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MSSC 6010 Computational Probability
The Bivariate Normal Distribution

If a random variable x has a normal distribution with (xlj
2 X 1 . M . —
mean vector x4 and variance-covariance matrix X, then 2x1 | X,
2X1 2X2
mean vector mean vector ILI
—l(x—ﬂ\i'Zl(X—Ag X S RY » ( 1)
f(x|4,Z) =) " |2[e? ) p =2 SN
2X12%x12X2 'Y | i covariance matrix Z > O 62 o
e 2= [ 1 2)
| \ covariance matrix | |
and we write X~N(x, X). The covariance matrix A
21 2x12x2 _ il N
¥, has to well-conditioned for an inverse. i
o | Jii
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MSSC 6010 Computational Probability
The Bivariate Normal Distribution

This form may be more familiar (xlj
1 _EQ 2><1_ X,
fX(Xl’lelLL_LHUZ’Glz’GZZ): e’
2716,6,1— p° 7 :(le
- _ 2x1 2

Q= 1 : [Xl_:uljz_zplxl_ﬂlj[xz_ﬂzj_i_(xz_ﬂzjz
(1_,0) O, O, p) F

c,>0,0,>0,-1<p<1 g

H\
/ u"\‘ \m\ |
\\\ \ .

\{‘

il
\\‘%}\\\\\‘%“ﬁ

p=0o,1(c,0,) O =0C0V(X,X,)

for 2D to avoid matrices.
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MSSC 6010 Computational Probability
The Covariance Distribution

In multivariate statistics if Xy, X,.., X, are [ID N(|, X) (le
2X1 2Xx1 2X1 2X12X2 X:
and we calculate the covariance matrix 2x1 X,
S | M
——Z,_ (% = X)(% —X)' —( 12], then the PDF of H=
2 x 2x1 2x1 2x1 2x1 S g2 2x1 \ My
2x1 1x2 o : 2
O; Oy
. . . . . . ) =
the covariance matanSzhas a Wishart distribution 2% [021 622)
P
. S>>0
v—2-1 ——tr (Z/v)_ls N
F(S|Z )=k, [V 3]s 2 e 2R ven-t p
3%2 2% )% S . tr()=trace
If p=1 / .
v v —1[”—2] i
just a function normalizing constant 2 : 2y =k | 2‘82‘ 2 e Y
of 3 variables Y
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MSSC 6010 Computational Probability

The Covariance Distribution

The Wishart matrix probability density function
v—p-1

__tr@/‘z/) 282
f(S|Z,v) =Kk, ‘ZIV‘Z‘SLZ e 2 |

2%X2 2 X2

vp  p(p-1) :
_ p v+1-— J
kW1:22 T A Hjlr( j

with mean, variance, and covariance of its elements

is the joint PDF of s?, s;, and s,,.

E(S|Z,v) =%
X2 If p=1 2
var(S; |Z,v) = (Z2 +Z,2.) [ v E(s|o®v)=0" s=[1 ]
| = 12 ]=12 Var(32|02,v)204/1/ 2% 2

COV(S;Sy |2, v) = (Zy 2y + X2y ) v s_| 01 O
212 j=12 k=12 [=12
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MSSC 6010 Computational Probability
The Covariance Distribution

We are often interested in the marginal PDF of the elements of S.

Slz 312 i i (712 012 Theorem:
S = ; which estimates Y = o - Q=4 S A’
x x Q~W(A=AX A"/ v,v)
a3 T \Oy Oy

A=[1,0] or A=[0,1]

It can be shown that the variance s’ has PDF

2 2 (n—1)52~ 2 B
312~F(05:g”31: :/71) ,AKA 0_12 1 Y4 (n 1) | E(SiZ)ZCTiZ

| 2 var(s’) =2c" v
and the variance s; has PDF i=12

v 20, (n-Ds; _
822~F(05=§,,32= V2) CAKA o’ 2 ~ v*(n-1)

but the covariance has a more complicated marginal PDF.
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MSSC 6010 Computational Probability
The Covariance Distribution lez 312]

The covariance s;, has the Variance-Gamma distribution

v?—l 5 Lo-lz 0-12)
VIVS VS VS 2
f (812) _ | 12 | K”( | 12 | )GXPE LV, ) 2x2 \ 0, O,

F(%)\/Zv_lﬂ(l—pz)(()'lo'z)v+l 7\ 00,1~ p°) 0,0,(1- p°)

K is the modified Bessel function of the second kind

The Variance-Gamma marginal PDF for s,, can also be written as

24

VoIS~ H
T(s,) = s
“T Jx T (2)(2a)

with mean and variance identified as

-

B(S12— 1, )
Kg_%(a | S12 _/us12 |)e Lo

2 2

264 24 23°
E(Slz):ﬂsu*'i and Var(312)27(1+ ;/B ) _

D.B. Rowe https://en.wikipedia.org/wiki/Variance-gamma_distribution
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The Covariance Distribution 67
1 (150

Example: Generated STROTR ST from N(zEli)z and calculatedzxXl, o (4 2
2x2(2 16

subtracted mean X from each, transpose multiplied each deviation v=9

2x1

(% —X)'(x —X) , added the n=10 squared deviations and divided by

2X2

v=n-1=9 to form S _—Z -X)'(x —X). Repeated L=10° times to get

ox2 N=1

2Sx(zl), S(L) The S’s are now W(Z/v,v).

2X2 2X2
v=p1 _Lir(ziy)ts

f(S|Z,v)= kW‘Z/v‘Z‘S‘ 2 g2 T

2X2 2% 2 2% 2
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MSSC 6010 Computational Probability
The Covariance Distribution

6/ 4 2
H= 2=
2% 1 [150] 2x2[2 16)
The S’s, S——Z . —X)'(x, —X) are now W(Z/v,v). V=9
0.2 Slz 1 o5k 822 | :14—
- V 20'1 o F( 20'2 | 02+ :
4 2 ) 3.56 7.56
=3 = = E .
E(S|Z,v)=ZX [2 16) var(S; | Z,v) =(Z; +Z;Z ;) [ v . 56.89j () T — AA
: : : : 2 0
Note histograms normalized with exact PDF superimposed. A=l \/1—5)
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MSSC 6010 Computational Probability
The Covariance Distribution

clear all
close all
rng('default’)
warning off

% set parameters

nbins=200;

n=10; m=10"6;

mu=[67;150]; % True mean

Sigma=[4,2;2,16] % Alternative Hypothesis Cov
%Sigma=[4,0;0,16] % Null Hypothesis Cov
rho=Sigma(1,2)/sqrt(Sigma(1,1)*Sigma(2,2))
A=chol(Sigma)’;

nu=n-1; a=nu/2;

b11=2*Sigma(1,1)/nu; b22=2*Sigma(2,2)/nu;
b12=2*Sigma(1,2)/nu;

% generate data

zz=A*randn(2,n*m)+mu;
xx=reshape(zz(1,:),[n,m]);
yy=reshape(zz(2,:),[n,m]);

clear zz

D.B. Rowe

% calculate statistics

xbar=mean(xx); ybar=mean(yy);

simVarX= sum((xx-repmat(xbar,n,1)).*(xx-repmat(xbar,n,1)))'/nu;
simVarY= sum((yy-repmat(ybar,n,1)).*(yy-repmat(ybar,n,1)))'/nu;
simCovXY=sum((xx-repmat(xbar,n,1)).*(yy-repmat(ybar,n,1)))'/nu;
simCorXY=simCovXY./sqrt(simVarX.*simVarY);

% mean X

figure;

histogram(xbar,nbins,'normalization’,'pdf')
xlim([mu(1,1)-5*sqgrt(Sigma(1,1)/n),mu(1,1)+5*sqrt(Sigma(1,1)/n)])

% meany

figure;

histogram(ybar,nbins,'normalization’,'pdf')
xlim([mu(2,1)-5*sqgrt(Sigma(2,2)/n),mu(2,1)+5*sqrt(Sigma(2,2)/n)])




MSSC 6010 Computational Probability
The Covariance Distribution

% var x

[mean(simVarX),var(simVarX)]

Es11=Sigma(1,1);, vars11=2*Sigma(1,1)*2/nu;

figure;
H=histogram(simVarX,nbins,'normalization’,'pdf');
sorted=(sortrows(H.Values')); maxval=sorted(nbins,1);
xlim([0,30]), ylim([0,1.05*maxval])

hold on

fs11 = @(s11) s117(a-1)*exp(-s11/b11)/(gamma(a)*bl1/ra);
fplot(fs11,[0,35],'r")

line([Sigma(1,1) Sigma(1,1)], [0 maxval],'Color','green’)
xlim([0,30]), ylim([0,1.05*maxval])

D.B. Rowe

% vary

[mean(simVarY),var(simVarY)]

Es22=Sigma(2,2), vars22=2*Sigma(2,2)*2/nu

figure;

H=histogram(simVarY,nbins,' normalization’,'pdf');
sorted=(sortrows(H.Values')); maxval=sorted(nbins,1);
xlim([0,90]), ylim([0,1.05*maxval])

hold on

fs22 = @(s22) s227(a-1)*exp(-s22/b22)/(gamma(a)*b22/a);
fplot(fs22,[0,90],'r")

line([Sigma(2,2) Sigma(2,2)], [0 maxval],'Color','green’)
xlim([0,90]), , ylim([0,1.05*maxval])

)

c

ML,
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MSSC 6010 Computational Probability
The Covariance Distribution

% cov X,y

[mean(simCovXY),var(simCovXY)]

Es22=Sigma(1,2)

figure;
H=histogram(simCovXY,nbins,'normalization’,' pdf');
sorted=(sortrows(H.Values')); maxval=sorted(nbins,1);
xlim([-15,35]), ylim([0,1.05*maxval])
sorted=(sortrows(H.Values')); maxval=sorted(nbins,1);
line([Sigma(1,2) Sigma(1,2)], [0 maxval],'Color','green’)
hold on

fs12 = @(s12) nu*abs(s12*nu)*((nu-1)/2)/( ...
gamma(nu/2)*sqgrt( 22 (nu-1)*pi*(1-rho”2)*...

sgrt( Sigma(1,1)*Sigma(2,2))*(nu+1) ) )...

*besselk( (nu-1)/2,abs(s12)*nu/((1-rho”2)*...
sgrt(Sigma(1,1)*Sigma(2,2))) )...

*exp( rho*s12*nu/((1-rho”2)*sqrt(Sigma(1,1)*Sigma(2,2))) );

D.B. Rowe

@‘%

muK=0;

alphakK=nu/((1-rho”2)*sqrt(Sigma(1,1)*Sigma(2,2)));
betakK=rho*alphak;

lambdaK=nu/2;

gammak=(1-rho"2)"2;

Es12=muK+2*betaK*lambdakK/gammak”2;

fplot(fs12,[-15,35],'r")

xlim([-15,35]), ylim([0,1.05*maxval])

rho0=0; %null hypothesis distribution

fs12 = @(s12) nu*abs(s12*nu)”((nu-1)/2)/( gamma(nu/2)...

*sqrt( 22 (nu-1)*pi*(1-rho0”2)*sqrt( Sigma(1,1)*Sigma(2,2))*(nu+1) )
)...
*pbesselk( (nu-1)/2,abs(s12*nu)/((1-
rho0”2)*sqrt(Sigma(1,1)*Sigma(2,2))) )...

*exp( rho0*s12*nu/((1-rho0”2)*sqrt(Sigma(1,1)*Sigma(2,2))) );
fplot(fs12,[-15,35],'m-.")

line([Sigma(1,2) Sigma(1,2)], [0 maxval],'Color','green’)
xlim([-15,35]), ylim([0,1.05*maxval])
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MSSC 6010 Computational Probability
The Correlation Distribution

From the variances s/, s; , and covariance s,, we can perform a
transformation of variable to obtain the correlation coefficient r =

w
= wm
& I
N

It has been shown that the alternative hypothesis (p#£0) PDF is
n-2T(n-1) 1-p>)7@A-r)7
f(r)= F(3,3,n-3,1(1
=TT (0=)) ey (3,50 -4,30+ pn)) 1<r,p<1

F is the hypergeometric function ]

which under the null hypothesis (p=0) becomes

ﬂ-%l“(n—z) , —l<r<1

https://en.wikipedia.org/wiki/Pearson_correlation_coefficient

D.B. Rowe Hotelling:'New Light on the Correlation Coefficient and its Transforms. JRSS-B, 15(2), 193-232, 1953. 14
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The Correlation Distribution

Example: Using the same Sy,....,S, calculated r,,.....,ry,. 5 (4 2)
; : : 2X2

Of note is that E(r) Is biased.

E(r)=[ rf(r) dr

f n—2T(n-1) 1-p?) 7 (1-r%)" F(11n_11(
(r) = \/7F %) (- pr)”“ 2 1(2 3 N—3,5( -I—pr))

9 +42p° — 75
E(N=p+A-p")| -5 " L2 T
16n°
E(r)=0.2383 - -
—() E(r) =~ _pA-p) r.~r 1+1—r2
Iy =0.2453 ~ P on — g ¥ on

D.B. Rowe



MSSC 6010 Computational Probability
The COrrelathn DIStI’IbUtIOI’] TABLE” .......................................................................................................................................................

Critical Values of r When p =0

% cor X,y The entries -in lhis‘lahlc are the Crilica.l values of r for a lW(.)-lilil-cd testat a. For sim-
] ple correlation, df = n — 2, where n is the number of pairs of data in the sample.
flgu re, For a one-tailed test, the value of a shown at the top of the table is double the value

of a being used in the hypothesis test.

H=histogram(simCorXY,nbins,'normalization’,'pdf');

sorted=(sortrows(H.Values')); maxval=sorted(nbins,1); H, " 0.10 0.05 0.0 001
xlim([-1,1]), ylim([0,1.05*maxval]) AW e 2 0900 0980 0090
sorted=(sortrows(H.Values')); maxval=sorted(nbins,1); 3 07% w 0,882 o
%print(gcf,'-dtiffn’,'-r200',['frhist']) —d . S~ Z (O)O;] () 707 ()) :;? 234
hold on B = o o om
fr= @(r) (n-2)*gamma(n-1)*(1-rho”2)*((n-1)/2)*(1-r*2)"((n-4)/2)/ ... 10 Vo 0576 0653 0708
( sqrt(2*pi)*gamma(n-1/2)*(1-rho*r)*(n-3/2) )... 1 0476 0634 0.684
*hypergeom([1/2,1/2],(2*n-1)/2,(rho*r+1)/2);
fplot(fr,[-1,1],'r') 15 0.412 0.482 0.558 0.606
Er=rho-rho*(1-rho”2)/2/n %biased 15 0,389 gi?i 8?3% 0575
radj=mean( simCorXY.*(1+(1-simCorXY.*2)/2/n) ) i% 53;72 8%% §§é§ (g%é
line([Er, Er], [0 maxval],'Color’,'green’) 5 p— Py 5 G -
line([rho,rho], [0 maxval],'Color',[0.8500 0.3250 0.0980]) 35 0275 0325 0381 0415
fr0 = @(r) (gamma((n-1)/2)/gamma((n-2)/2)/sqrt(pi)) *(1-r.A2).A((n-4)/2); z
fplot(fr0,[-1,1],'m-.") & 0211 0250 0295 0.325
xlim([-1,1]), ylim([0,1.05*maxval]) % 0183 0217 0556 0283
Q0 0.173 0.205 0.242 0.267
100 0.164 0.195 0.230 0.254
For specific details about using this table to find pvalues and critical values,

see pages 621-623

Johnson & Kuby

D.B. Rowe 16



MSSC 6010 Computational Probability
The Transformation Distributions

The exact PDF for r is generally difficult for non-Statisticians to
understand, let alone get percentiles from it for hypothesis testing
and/or confidence Iintervals.

The true (p#0) PDF is also not needed for hypothesis testing.

So generally transformations of r that have “friendly” PDFs are used.

D.B. Rowe



MSSC 6010 Computational Probability
The Transformation Distributions

It has been shown that under the null hypothesis (p=0)
f(rIH) =)o)

1
A7)

the transformation F :T—: can be made resulting in F having an

F distribution with n-2 numerator and n-2 denominator degrees of

freedom, F~F(n-2,n-2).

D.B. Rowe https://en.wikipedia.org/wiki/Fisher_transformation



MSSC 6010 Computational Probability
The Transformation Distributions

Example: Using the same S .....,S, calculated F ,y,.....F ). 2{4 2)
- | [ [ , i 2x2\2 16
0.6 —/ H, F ,02025

There is not an expression for F oL
under the alternative hypothesis. C1-r

03[ i-_

02F

0.1! M
0F it ‘

(No red curve on histogram.)
Simulation can be used to build the
alternative distribution.

D.B. Rowe
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MSSC 6010 Computational Probability
The Transformation Distributions

It has been shown that under the null hypothesis (p=0)

f(r[H) = L2 (q 2y

1
AT ()
. 1, (147 L. .
the transformation z =§In(—j can be made resulting in z having a

1-r

normal distribution, z|H, ~ N (o,ij .

So now we can form confidence intervals and perform hypothesis testing.

D.B. Rowe https://en.wikipedia.org/wiki/Fisher_transformation



MSSC 6010 Computational Probability
The Transformation Distributions

. ' 4 2
Examplg. L}smlg the §ame Sy -9 Calculated z,,....,Z). 225(2 16)
- ﬁ 7 0=0.25
~ There Is not an expression for z 1, (14
_ _ z=—In| —
under the alternative hypothesis. 2 (1— rj

0.4

0.2

0

But an approximation exists.

o [
7<N| Zin[ 2] 2
2 \1—,0 n—3

It Is good In the tails for significance.
Looks like needs a little negative skewness.

D.B. Rowe
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MSSC 6010 Computational Probability
The Transformation Distributions

It has been shown that under the null hypothesis (p=0)

| = n—4
T(riHy)= l( a (1-r%)>
AT ()
2
the transformation f = rl(” _22) can be made resulting in f having an
—Tr

F distribution with 1 numerator and n-2 denominator degrees of

freedom, F~F(1,n-2).

D.B. Rowe https://en.wikipedia.org/wiki/Fisher_transformation
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The Transformation Distributions

Example: Using the same S;......S calculated fy),...f szi‘z‘ 126j
— 2

; | There is not an expression for f . r2(n—2)
i under the alternative hypothesis. 1-r°

| (No red curve on histogram.)

| Simulation can be used to build the

ﬂﬂﬂm | alternative distribution.

0

- This statistic isn’t as discriminative.

—hI

D.B. Rowe https://en.wikipedia.org/wiki/Fisher_transformation



MSSC 6010 Computational Probability
The Transformation Distributions

It has been shown that under the null hypothesis (p=0)

f(r1H) =)@y

ﬂZF(”—gz)
. Jn-2 o .
the transformation t =" can be made resulting int having an
V1-r?

t distribution with n-2 degrees of freedom, t~t(n-2).

D.B. Rowe https://en.wikipedia.org/wiki/Fisher_transformation
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The Transformation Distributions

Example: Using the same S,,,,.....S,, calculated t,,,.....t,. _[4 2
| P ’ , D ©) 0 (L 22><E£2 16)
0.35 4 i t P = 025
il There Is not an expression for t t r/n—2
under the alternative hypothesis. N/

0.2

0.15

0.1

0.05 -

(No red curve on histogram.)
Simulation can be used to build the
alternative distribution.

D.B. Rowe
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MSSC 6010 Computational Probability
Discussion

There are many complicated subtleties to learn about the correlation.
Since we are confident with our math and computation abllities,
| recommend that we work with the exact null distribution for

calculate percentiles and estimate by

RS
g =T 1+
. 2n

D.B. Rowe
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Discussion

Questions?

D.B. Rowe



MSSC 6010 Computational Probability
Homework 13

2 X2

o/
1. Generate L=10° data sets of size n=15. Use 5”1:(1 j and Z=(4 4) .
x1 {150 4 16

Calculate s,, and r from each set.
Make a normalized histogram of the s,,’'s and superimpose f(s,,).

Calculate the sample mean and variance of the s;,’s and compare
to the expected values. Comment.

2. Make a normalized histogram of the r's and superimpose f(r).
Calculate the sample mean and variance of the r's and compare

to the approximate expected values. Comment.

D.B. Rowe



MSSC 6010 Computational Probability
Homework 13

3. Generate one additional data set of size n=15 and compute r.

Perform a hypothesis test of H,: p=0 vs. H;: p#0.

Compute the 2.5 and 97.5" percentile of f(r]
Reject the null hypothesis if r less than 2.5
or larger than the 97.5% percentile.

D.B. Rowe

H,).

nercentile



MSSC 6010 Computational Probability
Homework 13

4. Convert each of your L=10° r's to

F —
1-r

1+r 1 (1+rj (_ri(n-2 . _rvn-2

z=—In
1-r 2 1-r* 1-r?
determine the 2.5" and 97.5" percentile of z, t and 95% of F, f statistics.

Compare your simulation percentiles to a theoretical percentile if possible.

Covert your one additional r from #3 to each statistic.
Perform a hypothesis test for H,: p=0 vs. H,: p#0 from each.

Do you get the same results from each hypothesis type?

D.B. Rowe



MSSC 6010 Computational Probability
Homework 13

5. Make up your own interesting problem to solve aboutr.
Present any theoretical or simulation results and any data results.
Be imaginative and interesting.

D.B. Rowe



MSSC 6010 Computational Probability
Homework 11

6*. For each of p=0, .2, .4, .6, and .8, generate L=10° data sets of size n=15.

Calculate r from each so you have 5 sets of L=10° r’s. i :( 67)

On the same graph plot the 5 histograms. *t \150

When p=0, find the 95" percentile r .. This is a=0.05. » :[84 igj
2 X2 p

For each of p=.2, .4, .6, and .8, find the fraction less than r 4.
The fraction less than r o Is p. P(not reject Hy|H, False)=5.

Make a plot of p vs. . 1.e. (p0,f0).(p282), PaBa) Pebs) (Pels)

FOI’ (po,ﬂo) USG (0,95) H, True H, False

Fail to Type A Type |l

Comment. Reject /| Correct | Ettor
(1-a)

Repeat for each of F, z, f, and t. Refect | Typel | Tye

rror orrect

* Show off problem. S Bt

D.B. Rowe 32
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