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Bivariate Continuous Distributions
A bivariate (2D) PDF T (X, X, | 0) - Biverite Normal

of two continuous random

—

X 0.08

variables (X, X,) depending ~ °° ﬁﬁﬁﬁfﬁﬁﬁﬁﬁﬁfﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁjﬁﬁﬁﬁﬁﬁﬁ___.;_._____.__:_:::-

upon parameters 6 satisfies

1) 0<1(X,%[6), V(X,X,)

2) [[ (%%, |6)dxdx, =1

X1 Xo
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Bivariate Continuous Distributions

Marginals Normal

Marginal Distributions

f(%10)= [ (x,x, 6)dx,

f(x,10) = | f(x,%,|60)dx

Marginal Expectations
E(9(X,)|0) = j 9 (%) f (x| 6)dx,

Provided integral exists

E(9(X,)]0) = j 9(x,) f (x, | G)dx,
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Bivariate Continuous Distributions

Marginals Normal

Marginal Means
E(X,]6) = jx1f<x1|e)dx =

E(X,|6)= jx f(x,]0)dx, = 1,

Marginal Variances

E([X,—E(X, |0 16) = [ [~ E(X, | O)F f (x| O)dx, = o

X

E([X, —E(X,10)10) = [[x, ~E(X, | O)] f (%, | 0)dx, = o
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Bivariate Continuous Distributions

P(ANB)

Conditional Distributions P(EIA)= P(A) Cond,t,onals Normal

f (%%, 16)

T (% |%,0)=

X X, |1 0) =

A f%.0)

has this shape

f(x2|x1,0)=f§(

Conditional Expe
E(9(X)[X,.0) =

X | 0)

ctations X
9 (%) (% [ %,,0)dx,

X Provided integral exists

E(9(X,)] X,,6) = |

[ g(%,) f (%, ] %, 0)dx,
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Bivariate Continuous Distributions

Conditional Means

E(X, | X,,0) =

E(X,[X1,0)=

X

[
Xy

[ % (x 1%, 0)dx,

X, £ (X, | X, 0)dX, = o

Conditional Variances
E([X, —E(X, | X,,0)F | X,,0) = J[x—E(X|x2,e>]f(x|x2,e>dx

f(Xllxzﬁ)

has thls shape

E(IX, ~ E(X, | X, O)F | X,.6) = J [X, ~E(X, | X, )T f(x, | %, 6)dx,
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Bivariate Continuous Distributions

Marginal Distributions

0.08-.

F(x,10)= I f (X, %, | @)dx, Fowlo o

002

f(X1 X, | 6) i
f(x|%,,0)

4 1%,

f(x,|0)=
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Bivariate Continuous Distributions

Hy Hy

Covariance /

/
cov(X,, X, 10) = [[ I, = E(X, | 0)][x, — E(X, | )] (x,, X, | O)dx,dx,

X1 X9
= Oy,

Correlation

cov(X,, X, |6)

0,0,

corr(X,, X, |0) =
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Bivariate Continuous Distributions

Statistical Independence

Two random variables x, and x, are independent if and only if
PO % [0)=T(x|[6)T(X,]6,)-

If two random variables x, and x, are uncorrelated,
corr(X,;, X, |6)=0

then they are not necessarily independent. (Only for normal).
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Bivariate Change of Variable

Given two continuous random variables, (X;,X,)
with joint probability distribution function fy, . (X;,X,|6).

Let (yl(xl’xz)j be a transformation from (x;,X,) to (Y,Y,)
Y, (%, %,)

Xl(yl,yz)j |

with inverse transformation (
X, (Y11 Y5)
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Bivariate Change of Variable

Then, the joint probability distribution function fy, y.,(Y;,Y,|0)

of (y,,y,) can be found via

foy, (V0 Yo 10) = By o (X (Y0 Vo) % (Y1 ¥2) 10) %] I (X, X, = Y1, Y,) |

dx, (Y., ¥,)  dx (Y, Y,)
dy, dy,
where J(X,X, > V,,Y,) =
2T A (YL Y,) A% (YY)
dy, dy,

|‘J(X1’X2 — y1’y2)|:1/|J(y1’y2 _>X1’X2)|
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Bivariate Change of Variable - Sum

Let x, have PDF fy (x,|0) and x, have PDF fy,(x,|6),
then, the PDF of y,= x;+x, can be found via the

bivariate change of variable technique

le,Yz(yl’ Y, |0) = fxl,xz(xl(yy yz)’xz(Y1’ Y2) | 0)x|J (Xl’ X, = Y1 Y2)|

with marginalization f, (y,]6)= j fy v, (Yo Y, [ 6)dy, .
Y2
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Bivariate Change of Variable - Sum
The joint PDF of (x;,X,) IS
fu x, (X% [0) =T, (X |6) T (X,]6,) . (need not be independent)

Lety, = x;+X, and y, = x,, then x; = y,-y, and X, = Y.,.

dx, (Y, ¥,)  dx(y,Y,)
dy, dy,
J(X, X, > Y, Y,)= =1
2T (Y Y,)  d% (YL Y,)
dy, dy,
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Bivariate Change of Variable - Sum

Example: Normal
Let x,~normal(4.o;) and x,~normal(,.03), x,&X, independent.

The joint PDF of (X, X,) is 2 2
L s ]

f(x,X 0l 1, 0%) = e
(X0, %, | 14,07 4 145, 05) 01\/% 02\/%
With X =Y =Y, X =Y, J(X, X% —>V,Y,)=1

1( Yi—Yo— i jz 1 _E(_y2 —Ho
e

A 2
o,N27w

€

f v 10) =
vy, (Y Y2 | 6) o2
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Bivariate Change of Variable - Sum
) {rm)|

Complete square in exponent to get
1(y,=6 ? 1 202
1 _E( j T —5(7—7 5)

f v, |1 0) = e N’ e
vy, (Y1 Y2 [ 6) 2n e

o does not depend on y,

1
1 2
fvl,Yz(yyyz |6) — €

270,0,

Rearranging leads to [ [

2 2 2 2 2 2, 2 2
5:02(3/1_:“1)"‘/"102 2919 7/:(y1_:ul) Oy + 1,0,
o, +0o, ol +0o, ol +0o,
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Bivariate Change of Variable - Sum
Marginalizing leads to  f, (y,]6,) ZI fy. v (Y, Y, [€)dy,
Y2

f ( |9) B T e—%(;/—r%‘z)J. 1 e_%()’z;&jzdy
A o o ) V2n 2

\ J
|

=1
algebra leads to
1 [yi—(a 1)) _
_ 2(02+0'2) 2__0,0
fvl(Y1|€)— > > € S " olvo]
\/277(‘71 +03) 5 TE0 ) + 1,07
o} +0;
- N( 4 2 4 2) _ (- m)’og + 5ot
Y1 T Hy,, 00 T O, 4 o% 1 o7
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Bivariate Change of Variable - Sum

This change of variable technigue can be repeated.

If x,~normal(t4: 93 ), X, ind of X, & X,, then if we let Y3 =X + ¥
(don’t forget Y, = X, + X,),

then we can find that Ys ~ N (24 + 4, +ﬂ3,<712 +522 +C732)

we can repeat the procedure to get Y, ~ N (Zﬂi,z‘pfj .

=1 =1

1< 1< 1 &
We can also find that y:HZXi ~N (HZM,FZ@ZJ .
i=1 i=1 i=1
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Homework 7:

1) Letx,~normal(y,c?), X,~normal(u,,o;), X, and x, independent.
a) Use transformation to obtain the distribution of ¥, = X + X, .
b) Use transformation to obtain the distribution of y, =X, —X,.
c) Use transformation to obtain the distribution of Y, = X X, .
d) Use transformation to obtain the distribution of y, =X, / X,.
In any of a)-d) you may need to constrain p’s and/or ¢°’s.
(But try not to.)
e) Use numerical integration (rectangles) to get

wy = [V, F (v)dy, and o = [ (y, — 1, )* F (y,)dy, for a)-d).

f) Use numerical integration to get 50" and 99t percentiles.
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Homework 7:

2) Let x,~normal(5,4), x,~normal(10,1), X, and x, independent.
a) For the transformation x, and x, to y, = x;X, and y, = X,.
Use numerical integration with rectangular volumes to
obtain the mean of y, from f(y,, y,). Set up lower and
upper bounds (a,b) for y, and (c,d) for y,, then compute

u=] | nfOLy)dy
=" [ (y,— )2 f(y,y,)dy,dy, <« canmake 2 integrals

o y1=—OO o y2 =—00

b) Repeat a) but for x; and x, to y, = X,/X, and y, = X,.
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Homework 7:

3) Let x;~normal(5,4), x,~normal(10,1), X, and X, independent.
Generate 10° x,’s and10° x,’s.
a) Let 10° new random variates be y =X +X, .
b) Let 10° new random variates be y =X, —X, .
c) Let 10% new random variates be Y = XX, .
d) Let 106 new random variates be Y =X /X, .
e) For a)-d) generate histogram, means, variances
50t and 99t percentiles.

Compare results to 2). In any of a)-d) reconsider with any
constraints you put on x's and/or ¢*'s in 1).
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Homework 7:

4) Let f(x|ab,a, B)=a(x-p)" for xe(a,b), ae(—wn,0), be(a,x)
a) Sketch this probability function. Consider a<f and a>p.
b) Find the normalizing constant a in terms of a and b.
c) Derive the mean of this distribution.
d) Derive the variance of this distribution.
e) Derive the median of this distribution.
f) What is the mode of this distribution.
g) Derive an expression for the CDF of this distribution.
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Homework 7:

5) Let u~uniform(0,1). ' |
a) Derive the distribution of X = i/B— +(@-p) + B xe (a,b) -
o

b) Generate 10° random u’s and transform to x’s.
use a=5, b=15, =10.
c) Make a histogram of u’s and x’s.
d) Calculate mean, median, mode, and variance of x’s.
e) Make ecdf for F(x).
f) Repeat for a=7, =10, b=17.
g) Compare your answers to their theoretical values.
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