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MSSC 6020 Statistical Simulation \
Univariate Simp|e Samp“ng Slides Reordered To See Symmetry

Statistical model: Observe 1 X 1 scalar observations 0 regressors

observation i
V. =B, +¢& i=1..n E(¢)=0 var(e)=0"

1x1 1><1\ 1x1
U

equivalently

observation i

Yi = (1)(180) + &

1x1 1x1 1x1 1x1

or equivalently
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MSSC 6020 Statistical Simulation
Univariate Simple Sampling

Yi ::Bo T &
— : 1=1..,n
Statistical model: Observe 1 X 1 scalar observations 0 regressors
1 1
Y, 1 &)
= |(B) ]
1 E
\?/xnlj \nx{ 1x1 \nxn1/ I :1,.. ,n
E(s)=0
more compactly
nx :nx)f gl " nf:‘l Val‘(&‘l) — (72
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MSSC 6020 Statistical Simulation
Univariate Simple Sampling

Yi = :Bo T &
Statistical model: Observe 1 X 1 scalar observations 0 regressors

y=X fB+ ¢

nx1l nx1 f 1x1 nxl1

¥l
with coefficient (mean) estimated as
IBA = (X 'X)_lx by n>1, general rule n>10

1x1 I1xXxnnx1 I1xXnnxl1

N\

[

from score function
Q=(y—-XpB)(y—Xp)

1 x1 . cov(e) =c’l,

Exponent in multivariate normal PDF

E(g)=0

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl
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MSSC 6020 Statistical Simulation
Univariate Simple Sampling

y=X [+ ¢

nxl nx1 f 1x1 nxl1

Statistical model: Observe 1 X 1 scalar observations 0 regressors

Ié — (X 'X)‘lx by n>1, general rule n>10
1><1\ﬂ:1;nn><1 1xnnx1
A2 1 A\ 1 A
o = E(y_ XB)(y—Xp)
leads to E(e)=0
E(B)=p cov(B)=0c"(X'X)"
v e cov(e) =c’l,
and If ¢ is normally distributed,
4 is normally distributed and (n-1)6* is gammal (n-1)6°lo*~ »°
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Statistical model: Observe 1 X 1 scalar observations 1 regressor

observation i

Y. =B+ B X +& 1=1,..,n E(s)=0 var(e) =o°

1x1 1x1 1x11x1 1x1

equivalently

observation i

y, = (@, Xi)(ﬂoj"'gi

1x1 1x2

or equivalently
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Yi = Do+ DX + &
— : 1=1..,n
Statistical model: Observe 1 X 1 scalar observations 1 regressor
v\ (1 ) (e
Yi X &1
¥2 _ 1 X.z £ﬂ0]+ ‘5:2
: UG :
1 X E
\?/xnlj \ nX2 "/ 2 x1 \nxn1) | =1....Nn
E(s)=0
more compactly
nx :nx)S gl i nf:‘l Val‘(&‘l) = (72
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Yi = Do+ DX + &
Statistical model: Observe 1 X 1 scalar observations 1 regressor

y=X fB+ ¢

nxl nx2 2x1 nxl1

with coefficient (mean) estimated as
IBA = (X 'X)_lx by n>2, general rule n>20

_ E(¢)=0
from score function
Q=(Yy-XB)(y—-Xp)

1 x1 . cov(e) =c’l,

Exponent in multivariate normal PDF

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

y=X [+ ¢

nxl nXx2 2x1 nx1l

Statistical model: Observe 1 X 1 scalar observations 1 regressor

Ié — (X 'X)‘l)( ' y n>2, general rule n>20
2x1

2Xnnx2 2Xnnx1

1

&= (y=XB)(y-Xp)
leads to E()=0
E(B)=p cov(B)=0c"(X'X)"
2 x1 2 x2 COV(E) IGzln
and If ¢ is normally distributed,
4 is normally distributed and (n-2)6* is gamma! (n-2)6°1o°~ x°
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MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Statistical model: Observe 1 X 1 scalar observations g regressors

observation i
Vi = fo + BXy o+ B Xig + & 1=1..,n E(s)=0 Vall‘(é‘i):O'2
equivalently
(A
observation i IZO
yi :(1’ Xil""’Xiq) ;1 +gi
1x1 1x(q+l) | 1x1
\'Bq J

(@+1)x1

or equivalently
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MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Statistical model Observe 1 X1 scalar observations g regressors
KY1 1 X1 Xy (:Bo (5
Y, 1 Xy, Xoq o &,
. = : : : .
\ Yn / \1 Kog o an)\ﬁq/ \n _
nx1 nx (g+1) (q+1) x 1 nx1 I _1"' , 1
E(s)=0
more compactly
= X
nx nx(q+1)(q'+81) x—i_ nf:‘l Var(gl) — 0-2
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MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Yi = :Bo +181Xi1 +---+:quiq T &
.. _ 1=1...,Nn
Statistical model: Observe 1 X 1 scalar observations g regressors

y=X fB+ ¢

nx1l nx(g+l)(g+l)x1 nx1

with coefficient (mean) estimated as
IBA = (X 'X)_lx Y n>(q+1), general rule n>10(g+1)

(g+1) x1 (g+1)Xnnx(q+1) (q+1)Xnnx1
. E(¢)=0
from score function
Q=(y-XpB)(y-Xp) 2
1 x1 N COV(E) =0 In

Exponent in multivariate normal PDF

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl
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MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

y=X [+ ¢

nx1l nx(gq+l)(g+tl)x1 nx1

Statistical model: Observe 1 X 1 scalar observations g regressors

Ié — (X 'X)‘lx Y n>(q+1), general rule n>10(gq+1)

(q+1)x1 (g+1)xXnnx(g+l)(g+l)Xnnx1

. 1 AN A
6" = (y = XpB)'(y—Xp)
1x1 n — q _1
leads to E(e)=0
E(B)=4 cov(f)=c?(X'X)"
(q+1)x1 (q+1) X (q+1) COV(E) _ 02|n
and If ¢ is normally distributed,
g is normally distributed and (n-gq-1)6° is gamma (n—q-1)6°/o*~ y°
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Statistical model: Observe 1 X p vector observations g regressors

o //801 + Xy
observation i ) 1802 + 1812Xi1 +
(yll’lxp’ yip) — N N
\ﬁop + ﬁlpxil +
equivalently
observation i /ﬂ()l 'BOZ
Pu P
(Viareos Yip) = M X Xg) | 1
1xp 1% (q+1) : .
\ﬂql ﬂqZ

or equivalently

D.B. Rowe

(+1) xp

+ 4+ + o+

ﬂql
ﬁqZ

ﬁqp

IBOp\
ﬂlp

ﬂqp/

\ 7

iq

Xiq )

+ (&g

1Xp

+ (&

1Xxp

’gip)

’gip)

1=1,...

, N

E(s)=0

cov(g) =2




MSSC 6020 Statistical Simulation

Multivariate Multiple Linear Regression /;m ;joz ng
(Yiarer Yip) = (L Xy Xig) 2 lp + (&g +. &)
/3 /3 - By) 1=1...,N
Statistical model: Observe 1Xp vector observations g regressors
/yll Yio ylp\ 1 X o qu 1801 :Boz IBOp
Yoo Yo y2p _ 1 Xy qu 1811 1312 :Blp
\ynl yn2 ynp) \1 an an)\ﬂql :qu ﬂqp) i 1 N
nxp nx (q+1) (@+1) xp —-1,...,
(&. ¢ g )
11 12 1p E(e)=0
more compactly £y &£y €0
+| . . . .
anp :n><>((q+1)(Q+Bl) x—rl)_ anp . . . . COV(gi’) = Z
\gnl 5n2 gnp/

(ﬂl’ ﬁ ) (bl’ q+1)

(a+ 1) P
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

(yil"” yip) = (1’ Xigr oo Xiq)

1801 ﬂoz ﬂlO
ﬂll ﬂlz lBlp

. . . ﬁ.ql ﬂ.qZ 'b;qp -
Statistical model: Observe 1 X p vector observations g regressors
Y=X B+ E
nXp nx(g+l)(g+l)Xp  nxp
with coefficient (mean) estimated as
B = (X'X )_1X 'Y n>(g+1)p, general rule n>10p(g+1)
(@+1)Xp (g+1)Xnnx(g+1)(q+l) xnnxp
. E(E)=0
from score function
Q=tr(Y — XB)'(Y — XB)
o \Exponent in matrix normal PDF COV(VEC(E I)) - In C;)'Z
(Y [B,5) = (2) ™2 |z e 2 (TP YA

nxp

tr(-) is trace, sum of diagonal elements
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Y=X B+ E

nXp nXx(g+l)(qtl)xp nxp

Statistical model: Observe 1 X p vector observations g regressors

|_5, — (X 'X )‘1X 'Y n>(q+1)p, general rule n>10p(g+1)

(+1) Xp (g+1) XnnXx(g+l)(g+1) XnnXp

§_ 1 (Y — XB)'(Y — XB)

e n—q-—1
leads to E(E)=0

E(B)=B cov(vec(é)):(X'X)_l@)Z (:ov(,éj):(yj?(x'x)‘1

(a+1) X p p(a+1) X p(a+l) cols nNy

cov(Bi) —wE cov(vec(E')) =1, ®X

and If E is normally distributed, W=(X'X)"
B is normally distributed and (n—-q-1)% is Wishart! (n—qg-1)% ~Wishart
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Example:
It Is believed that the heights of sons (y,) and daughters (y,) are
linearly dependent upon the heights of their fathers (x;) and mothers (x..).

/IBOS ﬂOd \
Yis: Yia) = L X Xin)| Brs Bug [+ (06 (6.,&4) ~ N(0,%) 1=1,..,n
\ﬂZs ﬂZd J
Assume that the true parameter values are: could also imagine
(141 10.8) mmodeizsxs

B=|041 039 . (2.250 1.125)
\043 043) pxp

0 < "1 1.125 2.250

http://chance.amstat.org/2013/09/1-pagano/
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Example:
Selected
x; ={66,67,68,69,70,71,72,73,74,75},

={60,61,62.63,64,65,66,67,68,69 141 108
Xm_{””””-’.} | B=|041 0.39
combinations (n=100), multiplied each with B (043 0.43,
then added correlateq normal noise with X. 2250 1195
Repeated L=10,000 times. 11125 2250

A 150 O
- 10.755 1.30

D.B. Rowe



MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Example:
Estimates and plots from all 10°.
(14.0511 10.8487) (14.1 10.8)
B=| 0.4108 0.3899 B=|0.41 0.39
(04299 04294 ) 043 0.43,
_(2.250 1.125)
g 1.125 2.250

~ (22504 11207
11207 2.2465

A 150 O
- 10.755 1.30

95
80

65 70 75
Sons Heights

D.B. Rowe



MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Multivariate model for

o° o© o\©°

clear all
close all
rng ('default'")

% define true parameter values
n=100;
B=[[14.1;.41;.43]1,[10.8;.39;.43]1]
sigmal=1.5; sigmaZ2=1.5; rho=.5;

Sigma=[sigmal”2,sigmal*sigma2*rho; ...

sigmal*sigma2*rho, sigma2”™2]
A=chol (Sigma) '

o)

% generate simulated data
hf=(66:66+9);,hm=(60:60+9) ;
[Xf, Xm]=meshgrid (hf, hm);

xf=reshape (Xf,n,1);,xm=reshape (Xm,n, 1) ;

X=[ones(n,1l),xf, xm]

D.B. Rowe

Yl=son height, Y2Z2=daughter height
X1 = father height, X2=mother height

replicate=10000;
X=repmat (X, replicate, 1) ;
n=size(X,1);

E=(A*randn(2,n))"';
Y=X*R+E;

% Estimate parameters
Bhat=1nv (X'*X) *X'*Y;
SigmaHat= (Y-X*Bhat) '* (Y-X*Bhat)/ (n-3) ;

[Bhat, B]
[SigmaHat, Sigma]

figure;
scatter (Y (:,1),Y(:,2))

axls square

xlabel ('Sons Heights')
yvlabel ('Daughters Heights')
x1im([61,80]),ylim([54,78])



MSSC 6020 Statistical Simulation \
Univariate Simp|e Samp“ng Slides Reordered To See Symmetry

Statistical model: Observe 1 X 1 scalar observations 0 regressors

observation i
V. =B, +¢& i=1..n E(¢)=0 var(e)=0"

1x1 1><1\ 1x1
U

equivalently

observation i

Yi = (1)(180) + &

1x1 1x1 1x1 1x1

or equivalently
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Statistical model: Observe 1 X 1 scalar observations 1 regressor

observation i

Y. =B+ B X +& 1=1,..,n E(s)=0 var(e) =o°

1x1 1x1 1x11x1 1x1

equivalently

observation i

y, = (@, Xi)(ﬂoj"'gi

1x1 1x2

or equivalently

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Statistical model: Observe 1 X 1 scalar observations g regressors

observation i
Vi = fo + BXy o+ B Xig + & 1=1..,n E(s)=0 Vall‘(é‘i):O'2
equivalently
(A
observation i IZO
yi :(1’ Xil""’Xiq) ;1 +gi
1xq 1x(q+1) ) 1x1
\'Bq J

(@+1)x1

or equivalently
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MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Statistical model: Observe 1 X p vector observations g regressors

o //801 + Xy
observation i ) 1802 + 1812Xi1 +
(yll’lxp’ yip) — N N
\ﬁop + ﬁlpxil +
equivalently
observation i /ﬂ()l 'BOZ
Pu P
(Viareos Yip) = M X Xg) | 1
1xp 1% (q+1) : .
\ﬂql ﬂqZ

or equivalently

D.B. Rowe

(+1) xp

+ 4+ + o+

ﬂql
ﬁqZ

ﬁqp

IBOp\
ﬂlp

ﬂqp/

\ 7

iq

Xiq )

+ (&g

1Xp

+ (&

1Xxp

’gip)

’gip)

1=1,...

, N

E(s)=0

cov(g) =2




MSSC 6020 Statistical Simulation
Univariate Simple Sampling

Yi ::Bo T &
— : 1=1..,n
Statistical model: Observe 1 X 1 scalar observations 0 regressors
1 1
Y, 1 &)
= |(B) ]
1 E
\?/xnlj \nx{ 1x1 \nxn1/ I :1,.. ,n
E(s)=0
more compactly
nx :nx)f gl " nf:‘l Val‘(&‘l) — (72
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Yi = Do+ DX + &
— : 1=1..,n
Statistical model: Observe 1 X 1 scalar observations 1 regressor
v\ (1 ) (e
Yi X &1
¥2 _ 1 X.z [ﬁo]_l_ ‘9.2
; o UG, ;
1 X E
\?/xnlj \ nX2 "/ 2 x1 \nxn1) | =1....Nn
E(s)=0
more compactly
nx :nx)S gl i nf:‘l Val‘(&‘l) = (72
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MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Statistical model Observe 1 X1 scalar observations g regressors
KY1 1 X1 Xy (:Bo (5
Y, 1 Xy, Xoq o &,
. = : : : .
\ Yn / \1 Kog o an)\ﬁq/ \n _
nx1 nx (g+1) (q+1) x 1 nx1 I _1"' , 1
E(s)=0
more compactly
= X
nx nx(q+1)(q'+81) x—i_ nf:‘l Var(gl) — 0-2
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MSSC 6020 Statistical Simulation

Multivariate Multiple Linear Regression /;m ;joz ng
(Yiarer Yip) = (L Xy Xig) 2 lp + (&g +. &)
/3 /3 - By) 1=1...,N
Statistical model: Observe 1Xp vector observations g regressors
/yll Yio ylp\ 1 X o qu 1801 :Boz IBOp
Yoo Yo y2p _ 1 Xy qu 1811 1312 :Blp
\ynl yn2 ynp) \1 an an)\ﬂql :qu ﬂqp) i 1 N
nxp nx (q+1) (@+1) xp —-1,...,
(&. ¢ g )
11 12 1p E(e)=0
more compactly £y &£y €0
+| . . . .
anp :n><>((q+1)(Q+Bl) x—rl)_ anp . . . . COV(gi’) = Z
\gnl 5n2 gnp/

(ﬂl’ ﬁ ) (bl’ q+1)

(a+ 1) P

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Simple Sampling

Yi = :Bo T &
Statistical model: Observe 1 X 1 scalar observations 0 regressors

y=X fB+ ¢

nx1l nx1 f 1x1 nxl1

¥l
with coefficient (mean) estimated as
IBA = (X 'X)_lx by n>1, general rule n>10

1x1 I1xXxnnx1 I1xXnnxl1

N\

[

from score function
Q=(y—-XpB)(y—Xp)

1 x1 . cov(e) =c’l,

Exponent in multivariate normal PDF

E(g)=0

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

Yi = Do+ DX + &
Statistical model: Observe 1 X 1 scalar observations 1 regressor

y=X fB+ ¢

nxl nx2 2x1 nxl1

with coefficient (mean) estimated as
IBA = (X 'X)_lx by n>2, general rule n>20

_ E(¢)=0
from score function
Q=(y-Xp)(y-Xp) 2
1x1 N cov(g)=0o"l,

Exponent in multivariate normal PDF

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

Yi = :Bo +181Xi1 +---+:quiq T &
.. _ 1=1...,Nn
Statistical model: Observe 1 X 1 scalar observations g regressors

y=X fB+ ¢

nx1l nx(g+l)(g+l)x1 nx1

with coefficient (mean) estimated as
IBA = (X 'X)_lx Y n>(q+1), general rule n>10(g+1)

(g+1) x1 (g+1)Xnnx(q+1) (q+1)Xnnx1
. E(¢)=0
from score function
Q=(y-XpB)(y-Xp) 2
1 x1 N COV(E) =0 In

Exponent in multivariate normal PDF

(XA (y-XB)
f(y|B,0°)=(2nc") " e 2 V=XBY(y=Xp

nxl

D.B. Rowe



MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

(yil"” yip) = (1’ Xigr oo Xiq)

1801 ﬂoz ﬂlO
ﬂll ﬂlz lBlp

. . . ﬁ.ql ﬂ.qZ 'b;qp -
Statistical model: Observe 1 X p vector observations g regressors
Y=X B+ E
nXp nx(g+l)(g+l)Xp  nxp
with coefficient (mean) estimated as
B = (X'X )_1X 'Y n>(g+1)p, general rule n>10p(g+1)
(@+1)Xp (g+1)Xnnx(g+1)(q+l) xnnxp
. E(E)=0
from score function
Q=tr(Y — XB)'(Y — XB)
o \Exponent in matrix normal PDF COV(VEC(E I)) - In C;)'Z
(Y [B,5) = (2) ™2 |z e 2 (TP YA

nxp

tr(-) is trace, sum of diagonal elements

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Simple Sampling

y=X [+ ¢

nxl nx1 f 1x1 nxl1

Statistical model: Observe 1 X 1 scalar observations 0 regressors

Ié — (X 'X)‘lx by n>1, general rule n>10
1><1\ﬂ:1;nn><1 1xnnx1
A2 1 A\ 1 A
o = E(y_ XB)(y—Xp)
leads to E(e)=0
E(B)=p cov(B)=0c"(X'X)"
v e cov(e) =c’l,
and If ¢ is normally distributed,
4 is normally distributed and (n-1)6* is gammal (n-1)6°lo*~ »°
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MSSC 6020 Statistical Simulation
Univariate Simple Linear Regression

y=X [+ ¢

nxl nXx2 2x1 nx1l

Statistical model: Observe 1 X 1 scalar observations 1 regressor

Ié — (X 'X)‘l)( ' y n>2, general rule n>20
2x1

2Xnnx2 2Xnnx1

1

&= (y=XB)(y-Xp)
leads to E()=0
E(B)=p cov(B)=0c"(X'X)"
2 x1 2 x2 COV(E) IGzln
and If ¢ is normally distributed,
4 is normally distributed and (n-2)6* is gamma! (n-2)6°1o°~ x°

D.B. Rowe



MSSC 6020 Statistical Simulation
Univariate Multiple Linear Regression

y=X [+ ¢

nx1l nx(gq+l)(g+tl)x1 nx1

Statistical model: Observe 1 X 1 scalar observations g regressors

Ié — (X 'X)‘lx Y n>(q+1), general rule n>10(gq+1)

(q+1)x1 (g+1)xXnnx(g+l)(g+l)Xnnx1

. 1 AN A
6" = (y = XpB)'(y—Xp)
1x1 n — q _1
leads to E(e)=0
E(B)=4 cov(f)=c?(X'X)"
(q+1)x1 (q+1) X (q+1) COV(E) _ 02|n
and If ¢ is normally distributed,
g is normally distributed and (n-gq-1)6° is gamma (n—q-1)6°/o*~ y°

D.B. Rowe



MSSC 6020 Statistical Simulation
Multivariate Multiple Linear Regression

Y=X B+ E

nXp nXx(g+l)(qtl)xp nxp

Statistical model: Observe 1 X p vector observations g regressors

|_5, — (X 'X )‘1X 'Y n>(q+1)p, general rule n>10p(g+1)

(+1) Xp (g+1) XnnXx(g+l)(g+1) XnnXp

§_ 1 (Y — XB)'(Y — XB)

e n—q-—1
leads to E(E)=0

E(B)=B cov(vec(é)):(X'X)_l@)Z (:ov(,éj):(yj?(x'x)‘1

(a+1) X p p(a+1) X p(a+l) cols nNy

cov(Bi) —wE cov(vec(E')) =1, ®X

and If E is normally distributed, W=(X'X)"
B is normally distributed and (n—-q-1)% is Wishart! (n—qg-1)% ~Wishart

D.B. Rowe 38



MSSC 6020 Statistical Simulation
Discussion

Questions?

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 7

1. Multivariate multiple linear regression

Select father x;; and x;, heights, multiply by coefficients B,
add correlated error with X, repeat n=100 times.

(yis’ yid) — (1’ Xis ’Xim)

form Y and X, estimate B and 3.

Repeat a large number of times L so that you have
B®,..,B" and =%,..,2“. Compute means, variances,
make histograms, etc.

D.B. Rowe

/IBOS
P

\ﬂZS

B
P

,Bzd Y,

+ (&, &

a)
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