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OUtI | ne Recall Univariate:

Uniforms to Normals
Normals to Chi-Square
Normal and Chi-Square to t

* Bi(Multi)variate Normal Distribution
« Wishart Distribution (symmetric matrix)
« Bi(Multi)variate Student t

« Matrix Normal and Matrix T
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Bivariate Normal Distribution
A bivariate (2D) PDF f (x,,X, | 6) o, Bivarate Nomna
of two continuous random

008l

variables (X, X,) depending

upon parameters 6 satisfies

1) 0< f(x,%10), V(x,%)

2) ” f (x,X,|@)dx.dx, =1

X1 X9
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Bivariate Normal Distribution

Let x= (Xij be a 2-dimensional (or p-dimensional)

2x1 X2
random variable with PDF Of2X1 being f (x|0), then
E 6 Marginal means.
E(x|6’)=( (% )]:(M] —
E(Xz | 9) 1u2 Marginal variances.
2x1
var(x, |8)  cov(x,X, |8 .
VaI’(X|(9)= (Xll ) (Xl 2| ) _ 01 0122
cov(x, X, |8)  var(x,|6) o, O,
=2
2%2

Vectors are lower case, matrices are upper case.
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Bivariate Normal Distribution

Note the way |
have written this.

Recall: If z~ N(0,1) , then «—

1x1
mean mean

12 —3(2—0%(1)‘1@—0)[
f(z)= 1 =(27) "M e 2 TR

\ 272' ,\ . variance

variance

We can obtain a random variable x that has a
1x1

general normal distribution with mean ¢ and
1x1

variance o2 via the transformation X=0 2 + u.
1x1 1x1 1x11x1 1x1
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Bivariate Normal Distribution

The PDF of x can be obtained by

f(x|u,0%)=f(z(X)x|I(z = X)] J(Z_)X):dZ(X)

wherellezz(x) and J(-) is the Jacobian of the transformation.

The PDF of x Is
SR

f(X|u,o°)= e ”
o\ 27 Note the way |
_ _ have written this.
which can be written as -—

112 —%(X—ﬂ)(az)_l(X—ﬂ)

f(x|mo?)=(27) " (o) e
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Bivariate Normal Distribution

Given two continuous random variables (z,,z,), we write

. . 21 .
them as a 2-dimensional vector z = - and this vector
2x1 22
/ vector

has the PDF f,(z|6).

vector 7
If z, and z, are independent, then

f,(z]0)= le(zl 16) f22 (2,16,) .
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Bivariate Normal Distribution

4
Let z, and z, be iid N(0,1) random variables. Then, Z= '
ol il 1 \ Z,

has PDF le,zz(zlizz) = le(zl)fzz(zz)
1 )

2
With vector z, this can be rewritten as

2x1
1 —lz'z
f,(z)=—e ?
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Bivariate Normal Distribution

VA
. . 1
This can also be written as =
1 2x1 22
1 ——27'2
fz (z2) = —e’
272- mean vector
mean vector
L, 0yt e0)
_ ~2/2 —1/2 o\ el AT
= (272' ) | |Io | € N
covariance matrix
covariance matrix I
and we write that z~ N(0,1,) . 2. ety matri
2x1 ,\ ™ covariance matrix

mean vector

That is, the 2-dimensional random vectorzlehas a

mean vector of zero and identity variance-covariance matrix.
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Bivariate Normal Distribution

This means that
f,(2)=(27)"" |1,

E
e =(E§§)>]
R

2x1
var(z,)

var(z):(
==,

2%2

s,

cov(z,,z,)

1 RN |
|_1/2 e—E(Z—O)Up) (z-0)

o

cov(z;,z,) )
var(z,) ]_

2
O,

O35

2x2 ldentity matrix

/

oo,

Glzj
2
O,
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Bivariate Normal Distribution

If 7 ~ N(O, 1) , then

2x1

—(2-0)(1,)(z-0)

.I: (Z) _ (271_)—2/2 | Ip |—1/2 e

We can obtain a random variable x that has a general
2x1

normal distribution with mean vector ¢ and variance-
2x1

covariance matrix X via the transformation x=A z+ u
2%2 2x1 2x2 2x1 2x1

where X = A A, is a factorization (i.e. Cholesky or Eigen).
2X2  2%X22%2
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Bivariate Normal Distribution

If a random variable x has a normal distribution with
2x1

mean vector u and variance-covariance matrix %, then
2%2

2x1 mean vector
\[ mean vector

1 . X, ueRP
.I:(Xllu’z):(zﬂ_)—p/Z'%l—l/Ze 2( IU)Z/\( H) D=2

covariance matrix 2 > O
covariance matrix

covariance matrix /r set of pos
v def matrices

\
and we write X1 N gﬁf 222) The covariance matrix X, has to
2% x1 2% 2><2

mean vector

be of full rank (there is an inverse in PDF).

make sure you know what this means
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Bivariate Normal Distribution

Let’s take a closer look at this bivariate transformation.

X=A z+2y1

2x1  2x2 2x1

e ) (s

X =ayly +a,l, + 1
Xy =8y L +8yL, + 1,

We can solve forlzxJl and 1{21'” terms of 1X><]1 and 1)()(21
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Bivariate Normal Distribution

This will give us

A A—l . 1 [ Y. _a12)
X=A 7+ u =
ox1 2x2 2x1 2x1 2x2  Apdyy —Qpdy T8y ayy

2=A () b, blzj

2x1 2x2 2x1 B=A'l=
—
A invertible 2%2 2x2 (sz_ b22

4| b, b, XL~ 4
Z, B by, by, Xy — My

2x1 2%2

z,=b, (X — ) +b, ()gle_ )
Z, =by (% — 14) + 0, (X, — 11,)
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Bivariate Normal Distribution

z, =by, (% — 1) + 0, (% — 11,)
Z, =by, (% — 14) + 0, (%, — 11,)

Continuing on, this leads to

0z, (%4, %,)

0z, (%, %,)

o)
‘](21’22 _)Xl’xz): &

OX,

0Z, (X, %,)  0Z,(X, %))

OX,

OX,

MSSC 6010

(bl blj .
b21 b22 2x2

0Z

.e. with z=B(x— u) , the vector derivative is J=—=B

2x1

OX 2x2
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Bivariate Normal Distribution 2=B(x— u)

The distribution of vector variable x (joint of x, and x,) IS
2x1

fy (x]0) = 1,(2(x))x[ I(z > X)|
oz

—(-0)(1,)*(2-0) ===

f(2)=(27) 2|1, [V e oK 2

%(B(X—ﬂ)—o)'(ln)_l(B(X_ﬂ)_O) ‘

f, (x| %)= (7)1, [P e Bl

=AA" [ZHAIAEAP, [Zf?HA], B=AT, |74 B|

%(X—ﬂ)'ﬁ‘l(x—ﬂ) X, ueRP

fo (x| 1,D) = (27) 22| 2P e -



Marquette University MSSC 6010

Bivariate Normal Distribution

This form may be more familiar
1 -2Q

o (XX, | g, 1 07,00 =
X 2 2101,07 27100, /71_102

Q: 12 [Xl_:ul]Z_zp[xl :L[”_L][X _/uzj [Xz_:uzjz
1-p%) 0, O, o O,

c,>0,0,>0-1<p<l1

p =0y, 1(0,0,)

0y, =COV(X;, X,)
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Bivariate Normal Distribution

Theorem:
If x is a 2-D (or p-D) random variable from f(x|x,X), with
E(X | /Ll!z) — ILI think of p=2

px1

var(x| u,2) = %xp

then we formy=A Xx+¢6 where dimensions match
rx1l rxppxl rx1

and A full column rank (A: rxp, r<p), then

rxp

E(y|y,2,5,A):§p,#<+5

1 rx1

var(y| 4 £, A) = AZ A’
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Bivariate Normal Distribution

Recall: Let u,~uniform(0,1) and u,~uniform(0,1).

Let 7, =/-2In(u,) Cos(27zu2) and z, = /-2In(u,) sin(27zu, )

et 1 7
then U,(Z, 22) e 2 and uz(zl,zz)z—atan(—zj_
27 Z,

f2, (2. 2,10) = T, (U(21,2,),U,(2,, 2,) | 0) x| I (U, U, > 2,,2,)|

1 52 1 23
— 21 2

This meansz, ~ N(0,1),z, ~ N(0,1),z, andz, are independent.
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Bivariate Normal Distribution

Obtain 2-D standard normal variates Z = , by transforming
2%x1 2

two independent standard uniform random variates u; and u,.

02-. -

{800 R

0154.

100

g it

| -5 -
z Z5 Fd

First half of 10° standard normal variates as z,'s and second

half as z,'s. Produce 5x10° statistically independent z's.
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Bivariate Normal Distribution 3 3 2
= 2=
ox1 (D) 2x2 \2 4
Multiplied 5x10° simulated z’s by A and added y, =058
The y's are now N(u,x=A44"). c:ho|esky_(1_7321 0 j
2¥1:2£‘22x+ DXL, s 2x2 (1.1547 1.6330
1800, e i _..BivariaieNéﬁMal
1000 oo AT . Ao Marginal -
F i N 5 Normal-

10 _
Marginal -
Normal .

10

5T, 0 @ 7
. °s ° s 10 s
Cross - . y
SIERE section T A=chol(Sigma)
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Bivariate Normal Distribution

Theorem:
If X, and x, are independent 2-D (or p-D) RVs with
B 4,20) = 14 E(x, | 1,,2,) = 1, think of p=2
px1 px1 px1 px1
var(x, | g, %) =2, var(x, [ 1, 2,) =%,
pxp pXp pXp pxp
thenifwe let y=(x +X,)/2,
px1 px1
E(Y| 1,2, 10,%,) = (14 + 1,) 1 2 Recall in 1D if we let
px1:u1 11 My 7 :uipﬂz =14 = ,Uzzand
O- —O-l =0, then
Var(p}(’pl s 2o, fy, 25) = (zll:;pzz) /4 E(y|w)= ,Ll and

var(y| u,0%)=0°12 .
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Bivariate Normal Distribution

Theorem:

If X,,...,X, are independent 2-D (or p-D) RVs with
E(X | 1,%) :p’ﬁ i—1.n think of p=2
var(x; | 4,%) :pzy}p

then if we let le(x1+---+xn)/n ,
p)(

E(XX|u,2)=u If X's are normal, then
Pl X ~N(u,2/n)

x1 5 X
var(x| u£)=%/n P px1 PP

Otherwise CLT type result?
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Bivariate Normal Distribution

If Xq,..., xqare lID N(«,%) 2-D (or p-D) RVs and
px1 px

x (X, +--+x)/n~N(g,Z/n)
px1 PXp
then
—2(R—p) (2/n) (=)

fy (%] %) = (22) 22| Z/n[ e

Multivariate version of

Also note that K24 N0

12 e //n _ .
nY22Y2(x — 1) ~ N(O, | 7 > =A"=B
(X-u)~N(,1,) o =A"=8B

Estimate X by its MLE 3 = Z(x —X)'(x. = X)
pp NS
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WlShart DlSt” bUt|On Multivariate version of

gamma distribution.

A random pxp matrix variate IOCxapfollows the Wishart

distribution with scale matrix ~ and v df denoted G ~W{)§d V)

pxp pxp
v v—p-1 —ltr(Z_lG) G,Z>O
iff T(G|Z,v)=k,|Z|?G| * e? v>p+1
1 vp  p(p-Y ) L velN
-1_ 9 4 v+l
where K, =2°% 7 HHVF( 2g)
Y =2
2 e 2072
If p=1, f(g| 02, v) = —
p (gl ) F(V/Z)(ZO_Z)V/Z

Gammadistby aa=v /2 , Chi-square by Y=0 [o®
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Wishart Distribution

1% v—p-1

Lo

fGIZV)=ky IZ] %G| 2 e?

vp pP(p-1) I
[P 1L R VS
e )

The mean, variance, and covariance of elements are

E(G |Z,v)=1§§p

2
var(G; | Z,v) =v(Z; +Z;Z;)

= jj

cov(G;G, [Z,v) =v(E,Z; +Z,2)
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Wishart Distribution

We obtain a (singular) W(X,1) variate G, by transforming a
centered normal vector variatez, = (X, — 1) via G, = 72,2
and a W (Z,n) variate by G=>) zz . If the mean vector

i=1

IS not known, then we can estimate it and lose one df.

n v G2y Gy
2 (%= ) (% = )= 2 (% =X)' (% =X)+n(X - u)'(X - )
J= . ,\ ,J2 . y W(Z,l),vsingular
W (Z,n),n>p \ W (Z,n-1),n-1>p
add and subtract _
X in parentheses Let p=1 and get 2 times y? result.
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Wishart Distribution

Theorem:
If G Is a pxp random matrix variable from f(G|X,v), with

vo vl Ly (s)

f(GIZv)=k, |Z[2[G] 2 e?

then if we form Q = AGA" where dimensions match

and A full row rank (A: rxp, r<p), then Q ~W (A = AZA',v)
E(Q|A,v)=VA
Var(Qij | A1V) — V(Aﬁ + AiiAjj)

CoV(QyQu A V) =v(Aj Ay +AAy)
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Wishart Distribution B} (Bj z_(s 2)
2%2

5x1 | 5 (2 4
| 3
Took 5x107 sets of n=10 variates x, subtracted mean u = (5j

from each set, transpose multiplied each value, added the

10 values in set to form each G. The G’s are nowW (X,v =n) .
3 2

E(G|Z,v)=1Z v =10 22[2 4]

var(G; | Z,v) = V(Z +2:25)

n

6= (0~ (5~ )

cov(G;Gy [ Z,v) =v(Z X + 22 ) =
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Wishart Distribution ) 3} _(3 2)
H= 2=
2x1 \9) 2x2\2 4

The G's,G =) (X —u)'(% —#)are nowW (Z,v) . , =10
=1

S 0
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70
’ 2,2) G(1,2)
G(1,1)’s G(2,2)'s (1,2)'s

(30 20 o (180 160

CoV(G, Gy | Zv) = V(5T +,2, )= 80,120,160

11,22 1112 2212 < ij.k
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Wishart Distribution

Took 5x104 sets of n=10 variates x, subtracted mean X
from each set, transpose multiplied each value, added the

10 values to form each G,. The G,’s are now W (Z,v=n-1).

3 2
E(G,|Z,v)=1X y=9 Y=
2 4

var(Gy; | Z,v) =v(Z; +Z,Z)

= jj

CoV(G,;G, |Z,v) =v(Z, 2, +Z,Z )
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Wishart Distribution 3 3 2) eun
éil: 5 2%2: 2 4 Next slide

The G,’s, G, =Y (X —X)'(X —X) are nowW (2,v) .}, = g
=1

10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90
1,1) G, (2,2) G, (1,2)
G,(1.1)'s 2(2,2)'s 2(1,2)S

(27 18 o (162 144
E(Gz|2,v)=v2—£18 36) Var(GZij|Z’V)_V(zij+2iizﬂ)_(144 288]

coV(G,;G,y [ Z,v) =v(Z, 2 +Z,Z )~ 72,108,144

11,22 1112 2212 < ijkl
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Wishart Distribution 3 < (3 2) gews
é>l<1_ 5 2%2_ 2 4 Previous slide

The G's,G =) (X —u)'(% —#)are nowW (Z,V) . |, =10
=1

S 0
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70
’ 2,2) G(1,2)
G(1,1)’s G(2,2)'s (1,2)'s

(30 20 o (180 160

CoV(G, Gy | Zv) = V(5T +,2, )= 80,120,160

11,22 1112 2212 < ij.k
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate t follows a standard
px1

Student t distribution with v df denotedp’g; t(v) iff

f(tlv)= "7) 1

P

(vr)2T(z) (13t

»r where teR? , veN.

The mean and variance of t are

E(t|v) :p91 Vv

2 p
pxp

var(t | v) =

V_
v>1 v>2
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Multivariate Student-t Distribution

We obtain a standard t(v=n-1) variate t by transforming a

normal 2-D (p-D) random variate 71 and a Wishart
pX

random matrix variate G that are independent
t) (n"3AY2G Y2 (X - u) X~N(uw,Z/n) G,~W(,v)
— px1 pXp
Vv G,

The original variables in terms of the new variables
X(tLV) ) (nH IV p)
G,(tV)) Vv
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Multivariate Student-t Distribution

The joint distribution of (t,V) can be obtained as
fEV|w2v)=1(XtV)G,tV))x|I(XG, —>tV)|
The Jacobian of the transformation is

| J(X,G, >t V)|=n"A YA

The joint PDF of (t,V) is - _
p(t,V |Z,v) = (27zv) "k, |z|‘—|\/ | o =N (1p+tt)

The distribution of t can be found by integrating out V

(v+p) 1
. 2 After integration use
F(tlv)=—— |

(v2)T(5) [1+1t't] [+ Lt =1+ 2t




Marquette University MSSC 6010

Multivariate Student-t Distribution

Recall < - N(uE/n)

<o Y2y 12 (X — 1) N N(O,1)

also i(xi ~X)'(% —X) ~ W(E,n-1)

thus (n—l)zU{(nil)zn:(xi—7)'(xi—7)}(21’2)' ~ W(l,n-1)
1 .\, _

but (n_l)zl(xi_x) (Xi_x) = S

finally [(n-1)S] 172 2% = 1) -~ -1
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Multivariate Student-t Distribution (3 3 2
“7ls) “Tl2 4
Take sample mean X from each 5x10% sets of 10 variates,
subtracted x from each set, premultiplied the 5x104 centered

normal variates by the 5x104 [(n —1)8]_1/2 n"*(X — u)

1800 .o t(V :—9) Marginal
§ : N § Student t
10004 il

500 = ‘,c ’ . a000 N 1

sl Marginal

Student t

0
t
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate s follows a general
px1

Student t distribution with location x and scale £ and df v
S~t(v,1,2) px1 pxp

: (%) 1
(S|V’ll’l’2): p
(vr)2D(3) [ L+ 26— )T (s )

where s, ucR? veN, £>0.

y+p
2

The mean and variance of s are

Etlv,uZ)=0  v>1 var(s |v, i, Z) = 2 y>2
px1 V=2 pxp

v
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Multivariate Distributions

We can also perform hypothesis tests.

Singlemean H_ :u=u, vSH,: u# u,

px1  pxl px1  px1
Two Means H,:w=p, VSH, 1 # 1,
pxi  pxi pxi  pxi

MANOVA  H, iz =u,=u, vsH, : u's not all equal
px1 px1 px1 px1

Multivariate RegressionY =X B + E  B=(X'X)"X'Y

nxp nx(g+1)(@+1) xp nxp (q+1) xp .
S=—L_(Y - XB)(Y - XB)

H,_ :X=diagonal vs H,: X = diagonal pxp
pxp pxp pxp pxp

n-g-1
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Matrix Distributions

Matrix Normal and Matrix T distributions also exist.

—ltrcp—l(X—M )= HX=M)

F(X|M,Z,®)=(27) ™2 | D[Pz e 2

pxn
f(T|v,T,,Z,®)=k; [ P2 =
pxn D+ (T -T)ZHT-T)|°
[T,
kT = an — n=1—multivariate

- n 1— i n,p=1—univariate
(vr)? H i F(V+2 J)

J
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Homework 12:

1) Repeat the simulation processes performed in this lecture.

Generate two uniforms then transform to two standard
normals then to two normals x= Z with ﬂ=(:j and X= ‘;’ ij
using the Cholesky factorization. A=chol(Sigma)’;

Repeat 5 times to get a sample of size n=5.

Repeat 104 times to get 10# bivariate samples of n =5.

a) Compute bivariate mean X for each sample.

b) Compute bivariate covariance matrix S for each sample.

c) For each sample compute [(n —1)8]_1/2 n"*(X — u)

d) Make histograms of items (elements) in a), b), and c).
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Homework 12:

2) Repeat simulation process with eigenvalue-eigenvector
decomposition X=UD¥2(D¥2U)’ instead of Cholesky ~=A44".

[v,d]=eig(Sigma); A=v*sgrt(d);

3) Comment of similarities and/or differences between 1) and 2).
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