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OUtI | ne Recall Univariate:

Uniforms to Normals
Normals to Chi-Square
Normal and Chi-Square to t

* Bi(Multi)variate Normal Distribution
* Wishart Distribution (symmetric matrix)
* Bi(Multi)variate Student t

« Matrix Normal and Matrix T
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Bivariate Normal Distribution
Abivarale (2D) PDF (3, [0) - v

of two continuous random

—

variables (4,%;) depending

upon parameters 6 satisfies

1) 0< f(x,%16), V(x,X,)

2) [[ (%%, | 6)dxdx, =1

X1 X
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Bivariate Normal Distribution

X
Let X :( 1) be a 2-dimensional (or p-dimensional)
2x1 X,

random variable with PDF 01"2x1 being f (x| &), then

E X 9 Marginal means.
E(x|6’)=( - )):[/ﬁj —

E(X2 | 8) 'uz Marginal variances.

2x1

var(x, |0 CoV(X,, X, |0 2
var(x|8) = (%10) (%, %, | 0) _| @1 (7122
cov(x, X, |0)  var(x,|0) o, O:
=2
2%2

Vectors are lower case, matrices are upper case.
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Bivariate Normal Distribution

Note the way |
have written this.

Recall: If z~ N(0,1) , then «—

1x1
mean mean

112 I AT 4
f(z)= 1 =(27) "M e 2 A

8y, 2T N\ . variance

variance

We can obtain a random variable x that has a
1x1

general normal distribution with mean ¢ and
1x1

variance o2 via the transformation X=0 2+ pu.
1x1 1x1 1x11x1 1x1
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Bivariate Normal Distribution

The PDF of x can be obtained by

f(X|,U102)=f(Z(X))x|J(Z—>x)| J(Z_)X):dZ(X)

wherellezz(x) and J(-) is the Jacobian of the transformation.

The PDF of x Is
NN

f(X|u,o%) = e’
o\N2r Note the way |
_ _ have written this.
which can be written as -—

12 Eoxew)e?) Hxep)

f(X|,u,O'2)=(27Z')_1/2(O'2) e ?
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Bivariate Normal Distribution

Given two continuous random variables (z;,z,), we write

Z
. . 1 .
them as a 2-dimensional vector z = . and this vector
2x1 22
Z vector

has the PDF f,(z]0).

vector 7
If z, and z, are independent, then

f,(z]0)= le(zl 16) f22 (2,16,) .
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Bivariate Normal Distribution

Z
Let z, and z, be iid N(0,1) random variables. Then, <= '
il il 1 \ Z,
has PDF f,7,(2.,2,) = f,(z)f,(2,)
1 Gk

27

With vector z, this can be rewritten as
2x1
]_ —lz'z

f(z)=—¢e 2
(D)=
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Bivariate Normal Distribution

VA
: : _ 1
This can also be written as =
1 1 2x1 22
——27'2
f(z) = —g?
z 2 mean vector
T mean vector
L, 0y, (=0)
_ ~2/2 ~1/2 o Ve M) e
= @z) 7|1, e \
. i covariance matrix
covariance matrix
. is 2%2
and we W”te that L~ N (O, |2) . |2 :Zentity matrix
2x1 ,\ ™ covariance matrix

mean vector

That is, the 2-dimensional random vectorzlehas a

mean vector of zero and identity variance-covariance matrix.
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Bivariate Normal Distribution

Z
This means that Z =[ 1)

1 vy N1
——(z-0)(1,) " (z-0)
fz (Z) _ (272_)—2/2 | Ip |—1/2 e 5 z P Z

ey )l
E(ZZ) ILIZ O 2x2 ldentity matrix
B /
( var(z,)  cov(z, 22)j (0'12 alzj (1 Oj
var(z) = = —
cov(z,z,)  var(z,) o, O, 0 1
=x=1,
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Bivariate Normal Distribution

If 7 ~ N(O, 1) , then

2x1

1 vy N1
|_1/2 e—E(Z—O) (1,) " (z-0)

f(z) = (27) 221,

We can obtain a random variable x that has a general
2x1

normal distribution with mean vector 4 and variance-
2x1

covariance matrix X via the transformation x=A z+ u
2%2 2x1 2x2 2x1 2x1

where X = A A', is a factorization (i.e. Cholesky or Eigen).
2X2  2x22%2



Marquette University MSSC 6010

Bivariate Normal Distribution

If a random variable x has a normal distribution with
2x1

mean vector x and variance-covariance matrix x, then
2%2

2x1 mean vector
\[ mean vector

ke t) s () X”UERp
f(XIﬂ,Z)=(2ﬂ)‘p’2|%| e2 i p=2

covariance matrix z > O
covariance matrix

covariance matrix /]\ set of pos
v def matrices

\
and we write X1 N gﬁf 222) The covariance matrix X, has to
2% x1 2x% 2><2

mean vector

be of full rank (there is an inverse in PDF).

make sure you know what this means
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Bivariate Normal Distribution

Let’s take a closer look at this bivariate transformation.

X=A Z+2,u1

2x1 2x2 2x1

e ) ()l

Xy =aply+anpl, + 1
Xy =8y7Z 57, + 1,

We can solve for z, and z, in terms of x, and x..
14 1 14 1
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Bivariate Normal Distribution

This will give us
A J A—l 1 ( Ay, _auj
X= Z +

H _a21 a11

ox1 2x2 2x1 2x1 2x2 Ay, — 84,8,

7=A"(x-

2x1 2x2 ( 2><1[u) — B — A—l _ bll b12
%D 2X2 b b22

A invertible b1

(21]:£b11 buj (&_ﬂlj
Z, b21 b22 X, — U,
2x1 2%2

z, =b, (X, — )+, ()gle_ 1)
Z, =b, (X — 1) + b, (X, — 14,)
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Bivariate Normal Distribution
Z, = b11(X1 — lLll) + blz(xz — ﬂz)
Z, = 11(X1 — ﬂl) + b12 (Xz — /uz)
Continuing on, this leads to

0L (%, %) 0L(%.%,)

0 OX b
(2,2, = X, X,) = § i :( H blZ]:B
aZZ (Xl’ X2) 522 (Xl’ XZ) bZl b22 2x2
0%, OX,
. . S o/
.e. with z=B(Xx— ) , the vector derivative is J=—=B
2x1 OX 2x2
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Bivariate Normal Distribution 2=B(x- )

The distribution of vector variable x (joint of X, and x,) IS
2x1

fy (X]0) = 1,(2(X))x[I(z > x)|
0z

1 P — —
—(z-0)(1,)™(2-0) J=—=
f(2)= (7)1, [ e? Z OX  2x2

S0 ol 0)

f, (x| 4,2) = (22) 221, [V e 2 B|

=AA" [ZHAIAEAP, [Zf7[A], B=A, |27 B]

1 _ p
o o pwp )T e XM ER
(X[ Z)=@2r) ™ |2 e 3 >>0
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Bivariate Normal Distribution

This form may be more familiar
1 -2Q
f. (X, X |,LL1,IU,GZ,GZ)= e ?
X \ 11 A2 21711%2 27ZO'102 /71_102

1 X —H 2_ XK || X~ X, — M, 2
e e e e

c,>0,0,>0,-1<p<1

p =0y, 1(0,0,)
Oy, = COV(X;, X,)



Marquette University MSSC 6010

Bivariate Normal Distribution

Theorem:
If x Is a 2-D (or p-D) random variable from f(x|«,X), with

E(X | ;Lliz) = u think of p=2

px1

var(X| u,%) = pxp

then we formy = A x+¢6 where dimensions match
rx1 rxppxl rx1

and A full column rank (A: rxp, r<p), then

rxp

E(y[a.2,0,A)=Aut+a,

var(y |2, A)=AZ A -
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Bivariate Normal Distribution

Recall: Let u,~uniform(0,1) and u,~uniform(0,1).

Let z, =/-2In(u,) Cos(27zu2) and z, = \|-2In(u,) sin(27u,)

L2 1 7
then U (z,2,)=€?  and U, (z,z,)=——atan| -2 |
2r Z,

le,Zz(Zl’ Z, |6)) = ful,uz (U (21’ Zz) u (211 Zz) | ‘9) | ‘J(ul’UZ — 4y Zz)l

1 iz 1 ‘1z

le,zz(zﬂzz) :ﬁe 2 \/Z

This meansz, ~ N(0,1),z, ~ N(0,1),z, andz, are independent.
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Bivariate Normal Distribution

Z
Obtain 2-D standard normal variates Z = zl by transforming
2x1 2

two independent standard uniform random variates u; and u,.

02-. -

(80D 4w
015

1000z een ™

T

S
< 0
5 >>>§> >> 5 =
- —
\§ > <X >> g 2 S 5
< <2< <.
= =

S SSSSSSSSSS S =
e
SEmiia e
S oSS >§ = =

SSESEEEESES
SE2SSSEEss

5 . 5
5 5 z 5 4

First half of 10° standard normal variates as z,'s and second

z

half as z,'s. Produce 5x10° statistically independent z's.
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Bivariate Normal Distribution 3 (3 2)
H= 2=
2x1 \5) 2x2 (2 4
Multiplied 5x10° simulated z’s by A and addedzzél. p=0.53
The y's are now N(u,X=44"). Cholesky_£1.7321 0 )
SAL TR
B0 e AR . ..... .Bivaria?te NOrmal .
1000 : e ST & - Marginal -
;o i N 5 Normal ]

10 _
Marginal -
Normal .

10

5, 0 @ 7
. °s ° s 10 e
Cross _ . y
D.B. Rowe section g A=chol(Sigma)
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Bivariate Normal Distribution

Theorem:
If X, and x, are independent 2-D (or p-D) RVs with
E(x | 4,%,) = :U1 E(X, | 14, 2,) = 1, think of p=2
px1 px1 px1
var(x, [ g,2) =%, var(x, | u4,,2,) =%,
pxp pxp pxp pxp
thenifwelet y=(X,+X,)/2,
px1 px1
E(Y | 2, . Z5) = (14 + 1) 1 2 Recallin 1D 1f we let
px1 px1 ,uz— 1 2 L, 2and
O =0, =0, then
var(y | g, Xy, 145, 2,) = (21:52) /4 E(y|u)= ,u and
pxp x

var(y | u,0?) =012 .



Marquette University MSSC 6010

Bivariate Normal Distribution

Theorem:
If X4,...,X, are independent 2-D (or p-D) RVs with
( ||:u1 ) pl>l<11 |:1,...,n think of p=2
var(x; |z,
Glu2)=2
then if we let X1 (X, +---+x)/n,
pX
E(XX|u,2)=u If X's are normal, then
Pl x~N(y,Z/n)
var(X| s, )=</n px1 PP

pxp
Otherwise CLT type result?
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Bivariate Normal Distribution

If xl,...,xri are 11D N(u,X) 2-D (or p-D) RVs and
px1 pX

X=(x,+L +x,)/n~N(u2/n)

px1 px1 PXp

then

X (x-u) (2In)(x-1)

f (X|1,2)=Q2x)"*|Z/n|"e?

Multivariate version of

Also note that " E=4) N0
n22 Y2 (X — 1) ~ N(O, 1) _ 7/

-1/2 -1
> “=A"=8B
pxp pxp  pxp

3 (% — %) (% — X)

=1

Estimate X by its MLE ¥ =
pxp

1
n
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WlShart DlSt” bUthn Multivariate version of

gamma distribution.

A random pxp matrix variate p(><3|Ofollows. the Wishart

distribution with scale matrix ¥ and v df denoted G ~Wg§d V)

oxD pxp
vl Lo G,2>0
ifft T(G|Zv)=Kky|Z]?|G] * e? v>p+l
vp  p(p-Y _ velN
where ky, =227 HLVF(”;Q’)
_ 2 gg‘le‘ﬁ
Fp=1,1(9]0" )= 8oy

Gammadistby ¢ =v /2 , Chi-square by Y=0 o®
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Wishart Distribution

PR e

fGIZ V) =k, [Z] 2G| ? e?

vp _p(p-1) "
p v+1—]
' =277 4H,-1F[ > ]

The mean, variance, and covariance of elements are

E(G|Z,v)= lgixlp

var(G; |Z,v) =v(Z; +Z,;Z;)

I jj

cov(G;Gy [Z,v) =v(Z, 2, + 22 y)
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Wishart Distribution
We obtain a (singular) W (X,1) variate G, by transforming a
centered normal vector variatez, = (X, — u) via G, = 2,2
and a W (X,n) variate by G = Zn:zizi’ . If the mean vector
i=1

IS not known, then we can estimate it and lose one df.

n v C2y Gy
206 =) (% = 1) = 2 (% =X)'(% =X)+n(X =)' (X - )
J= y 't , J=L y y W (2,1),Ysingular
W (Z,n),n>p \ W (Z,n-1),n-1>p
add and subtract
X in parentheses Let p=1 and get o2 times y? result.



Marquette University MSSC 6010

Wishart Distribution

Theorem:
If G Is a pxp random matrix variable from f(G|X,v), with

oo ee)

f(GIZv)=k, IZ[2G| ? e?
then if we form Q = AGA" where dimensions match

and A full row rank (A: rxp, r<p), then Q ~W (A = AZA"v)
E(Q[AV) =1A
var(Q |A,v) =v(A; +AA ;)

COV(QiijI |Av) = V(AikAJI + A“Aik) :



Wishart Distribution _ﬁ _(3 2]
H 2=
2x1 \5) 2x2\2 4 ]
Took 5x104 sets of n=10 variates x, subtracted mean H= (5]

from each set, transpose multiplied each value, added the

10 values in set to form each G. The G’s are nowW (Z,v=n) .
3 2

E(G|3,v) =15 v =10 zz(z 4)

var(G; |Z,v) =v(Z; +Z,;Z;)

n

GZX— )'(% — )

COV(Giij |Z,v) = V(Zikzjl T zilzjk) =



Wishart Distribution u=(3j 2:(3 2)
2x1\5) 2x2\2 4

The G's,G =) (% — u)'(% — #)are nowW (Z,v) . 1, —10
=1

G(1,1)’s G(2,2)'s G(1,2)'s
30 20 ) 180 160

coV(G;Gy |2 V) =v(E,Z, +Z,2,) 7 80,120,160

11,22 11,12 22,12 < ikl



Marquette University MSSC 6010

Wishart Distribution

Took 5x104 sets of n=10 variates x, subtracted mean X
from each set, transpose multiplied each value, added the

10 values to form each G,. The G,’s are now W(XZ,v=n-1).

3 2
2 4

var(G,; |Z,v) =v(Z; + 2,2 ;)

CoV(G,;G, |Z,v) =v(Z, 25 +Z,Z )
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— 3 Z — 3 2 Toggle with
n N B éfq 5] 2x2 2 4 Next slide
The G,’s, G, =Z(Xi —X)'(% —X) are nowW (,v). =9
i=1

Wishart Distribution

0 ‘ 0 ;
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90
G, (1,1) G, (2,2) G, (1,2)
2( ) )S 2( Z) S 2(1,£)S

(27 18 - (162 144
E(Gzlz,‘/)=‘/2—(18 36j var(GZij|2,v)—v(2ij+2”2,—,—)—(144 288)

COV(G,; Gy | ZV) = V(5 S + 5,3, )= 72,108,144

11,22 11,12 2212 < ikl
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Wishart Distribution 3 o (3 2) gews
éfq_ 5 2%2_ 2 4 Previous slide

The G's,G =) (% — u)'(% — #)are nowW (Z,v) . 1/ —10
=1

0 0
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70
’ G(2,2) G(1,2)
G(1,1)’s (2,2)'s (1,2)’s

(30 20 o (180 160
E(G|Z,V)—VZ—(20 40j var(Gij|Z,v)—v(2ij+2“2,—,—)—(160 320)

coV(G;Gy |2 V) =v(E,Z, +Z,2,) 7 80,120,160

11,22 11,12 22,12 < ikl
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate t follows a standard
px1

Student t distribution with v df denotedp£1~ t(v) iff

(=) 1
- P w152, Where teR? |, yeN.
(vr)2r(5) 1L+ tt] B

The mean and variance of t are

E(t|v) =p91 Vv

2 Y
pxp

var(t | v) =

V_
v>1 v>2
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Multivariate Student-t Distribution

We obtain a standard t(v=n-1) variate t by transforming a

normal 2-D (p-D) random variate X, and a Wishart
px

random matrix variate G that are independent
t) (n"AY2GY4(X - u) X~N(uZ/n) G,~W(Z,v)
= px1 pxp
V G,

The original variables in terms of the new variables
X(tV) ) (nA V4 p)
G,(tV)) Vv
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Multivariate Student-t Distribution

The joint distribution of (t,V) can be obtained as
f(tV|w2Zv)=1(X(1tV)G, V)| IXG,>tV)|
The Jacobian of the transformation is

| J(X,G, >t,V)|=n Y5 Y

The joint PDF of (t,V) is o _
p(t,Vv |Z,v)=(27zv) Pk, |z|‘—|\/| o T (40

The distribution of t can be found by integrating out V

v+p
f(t|v): ( 2 ) 1 After integration use
E l+ltlt . l N l 1
(vr)?T (g)[ ] [T, +t =1+t
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Multivariate Student-t Distribution

Recall X ~ N (,U,Z/ n)
125-1/2 (o s

<o n" X (X — ) N(O,1)
X —X)'(Xx —X ~ W(E,n-1

also .Z_ll( X (% =%) ( )

thus (n—l)Z”{ f Z(Xi—f)'(xi—f)}(zl’z)' ~ W(,n-1)
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Multivariate Student-t Distribution (3) : (3 2)
IL[ = =
5 2 4
Take sample mean X from each 5x104 sets of 10 variates,
subtracted x from each set, premultlplled the 5x104 centered

normal variates bythe 5x10% [(n-1)S]" n"3(X - )

1500 < oo t(l/ 9) Marginal
§ : : Student t
1000H....-§-- l E]
500 = ‘,c ’ . 4000 N 1
sl Marginal
Student t
0
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Multivariate Student-t Distribution

A 2-D (p=2) random vector variate s follows a general
px1

Student t distribution with location x and scale £ and df v
S~t(v,u,2) px1 pxp

F vV+P
f(S|V,,Ll,Z)= (pZ ) 1 :
(va)2T(5) [ L+ 3 (s— )= (s—p)

where s,ueR” veN, >0.

y+p
2

The mean and variance of s are

E(tlv,uS)=4  ys1  vars|vuI)=——r2 52
px1 V =2 pxp

| 4
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Multivariate Distributions

We can also perform hypothesis tests.

Single mean H_:pu=u, VS H I u# 1,
px1  px1 px1  px1

Two Means H, iz =, VSH, 1 # 1,

px1 px1 px1 px1
MANOVA  H,:u =u, =1, vsH, :u's notall equal
px1 px1 px1 px1

Multivariate RegressionY =X B + E  B=(X'X)™"X'Y
nxp nx(g+1)(@+1) xp nxp (q+1) xp

S=-L(Y - XB)(Y - XB)
H, :X =diagonal vs H,: ¥ = diagonal pxp

pxp pxp pxp pxp
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Matrix Distributions

Matrix Normal and Matrix T distributions also exist.

—ltrqu(X—M)'z—l(X—M)

F(X|M,Z,®)=(27) ™2 | D[Pz e 2

pxn
f(T|v,T,,=,®) =k [OFI2] —
P [(D +%(T _To)'z_l(T _To)} 2
[T,.r(5)
kT = - n=1—multivariate

- n i n,p=1—univariate
() [T (77)

J
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Homework 12:

1) Repeat the simulation processes performed in this lecture.
Generate two uniforms then transform to two standard
normals then to two normals x= Z with ”:@j and Z:G Z]
using the Cholesky factorization. A=chol(Sigma)';

Repeat 5 times to get a sample of size n=5.

Repeat 104 times to get 10# bivariate samples of n =5.

a) Compute bivariate mean X for each sample.

b) Compute bivariate covariance matrix S for each sample.
c) For each sample compute [(n —1)8]_1/2 n"*(X — u).

d) Make histograms of items (elements) in a), b), and c).
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Homework 12:

2) Repeat simulation process with eigenvalue-eigenvector
decomposition X=UD¥2(D¥21)’ instead of Cholesky X=44".

[v,d]=eig(Sigma); A=v*sqrt(d);

3) Comment of similarities and/or differences between 1) and 2).



