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Continuous Distributions
Gamma:

A random variable x has a continuous gamma
distribution, x~gamma(a,p) If

0 Xx<0
f B) =+ I3 ,
(x|, f) Xe i X >0
BT (a)

()= j t* e 'dt
t=0

where, «, 5> 0.
['a)=(ax-1)!

If « @ pos integer
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Continuous Distributions

Gamma:

x=(0:.1:50)";
alpha=[1,2,3,5,9];, beta=[2,2,2,1,.5];
figure(1)
hold on
for count=1:5
y = gampdf(x,alpha(count),beta(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'q’,'LineWidth',2)
elseif count==3
plot(x,y,'b','LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end
xlim([0 25])
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Continuous Distributions

Gamma: ] a=2,=2
The CDF of the continuous g
gamma distribution is ;;ii‘/
F(x|0) = L f (t]6)dt
X 1 e_t/ﬂ K ) X o x
F(X|e, = t* dt 1 B
(xla.p) = | @) ]
( 0 X<0
= axip) g oo
['(x) os

.

Where y(a.,x/f) is the lower
incomplete gamma function.

D.B. Rowe
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Continuous Distributions

Gamma:

0 150 e
;(ﬂc)(r?éjflsg)é 5,9];, beta=[2,2,2,1,.5]; t(x]a,B)=x o
figure(l)’ T I IB F(CZ)
hold on

for count=1:5
y = gamcdf(x,alpha(count),beta(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'q’,'LineWidth',2)
elseif count==3
plot(x,y,'b','LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end : :
xlim([0 25]) x
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Continuous Distributions

Gamma:
It can be shown that -
0.4 —3232235
U = jxf (x| @)dx
X 0.3~
o Xa—le—x/ﬂ ol un
= jx - dx = 2
x=0 ﬁ F(a) 02r 4
0.15+- 6
oc;s 4.5

D.B. Rowe
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Continuous Distributions

Gamma:
1 —H %
It can be shown that -
median vz == i 3.3567
X 1 [/ Ji1 gaminv(5,alphabeta) ~©-3481
[ f(x]O)dx== N
=0 2 4.3345
X has no closed form solution S i
—ap X
Check boundary —a-9p-0. S
maOde points for max. 7 g
— f (X | 9) =0 ;“5 4
OX %
X=(-1)B a>1 4

> g e =
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Continuous Distributions

Gamma:
that

o= [(xen) Tl ] ="

g —e-op-0s

0 , Xa—le—X/ﬂ 035 o2 L

= (mp) sk T2

0 ﬁ F(a) X o0.25F 8 4

_ aﬂz 0.2 12 0
01 2.25 4.5

20 25
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Continuous Distributions

Gamma: x“ e’
f(x|a,B)=—
pT(a)
alpha=2;,beta=2;,num=10"4;
x=gamrnd(alpha,beta,num,1); o

mean(X)

var(X)

hist(x,35)

True Simulated il
y7 3.9841
o° 8 7.7597

Can also find and plot ECDF. % ; o s 20 2
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Continuous Distributions
a1 —XxIp
Gammaf(x| B) = X“e

pT(a )
alpha=2;,beta=2;
y=gamcdf((0:.01: 25) alpha, beta)o ﬁ
plot((0:.01:25),y, 'r') I
hold on o
[F,xx]=ecdf(x): gos
stairs(xx,F,'LineWidth',2) 04
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Continuous Distributions
Exponential:

A random variable x has a continuous exponential
distribution, x~exponential(4) If

0 X<0
F(x[A)=4 _,

e >0 where, 41>0.

Exponential distribution is a special case of the
gamma distribution with a=1 and A=1/p.
e—x/ﬂ

f(x|a,B)=x* (@)
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Continuous Distributions

EX p onen tl al : &~ | Matlab uses gamma dist def
x=(0:.1:15)"; f (X | ﬂ“) — ﬁ“e_;tx

lambda=[.25,.5,1,2,5];, beta=1./lambda;
figure(1)
hold on ¥ e~
for count=1:length(lambda) 00
y = exppdf(x,beta(count)); 2.5 ——2=2.00
if count==1 —— =00
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'g’,'LineWidth',2) \

elseif count==3 1.5
plot(x,y,'b','LineWidth',2)
elseif count==4
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end o — — y

ylim([0 3]), xlim([0 15]) x

f(x)
/

0.5k

D.B. Rowe
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Continuous Distributions
Exponential: T

The CDF of the continuous
exponential distribution Is

0 X<0
1—-e™ x>0

F(XM):{

Note that there is a closed form solution!

rrrrrrrrrr
000000000000
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Continuous Distributions

Exponential:
f(x]A)=Ae™™

x=(0:.1:15)"

lambda=[.25,.5,1,2,5];, beta=1./lambda;
figure(1)

hold on 1r
for count=1:length(lambda)

y = expcdf(x,beta(count)); A=.25
if count==1 0.8 o
plot(x,y,r','LineWidth',2) 07 e
elseif count==2
plot(x,y,'g',' LineWidth',2) |
elseif count==3 Zos|
plot(x,y,'b','LineWidth',2) ol
elseif count==
plot(x,y,'m','LineWidth',2) 03

elseif count==5
plot(x,y,'k','LineWidth',2)
end
end oleer v :
xlim([0 15]) ,ylim([0 1]) X
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Continuous Distributions

Exponential:
It can be shown that | :;ggg
U = jxf (x]@)dx o7
X O.6ﬁ§
— jxﬁe‘“dx -
x=0 |
_ 1 A
A ol \
0 A s 4 6 8 10 15
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Continuous Distributions
Exponential: (x| 1) = 1e*

X
It can be shown that 2.71726
1.3863
median 1/2 0.6931
X 1
I f(x|0)dx == 0.1386
x=0 2
. In(2)
X=—21 . B )
A All at 0! — X
mode | 0
19 0
— f(x]8)] =0 x 0
OX . : 4
L o

X
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Continuous Distributions
Exponential: (x| 1) = 1e*

that
o = [(x—u) f(x|O)x | —
: ==
T 2 o
_ j(x—y) e x| PR
x=0 go.sH 16 4
1 4 2
= z 11
ﬂi ozi?i\f;'
RN 0.04 0.2
H—O us u+o X
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Continuous Distributions

Exponential: (x| 1) = 1e*

lambda=1:,num=10"4;

x=exprnd(1/lambda,num,1);
mean(x)
Var(x) 2000
hist(x,35)
True Simulated 1000
U1 1.0018
o’ 1 1.0127

Can also find and plot ECDF. = s 5 & 7 & &
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Continuous Distributions

Exponential: (x| 1) = 1e*

1

MSSC 6010

lambda=1;
y=expcdf((0:.01:15),1/lambda); o2
plot((0:.01:15),y, 'r') 07
hold on ol
[Fxx]=ecdf(x); 2,4l

stairs(xx,F,'LineWidth',2) ...

;
5

;
10

15
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Continuous Distributions
Chi-Square:

A random variable x has a continuous chi-square
distribution, x~chi-square(v) If

0 X<0
f(x|v)=q x"/2te? N , where,v>0 .
T(v/2)2"

Chi-square distribution is a special case of the
gamma distribution with v=2a and p=2.

e—x/ﬂ

pI(a)

f(x|a, B)=x""
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Continuous Distributions
Chi-Square:

x=(0:.1:15)";, nu=[.5,1,2,3,5];
figure(1)
hold on
for count=1:length(nu) -or
y = chi2pdf(x,nu(count));
if count==1
plot(x,y,r','LineWidth',2) |
elseif count==2 }.
plot(x,y,'q’,'LineWidth',2)
elseif count==3
plot(x,y,'b','LineWidth',2)
elseif count==4
plot(x,y,'m','LineWidth',2) 0.5
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end

p(x)

f(x|v)

MSSC 6010

XV/Z—le—XIZ

TT(v/2)2"

< < < < <
LI 1 1 A T e 0
g W NPy

ylim([0 1.5]), xlim([0 15]) 05

10 15
X
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Continuous Distributions
Chi-Square:
f(x|v)=

121~ x/2
XV e X 0.25 V — 3 bl

C(v/2)2""

The CDF of the continuous

chi-square distribution is //‘

0 x<0
F(X|v)=<y(v/2,x/2)
I'(v/2)

Where y(v,x/2) is the lower
incomplete gamma function.

D.B. Rowe
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Continuous Distributions
Chi-Square:

x=(0:.1:15)";, nu=[.5,1,2,3,5];
figure(1)
hold on
for count=1:length(nu)
y = chi2cdf(x,nu(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'q’,'LineWidth',2)
elseif count==3
plot(x,y,'b','LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end
xlim([0 15]) , ylim([0 1])

D.B. Rowe
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Continuous Distributions
Chi-Square:

It can be shown that

1.5~

U= jxf (x| 8)dx e
. | B
XV/Z—le—X/Z 1}
= X vi2 dX _ %
2, T'(v/2)2 g )
— V 0.5 2
5
" s A s TEE s
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Continuous Distributions
P . vI2-1,-x/2
Chi-Square: f(x[v)= X8 :
I'(v/2)2"

It can be shown that

median

X 1
LO f (x|«9)dx=§

g 2 4 8
X2y ——4——
3 27v T729v°

mode

0
— f(x|68
ax(l)

-0
X

X=y -2 v>2

X
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Continuous Distributions

P . vI2-1—x/2
Chi-Square: f(x[v)= X8 :
I'(v/2)2"
that
o = [(x—u) f(x|O)kx —
0 vi2-1,—x/2 “‘ — :g
2 X e Al
X—L C(v/2)2" i =
= 2v T 1
ob 2
;

15
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Continuous Distributions

vI2-1.—X/2

Chi-Square: x"* e

f(x|v)=

C(v/2)2"

nu=3;,num=10"4;
x=chi2rnd(nu,num,1);
mean(X)

var(X)

hist(x,35)

True Simulated
H 3 2.9802
o’ 6 5.7426

500

Can also find and plot ECDF. % ; oo 20 2
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Continuous Distributions

. " vI2-1.—X/2
Chi-Square: Fxv) =X e
T(v/2)2"
nu=3; 0.9k
y=chi2cdf((0:.01:15),nu);
plot((0:.01:15),y, 'r') 07l
hold on el
[F.xx]=ecdf(x); 2,

stairs(xx,F,'LineWidth',2) ...

cdf(x)

r r r ;
0 5 10 15 20 25
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Homework 4:

1)Let x~gamma(2,2), using pencil and paper find
P(H-o<x<u+o).

2)Numerically integrate the gamma(2,2) pdf to find
P(u-o<x<u+c). Use 100 rectangles.

3)Let x~gamma(2,2), using pencil and paper find .

4)Numerically integrate the gamma(2,2) pdf to find u.
Use 100 rectangles. Compare to answer in 3).
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Homework 4:

5)Show that the mode of the gamma distribution is
X=(ax-1)p . Pencil and paper.

6) Can you numerically determine an estimate of the
mode? Use a=2, f=2. Compare to 5).

/)Numerically integrate the gamma pdf to find the
50t and 99t percentiles. i.e. find x, such that
P(X<X,)=0.50 and P(x<x,)=0.99 for a=2, p=2.

Compare median in 7) to mean in 3,4) & mode Iin 5,6).
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Homework 4:

8) Generate 10° gamma a=2, =2 random variables.
Empirically determine the 50t and 99" percentiles.
l.e. Find the .50*10° and .99*10° largest values x,.
such that P(x<x,;)~0.50 and P(x<x,)~=0.99.

Compare to values to 7) and the approximate

. 3a—0.8
median af ¢ .
3a +0.2
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Homework 4:

9) Make a histogram of the random variables in 8)
with at least 50 bins. Divide the count in each bin

by the total number 10%. Compare to or superimpose
the true pdf.

10) Make a empirical CDF from the values in 8).

11) Using pencil and paper derive the mean, median,
and variance for the exponential distribution.
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Homework 4:

12) Can you analytically derive the approximate median
for the chi-square distribution?
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