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MSSC 6020 Statistical Simulation

Deterministic Integration goal
E(X) = j g(x)dx

g(x)1
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MSSC 6020 Statistical Simulation

Deterministic Integration goal
E(X) = j g(x)dx

Area under curve
g(x)1 between a and b.

E(X) = j g(x)dx
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MSSC 6020 Statistical Simulation

Deterministic Integration goal
E(X) = j g(x)dx

Divide into intervals: Ax small

90| — Ax=(b-a)ln  Ax=x -x

/ think of as

/ g(x) = xt (x)

a=xXy X; X, ... b=x, X

AX

D.B. Rowe



MSSC 6020 Statistical Simulation

Deterministic Integration goal
E(X) = j g(x)dx

Divide into intervals: Ax small

90| Ax=(b-a)ln  Ax=x -x

X: =a+Ax/2+ (1 —1)Ax think of as

i=1,...n g(x) = xf (x)

a=Xq| X; XZT ... b=x, X
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MSSC 6020 Statistical Simulation
Deterministic Integration goal

E(X) = j g(x)dx

Divide into intervals: Ax small

g(x)t Ax =(b-a)/n AX=X — X,
N
/// X' =a+Ax/2+ (i —1)Ax think of as
n 1=1..,n
/ £ =) (X)) 9(x) =Xt (X
i1
a=Xy| X; XZT b=Xx, X:
nN=5
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MSSC 6020 Statistical Simulation

Deterministic Integration goal
E(X) = j g(x)dx

g(x)1

/—\ = I g(X)dX think of as
/ g(x) = xf (x)
/ / Ax=(b-a)/n

X: =a+Ax/ 2+ (i—1)Ax
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MSSC 6020 Statistical Simulation
Deterministic Integration goal
E(X) = j g(x)dx
X

1 =—numerical
35 n=10, Ax=0.400
A 10
2.5 E (X) - AX; 9(x')=10.7200 think of as
= analytic g(x) =Xt (x)
151 3 ,
| [4—(x-1)’Jdx =10.6667
x=-1
" % Numerical Integral
a=-1; b=3;
n=10; dx=(b-a) /n;
g(x)=4—-(x-1)*> * tpts=(a+dx/2:dx:b) ';

gpts=4- (xpts-1) ."2;
Exhat=dt*sum (gpts)
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MSSC 6020 Statistical Simulation
Deterministic Integration goal

E() =] 9(x)dx

1 «—numerical
n=50, Ax=0.080

3.5
A 50
E(X) — AXZ g(x)=10.6688 think of as
2.5 =1
~ X) = Xf (X
< analytic 9(x) (%)
15F

3
j [4—(x—1)*]dx =10.6667
x=-1

0.5
% Numerical Integral
a=-1; b=3;
n=50; dx=(b-a) /n;
g(x)::4~—(x—{DZ X tpts=(at+dx/2:dx:b)';

gpts=4- (xpts-1) ."2;
Exhat=dt*sum (gpts)
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MSSC 6020 Statistical Simulation
Deterministic Integration goal

E() =] 9(x)dx

1 «—numerical
n=1000, Ax=0.004

3.5
A 1000
E(X) = AX Z; g(x')=10.6667 think of as
2.5 1=
~ X) = Xf (X
< analytic 9(x) (%)
15F

3
j [4—(x—1)*]dx =10.6667
x=-1

0.5
% Numerical Integral
a=-1; b=3;
n=1000; dx=(b-a)/n;
g(x):4—(x—1)2 X tpts=(at+dx/2:dx:b)';

gpts=4- (xpts-1) ."2;
Exhat=dt*sum (gpts)
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MSSC 6020 Statistical Simulation
Agenda

3.1 Pseudorandom Number Generation

3.2 Using Random numbers to Evaluate Integrals
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MSSC 6020 Statistical Simulation
3.1 Pseudorandom Number Generation - “Random?” (0,1) numbers

Multiplicative Congruential Method
(1) Start with seed x,

(2) Compute x,=ax,, modulo m, n=0,1,2,...
where a and m are given positive integers

choose m = 231-1 and a=7> for 32 bit machines

D.B. Rowe



MSSC 6020 Statistical Simulation
3.1 Pseudorandom Number Generation - “Random?” (0,1) numbers

Mixed Congruential Method
(1) Start with seed x,

(2) Compute x,=(ax,_,+c) modulo m, n=0,1,2,...
where a, ¢, and m are given positive integers

choose m = to be the computer’'s word length

D.B. Rowe



MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo

Integration

Let g(x) be a function and suppose we want

szolg(x)dx
If U Is uniformly distributed over (0,1), then

0=E(9U))

Think of f(u):{l TO<us<l
0O otherwise

and
0= g(u)f (u)du

D.B. Rowe



MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo
Integration

If we generate U,,...,U, Independent uniforms

then g(U,),..., g(Uy) will be IID with mean 6= g(x)dx .

k o . .
Z%%E[Q(U)]ze as k —> oo IOQ(U) (u)du

D.B. Rowe



MSSC 6020 Statistical Simulation

3.2 Using Random numbers to Evaluate Integrals — Monte Carlo
Integration

If we want 6 = j:g(x)dx, then we can transform
X toy asy =(x -a)/(b-a), with dy =dx/(b-a)

limits X=a —> y =0

b
9=jag(x)dx dx = (b —a)dy b y_1

X=a+ Yy[b—-a]
0= g(a+[b—a]y)(b—a)dy

o= ['niy)y n(y)=g(a+[b-aly)b-a)

D.B. Rowe



MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo

Integration Deterministic
Let’'s use this idea to evaluate the o
same integral. (b—a)=4
Deterministic Stochastic 0.5}
E(x|)=[ g(dx | h)=g(a+®b-a)u)b-a) N
. 1 g(x)=4-(x-1)
E, (x]) = AXY, 90x) , 2N()=106718 Stochastic

E,,(X|-)=10.7200

Theoretical

3
j [4—(x—1)*]dx =10.6667
x=-1

D.B. Rowe

% stochastic integral () 1200

rng ('default'")

a=-1; b=3; n=10"6;
u=rand(n, 1)

t=(a+ (b-a) *u) ;
hu=(4-(t-1) .72) * (b-a) ;
Exhat=sum (hu) /n
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MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo

Integration

Integrate 9=j012x dx using U(0,1) random numbers.

21

Analytically, we'd get 9 = j:2x dx = ZX? =1.
0

Or we can generate uniform numbers u,,...,u, and

Calculate g ~ ii(gu ). Matlab Code:  Matlab Output:
N

rng(‘default’) theta = 1.0006
n=10"6;

u=rand(n,l);

theta=sum(2*u)/n

D.B. Rowe
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MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo
Integration

If we want 0 = jooog(x)dx, then we can transform
X toyasy=1/(x +1), with dy =-dx/(x+1)*=-y2dx

limits X=0—>y=1

N __ 2
e_jo g(x)dx dx=—dy/y ‘s y 0

x=1/y-1
0=\ gl/y-Ddy/y’

'Olh(y)dy h(y)=9@/y-D/7y

0=

D.B. Rowe



MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo

Integration

If we want 6 = joo g(x)dx, then we can transform

xtoyasy=e*/([@+e"), with dy=dxe* / 1+€e*)* = ydx/(1-y)

szng(x)dxdxzydy/(l_y) |imitSX:—oo_)y:O

x = In y X:+OO—)y:1

0 =

0=

ol

1
0
1
0

D.B. Rowe
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y(d—-y)
h(y) = g(ln(

y=e"/(1+e")

y
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MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo
Integration

1 2

Integrateez ———e? dx usmg U(0,1) random numbers.
Jﬂ

<2 4 LX)
We know that 6= j —e 2 dx =1
A / ‘\\

Or we can generate unlform numbers u,...,u, and
S L)
u.(1-u.)

o= )i

Calculate 9~ =
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MSSC 6020 Statistical Simulation
3.2 Using Random numbers to Evaluate Integrals — Monte Carlo
Integration

Most useful in evaluating multiple integrals.

H:j:j;...jolg(xl,...,xn)dxl...dxn

The key Is to use g=E[g(U,,...,U,)], where Ug,...,U,
are independent U(O,lg S. gl UY
If we generate y©,.. u® then 0=E[g(U,,..U,)]~ > 2 a—

(2) (2)
u®,..,U¢

U &) U &)
1 1

n

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 1

Problem A: f(x)=exp(exp(x)), xe[0,1]
Integrate numerically with Matlab from a=0 to b=1.
Do by pencil and paper with n=4 intervals.

AX = 0.25 (X, %;,%;,%; ) = (0.125,0.375,0.625,0.875)

Write a Matlab program to repeat with n=4 intervals.
Change to n=100. Compare results.

D.B. Rowe



MSSC 6020 Statistical Simulation
Homework 1

Chapter 3: # 1*, 3%, 7, 9, 11.

*Repeat generating 104 of these.

Compute mean, variance, and make a histogram.
Repeat using Matlab’s rand() command.
Compare results from to Matlab’s rand().

#Compare results to numerical integration in Problem A with n=100.

D.B. Rowe



MSSC 6020 Statistical Simulation

Homework 1

Problem B:
Evaluate the double integral

[[%f(x,%)dxdx, where % eRxeR

for PDF f(x,x,)=

1 —%(Xl—ﬂl)z 1 —%(Xz—ﬂz)z lul — 10

e 20-1 e 20-2

270 270 | M, =D

a. Use numerical integration by breaking up (x;,X,) o2 =4

into rectangles. Use AxA%, > > x f(x,X,) .

b.
C.

o; =9
< g(U;,Uy)

Jse stochastic integration > o *= after transforming (x,,x,) to (u,,u,).
=1

Pencil and paper integration?

D.B. Rowe
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