0.

P(y=1)=p and P(y=0)=1-p. ... This is a Bernoulli trial. —

1+e™”

D.B. Rowe
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4. Logistic Regression and Neural Nets

The likelihood function

LBy, B) =] T [PCOP L - p(x)I” y; ={0.1} Caution!
1 —00 <X <0 Do not use least squares!

where p(xi):1+e—ﬂo—ﬂ1xi Q:— _
n < 1+ g Fo-A1h

has log likelihood function

LL(S,. B) = > L [yiInlp OO+ (@ - y,) In[L- p(x)]
= > yIn[pOOI+ Y (- y) In[L- p(x)]
= > Inf=pO)1+ D yin[p(x) / - p(x))]
= > VilB +Bx1-D. In[l+ef AN,

D.B. Rowe
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4. Logistic Regression and Neural Nets

We can estimate the “best” logistic relationship between x and 0/1 y using
the score function

Q:Zyi(Zﬂinj)_Zln[l—l_ EXp(ZIBJ‘Xij)]
by taking derivatives with respect to the beta’s
0Q Xij i=1..n J=1..0
< — X..V. —
8181' Z i1 izl+ exp(_Zﬂinj) Xip =1
j
with no closed form solution.

1
)= 1+ exp(—Z,Bjxj)

— s o oo > o o o

D.B. Rowe
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4. Logistic Regression and Neural Nets

A Neural Net is a way to represent Multiple Logistic Regression with
Logistic activation and Bernoulli likelihood score function.

Logistic Activation

1
1+exp(=2_ B;X;)

Bernoulli Likelihood Score

Q= Zyi (Z/Bjxji)_Zln[l-l_exp(ZlBiji)]

f(x)=

Derivatives

0Q B Xij
a—IB' - ZXU 4 214‘ exp(_ZIBinj)

j=012

D.B. Rowe

1N

Py
D\
/1817G
P,
/

Gradieri @
VQ= [ 7 )

Gradient Descent J

LY = pO - NQ(BY)

o
s
0Q
o,
0Q

08, _

Logistic

SoftMax ;




MSSC 6020 Statistical Simulation
4. Logistic Regression and Neural Nets

Simple Logistic Regression
Given observed data:

1
1+ exp(=)_ Bx;)

f (X)

1

use the Neural Net structure X

and Gradient Descent to
iteratively estimate the parameters.

D.B. Rowe

/,81

Gradieri @
o [w,- |

Gradient Descent

LY = pO - NQ(BY)

6
3
10
12
14
16
18
20
22
24
26
28
30
32
34
36
38
40

Hours (Xx) A (y)

0

P PFRPPRPPOOPFPRFOOCOOEF, OOOCODO



MSSC 6020 Statistical Simulation
4. Logistic Regression and Neural Nets

Simple Logistic Regression

Given observed data:

1
1+ exp(=)_ Bx;)

f (X)

t=0
(5, B = (3.00,0.50)

Calculate new gt = g®

True Values

(,,5,)=(-5.00,0.20)

1 \ N (t)

A

x |

~Run data through with g® = (3, 30)’
Calculate VQ(5©) =2 %y, — 2. " , ¥ =.0001

1+ eXp(_ZIBj X;; )

-VQ(BY), txt+l

D.B. Rowe

6
3
10
12
14
16
18
20
22
24
26
28
30
32
34
36
38
40

Hours (Xx) A (y)

0

P PFRPPRPPOOPFPRFOOCOOEF, OOOCODO
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4. Logistic Regression and Neural Nets

Simple Logistic Regression results: po =—5.00 .| g
i
Start Di
-0 | 3.00 A
) _ |
ﬁ |:050:| _2 :llll
A
\_\
S, =0.20 | 30
Finish 181 - |
j= —5.65 -
| 021 (
o : : iteratioﬁ:’ N

D.B. Rowe
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4. Logistic Regression and Neural Nets

A Neural Net Is a way to represent Multivariate Logistic Regression

with logistic activation and Bernoulli score function.

Logistic Activation

fk (X) —

1
1+exp(_2ﬂjkxj)

Bernoulli Likelihood Score

Q = Z Yix (Z/Bjkxij) _Z In[1+ exp(ZIBijij )]

o2

Derivatives
an . Z X y . Z Xij Gradient De gtﬂjk
o ij Jik A A A
aﬂjk 0,1 2I k=12 ! 1 i exp(_zﬂjkxij k(t+l) — k(t) o WQk (ﬂk(t))
j=012 k=1 j

0Q,
OPor
0Q,
0P
0Q,

| OB _

D.B. Rowe




MSSC 6020 Statistical Simulation
4. Logistic Regression and Neural Nets

A Neural Net Is a way to represent Multivariate Logistic Regression
with logistic activation and Bernoulli score function.

Logistic Activation

1

f1(X) —

1+exp(=) BiX;)

Bernoulli Likelihood Score

Q= Z yil(z /lexij) - Z In[1+ eXp(Z /lexij )]

Derivatives

|
j=012

D.B. Rowe

0Q _ _ i
aﬂjl B ZX” i Zi:l"‘ eXp(_Zﬂjlxij

/1611

P

Gradient

VQ, =

Gradient D
R(t+1) _

5 - VQUB”)

0Q,
0P
0Q,
0P
0Q,

0P




MSSC 6020 Statistical Simulation
4. Logistic Regression and Neural Nets

A Neural Net Is a way to represent Multivariate Logistic Regression
with logistic activation and Bernoulli score function.

Logistic Activation

1

fz(x) —

Bernoulli Likelihood Score

Q, = Z in(ZﬂjZXij) - Z In[1+ eXp(Zﬁjzxij )]

Derivatives

a,sz i

j=012

D.B. Rowe

1+exp(=) B, X;)

8Q2 = inj Yio _Z

1
1+ eXp(_Zﬂjzxij
J

Po

B
f, 7 Yo \

/ﬂzz

Gradient

VQ, =

Gradient D
R(t+1) _

VQ, =

5 - VQ(5)

0Q,
0P
0Q,
or
0Q,

| OB




MSSC 6020 Statistical Simulation
4. Logistic Regression and Neural Nets

Two independent parallel regressions yield the “Multivariate” Logistic

Regression results we are after.

7 Y1

Estimated Coefficients 1
A A A EIBOl
B = (151 , 182 ) F %
X1 < 11
P
Maximizing Score Functions i
21
X, %ﬂzz

Q= Z yil(z BuXi)- Z In[1+ exp(z B.%)]
Q,= Z Yiz (Z p j2Xij) - Z In[1+ eXp(Z B, )] Iz%;i%?giy 1(t+1)

Descent H(t+1)
2

/o

30 + VQ(AY)
— z(t) + VVQz (,th))

0Q,
OPor
0Q,
0P
0Q,
0P _

D.B. Rowe




MSSC 6020 Statistical Simulation
5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

Let’'s go through the process as multiple one layer Neural Nets,
from right to left, Backpropagation.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe



MSSC 6020 Statistical Simulation
5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

1
\ﬂ012
(S Pu @ A

ﬂ122

[ \ i\

We consider the first output layer as input to the second layer.
Estimate coefficients.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe



MSSC 6020 Statistical Simulation
5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

And first focus only on the first node.
Estimate coefficients.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe
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5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

Porz
AN
P

far Bor @ A

Then focus on the second node.
Estimate coefficients.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe
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5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

Let’'s go through the process as multiple one layer Neural Nets,
from right to left, Backpropagation.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe
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5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.
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Pous

/18111
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And first focus only on the first node.
Estimate coefficients.

coefficient  node layer

J=012 k=12 ¢=12
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5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

ﬂOZl

X1 |~
ﬂlZl
f2

X, | ﬂ221

Then focus on the second node.
Estimate coefficients.

coefficient  node layer

J=012 k=12 ¢=12
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MSSC 6020 Statistical Simulation
5. Multi-Layer deep Neural Nets

Neural Nets can have more than one “hidden” layer.
The outputs from one layer become the inputs to the next.

And hence solve the two or multi layer problem.

coefficient  node layer

J=012 k=12 ¢=12

D.B. Rowe



MSSC 6020 Statistical Simulation
5. Discussion

Linear, Logistic, and Non-Linear Regression can be represented as

Neural Nets.

V o / o /

Logistic

Coefficients are estimated via Gradient Descent.
VQ = [@j Y = pO - NQ(BY)

op,

Discussed foundational ideas of Neural Nets.

These Ic

D.B. Rowe

eas can be expanded in many directions.

1

X
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Discussion

Questions?

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 9

1. Implement the Artificial Neural Net simple Linear Regression example
using Gradient Descent for the (X,y) data.

Data
t=0 (A% A®)=(150100) (1(x1,y£)1)
~Run data through W|th BO = (B, A0y (2:2:3)
Calculate VQ(ﬂ“’)———(X y—X'X30) y=.0001 (3,1.7)
Calculate new B9 = ,6“’ NQ(BV) (4,3.0)
(5,3.4)

Until convergence. Keep track of each (8%, 4%) and Q(5",5") .
Calculate Q(5,,5,) for a range of coefficient values and plot the surface.
Plot the Gradient Descent values on the same plot.

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 9

2. Generate one data set of son/daughter heights y,, and y,

S o 1.1 108 2.250 1.125
(Vier Yia) = WX . Xio) | Bis P |+ (s Eid) (g_is’gid) ~N(0,.2) B=|041 0.39 Zz( ' : ]
i=1,..,n 1.125 2.250
\Bos Pas (043 043,

using combinations

. . 2 .
_ B =BY —y=(X'Y = X' XB"Y)

X~{66.67,68,69,70.71.72,73,74.75 N

x,,=160,61,62,63,64,65,66,67,68,69} & 1 (Y - XB)'(Y — XB)

n—q-1

estimate B and hence X using Gradient Descent to train this
Artificial Neural Network with linear activation. Compare to B=(X'X)"X" Y.

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 9

3. Assume fy,=-7.0, 1,=0.3, By,,=-9.0, ,,=0.2. Use x=(10:5:60)".
Generate two simulated data sets, (Y;4,.--,Yn1), Y125---5Yn2)-
Estimate f,,, f11, Boo» P12, @Nd pi's by Gradient Descent and hence
train the network with logistic activation and Bernoulli score function.

On one plot graph (X;Y;) data, (X;y,piz) and (Xi,Pj).
Make a surface plot and show your estimated and true values for
each node (k).

Make comparisons and comment on results.

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 9

4. Invent your own example of multivariate linear regression
with two layers. Set your own true parameter values,
generate a simulated data set and estimate the parameters.
Comment.

5*.Invent your own example of multivariate logistic regression
with two layers. Set your own true parameter values,
generate a simulated data set and estimate the parameters.
Comment.

*Show off question.
D.B. Rowe 61




MSSC 6020 Statistical Simulation
Homework 9

6*. Invent your own example of ReLU non-linear linear regression
with one layer. Set your own true parameter values,
generate a simulated data set and estimate the parameters.
Comment.

*Show off question.

D.B. Rowe
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