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Discrete Random Variables

A random variable is a function from a sample space
S into the real numbers X.

Examples:
Experiment Random Variable
Toss two die X=sum of numbers
Toss a coin 25 times X=# heads In 25 tosses

]
Apply different amounts X=yield/acre
of fertilizer to plants
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Discrete Probability Mass Functions

Example: Toss a coin twice.
S={HH,HT,TH,TT}
X=number of heads. | sample space

outcomes Real Numbers

4

N\
X(s) is a mapping from S to X.

s,=HH, s,=HT, s,=TH, 5,=TT

5 HH HT TH TT
X;=2, X,=1, X,=1, X,=0 X(s) 2 1 1 0
P(X) | ing from X t0 [0,1]. EEE
(X) Is & mapping from X 10 [0,1]. e p mv——
/
Real Numbers Unit interval
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Discrete Cumulative Distribution Functions
The cdf of a random variable X, F(x), Is

F, (X) =P, (X £x), for all x. F, (X) = Z P, (X =X)

X <X

Example: Tossing a coin twice

X 0 1 2

P(X=x) 14 1/2 1/4 100 - o
0/4 —o<x<0 OO T © ©
1/4 0<x<1 0> T o

<X< 0.25 ©

F (X) =

X =13/4 1<x<2 O-OCLI | |
\4/4 2 <X <0 0 1 2
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Discrete RVs, PMFs, and CDFs

Assume that the discrete random variable (RV) takes on values

X[y X5y Xgeo.
if the probability of each of value x; is

P(X =X;|0)

then, the probability mass function (PMF) is given by
f(x;|0)=P(X=x;[0) for j=1,2,3..

where 6 are any parameters that the PMF depends on.
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Discrete RVs, PMFs, and CDFs

Further, the cumulative distribution function (CDF) is given by

F(x|8)=> f(x;]0)

<
XJ_X

ie. FX[0)=1(x|0)+..+T(x|0)
where x, (largest value) <x.
Additionally, any PMF must satisfy

1) 0<f(x]6)<1
2y Y f(x,160)=1 .
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Discrete Expectation

Given an arbitrary discrete probability mass f(x;|0), we want to
compute quantitative population summaries of it such as

population mean, =Y X f(x;|6)

j=1

population variance, o =Y _(x; — 1) f (x; | 6)

=1
population standard deviation, o =+’
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Discrete Expectation

These population numerical summaries are found by
expectation

Elg00)161=29(x) F(x,10)
The mean Is

p=E(X]0)

and the variance is

o’ =E[(X —u)°|6]
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Discrete Expectation

Linearity Property:

> 9,(X)101= Y Elg,(X) 4]

l.e.E

E

0,(X) +9,(X)[6]=E[9,(X) [ 0]+ E[9,(X) ] F]

0,00+ 600100 = 2[6,(x)+ .1 (x10)
= 10,001 (410)+ 0,0x) T, 0]

= 20 (10)+ 2 8,0)1(x,10)
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Discrete Expectation

Example: x 0 1 2

P(X=x) 1/4 1/2 1/4

El9()161= 2 9(x) f(x,16)
9(X) = X

u=0)1/4)+Q)(2/4)+((2)(1Q/4)
u=1
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Discrete Expectation

Example: x 0 1 2

P(X=x) 1/4 1/2 1/4

El9()161= 2 9(x) f(x,16)

g(X)=(X - )’
o’ =0-D)°1/4)+@1-D*(2/4)+(2-1)*(1/ 4)
o°=1/2
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Discrete Moments

For each integer n, the nth moment of X, &, , is

u, =E(X"|9)

The nth central moment of X, W, is

M, = EI(X —1)" | 6]

where 1 =E(X|6)
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Discrete Distributions
Uniform:

A random variable x has a discrete uniform
distribution, x ~uniform(N) if

1

P(X =x|N)=—

( IN) N
where, N=1,2,... , x=1,2,...N.

l.e. flipping a coin, rolling a die.
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Discrete Distributions
Uniform:

It can be shown that

uo= Y XP(X=x)
=1

Note:
1+2+3+...+ N =

N(N +1)
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Discrete Distributions
Uniform:

that

o’ = Z(Xj—,u)ZP(X=Xj)

j=1
X N+ L
) ;(’_ 2 jN
B N2 -1
- 12

Note:

N(N +1)(2N +1)
6

1+2°+3°+...+N?=
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Discrete Distributions
Uniform:

P(X :Xl N):% where, N=1,2,... ,X=1,2,...N.

Uniform discrete random variates can be generated
by either partitioning the unit interval into N bins,
generating uniform [0,1] numbers and for each
random number convert to j if it is in the j® bin or

N=0;
x=unidrnd(N)
5
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Discrete Distributions

Uniform: p(x =)=

0.18

0.16 -

0.14 -

0.12 -

0.1

0.08 -

0.06 -

0.04 -

0.02 |~

1

1800

1600

1400

1200

1000

800

600

400

200

N=6, N=6;, num=10000;
xpop=(1:N); xsamp=unidrnd(N,num,1);
ypop = unidpdf(x,N); hist(xsamp,N)

bar(xpop,ypop,1)
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Discrete Distributions

Uniform: p(x-x-=

0o 0 1 oo 0

0s- 0.1667 ] s 0.1675
07 0.3333 , . 0.3330
| 0.5000 0.4958
" 0.6667 ' "I 0.6716
°5° 0.8333 ' °5- 0.8361
04 1.0000 1 o4 1.0000

ducdf =unidcdf(x,06) [F,x]=ecdf(xsamp);

stairs(x, ducdf,'LineWidth',2) stairs(x,F,'Linewidth',2)
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Discrete Distributions
Uniform: p(x-x-=

unidstat(N) True Simulated
mean(xsamp)  y 35 3.4960
var(xsamp)

o’ 2.9167 2.8987
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Discrete Distributions
Bernoulli:

A random variable x has a discrete Bernoulli
distribution, x~Bernoulli(p) If

P(X=x|p)=p*"A-p)~
where,0< p<1, x=0,1.

X = the number of successes out of 1 trial.
p = the probability of success on the trial.
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Discrete Distributions
Bernoulli:

It can be shown that

uo= Y XP(X=x)
j=1

= (O)d-p)+@)p
= P
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Discrete Distributions
Bernoulli:

that
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Discrete Distributions
Bernoulli:

P(X=x|p)=p*@-p)" where,0<p<1, x=0,1.

Bernoulli discrete random variates can be generated
by either partitioning the unit interval into 2 bins,
generating uniform [0,1] numbers and for each
random number convert to j-1 if it is in the j bin or

p=1/2; n=1,
x=binornd(1,p)
1
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Discrete Distributions
Bernoulli: .
P(X=x|p)=p"A-p)"
n=1; p=1/2; num=10"4,
X=binornd (n,p,num,1); e
mean(x)
var(x)
hist(x,2)

5000
4000

3000

True Simulated
M 0.5 0.4971
o’ 0.25 0.2500 1000

2000

Can also find and plot ECDF. % 01 02 03 04 05 06 07 08 09 1
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Discrete Distributions
Binomial:

For the Bernoulli distribution, P(X = x| p)=p*(1- p)"* .
Let X,~Bernoulli(p) and X,~Bernoulli(p),

Define X=X,+X,. I.e. X=total number of successes
The distribution of X is binomial(2,p).

This can be repeated to get binomial(n,p).
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Discrete Distributions
Binomial:

A random variable x has a discrete binomial
distribution, x~binomial(n,p) if

n! X n—X
P(X =x|n,p)= p*(1-p)
XI(n—x)!

J

Y
n(x successes) P(x successes
and n-x failures)

where, 0<p<1,n=123,..., x=01...,n .
n = number of trials or times we repeat the experiment.

X = the number of successes out of n trials.
p = the probability of success on an individual trial.
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Discrete Distributions
Binomial:

It can be shown that

u = > xP(X =x,)
j=1
C n! X n—x
= X —
2 X i )!p( p)
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Discrete Distributions

Binomial:
that
o’ = i(xj— )P(X—x)
- 2 I n—X
= Z(;( ) PP
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Discrete Distributions
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Binomial: px —x[n, p)=

p*A-p)"

x!I(n—x)!

n=5; p=1/2;num=10"4;
x=binornd (n,p,num,1);
mean(x)

var(x)

hist(x,6)

True Simulated
U 25 2.4982
o’ 125  1.2455

Can also find and plot ECDF.
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Discrete Distributions
Poisson:

A random variable x has a discrete Poisson
distribution, x~Poisson(4) If

where, 1>0, x=01....

/ Is called the intensity parameter
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Discrete Distributions
Poisson:

It can be shown that
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Discrete Distributions
Poisson:

that

I
M
g
>
|
&
N
C'D><
.
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Discrete Distributions

Poisson: Xa=4
P(X = x| 2) =25
X!

lam=5;num=10"4;
x=poissrnd(lam,num,1); s
mean(x)
var(x)
hist(x,15)

1200 |-
1000 [~

800 ~
True Simulated

U5 5.0181
o° 5 5.1069

600 -

400

200

Can also find and plot ECDF. ™ 2 10 Is
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Discrete Distributions
Geometric:

A random variable x has a discrete geometric
distribution, x~geometric(p) If

P(X =x|p)=pld-p)*"

where,0< p<1, x=12... .

X = the trial at which first successes occurs.
p = the probability of success on the trial.
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Discrete Distributions
Geometric:

It can be shown that

o0

0 = ijP(X:xj)
-1
= D xp(-p)’
x=1
_ 1
P

g={-p)
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Discrete Distributions
Geometric:

that

o0

ot = X% -u) PX=x)

j=1
- 1 2 x—1
= > (x==)’p(L-p)
x=1 p
_ a
— )

g={-p)
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Discrete Distributions

Geometric: 1
P(X=x|p)=p@d-p)"

p=1/2;num=10"4;
Xx= geornd(p,num,1)+1; .

mean(x)
var(x)
hist(x,12)
True Simulated 3000 -
U2 1.9994 2000 -
o2 2.0358 000l

Canalso findand plot ECDF. % = « ¢ s 0 2= 1
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Homework 2:

1) Generate 10° observations from the discrete

uniform, Bernoulli, binomial, Poisson, and geometric
distributions. Use the parameter values | used.

Make a histogram. Compute sample mean and
variance. Compare to what true values are.

Compute an empirical CDF and find 50% percentile.

Compute and plot an incremental sample mean and
variance. When do you think you get convergence?
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