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Maximum Likelihood Estimation

We have been saying that y ~ N (u, %),

when what we actually mean is that Y = ¢+ & where

g~N(0,0°%) .
That Is, y has some true underling value g,

but there is additive measurement error (noise) .
We know that if € ~ N(0,5?) , then from a linear

transformation of variable, we get Y ~ N (u,5%) .
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Maximum Likelihood Estimation - Mean

If we have a random sample of size nwith Y = u# + &, where
g~N(0,0°%) .

Then we have ¥, = 1 +¢&;, & ~ N(0,5°) for i=1,...,n
Since these are independent observations,

the joint distribution is
expl=(y, = 1)°/20°]  expl=(y, - #)*/20°]

(272_0 )1/2 (272_0_ )1/2

f Yoy Vo | 1,07) =
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Maximum Likelihood Estimation - Mean

If we have a random sample of size nwith Y = u# + &, where
g~N(0,0°%) .

Then we have ¥, = 1 +¢&;, & ~ N(0,0°) for i=1,...,n.
Since these are independent observations,

the joint distribution is

f (Yoo Yo | 11,0°) = 2no®) ™" exp{— 23;2 i(yi —ﬂ)z}
=L(u,0°)
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Maximum Likelihood Estimation - Mean

L(u,0°) is called the likelihood function.
What we want to do is find the values of (u,c?)
that maximize L(x, o). The value of x that maximizes

L(u,c?) is the value £ that minimizes Y (Y, — u)*.

=1
The value of 62 that maximizes L(u,o?) is

R 1< R
G* :_Z(yi _ILl)z'
)

N

d=y, —u

n
minimize ) d/
i=1

note n not n-1
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Maximum Likelihood Estimation - Mean

L(u,0°) is called the likelihood function.
What we do is differentiate L(u,o?) wrt « and 62, set=0 and

solve. That is,

@L(IU,JZ) _o and @L(IU,JZ)
ou e oo’ |. .,

U,c U,c

-0 -

The values of 1z and &* that maximize L(l,c2) are the

maximum likelihood estimators (MLES).
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Maximum Likelihood Estimation - Mean

However, this Is messy, but we can instead maximize

LL(u,0%) =In(L(x,07))

as OLL(u, o) _0 OLL(u, o)
ou - ol -

/’I’G ,Llla

=0

to obtain MLEs p and 02 because it is a monotonic function.



Marquette University MSSC 6010

Maximum Likelihood Estimation - Mean

With ¥, = 4+ ¢, and & ~ N(0,5°), & independent,

f (Y Yo | p,0°%) = (270®) ™ eXp{— 12 i(yi —u)z}

20 i—
LL(1,0%) =2 log(2r) - Dlog(o?) - =25 3 (y, - )’
| 2 2 20° <=7
OLL(u, o) 1 < .

— 20y, — 4)(-1) =0
on |, 757 2200~ D)

NI

H=—rY




Marquette University MSSC 6010

Maximum Likelihood Estimation - Mean

With ¥, =4+ ¢, and & ~ N(0,6°), _ independent,

f(Yyooon Yo | 1,0%) = (275°) " exp| - - Zn’,(yi—u)z}

20-2 i—1
LL(u,0%) = — )
OLL(u,0%) n 1 L
oo T 26 2(”) Z(y' Ay =0
f1,6%

o I n
6 :HZ(yi _/U)Z
i—1

note n not n-1
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Maximum Likelihood Estimation - Mean

Solving for x and o2 yields

~ 1 1 .
ﬂZHZyi and UZZHZ(yi_ﬂ)Z
| I= This is why

These are MLEs, most probable or modal values. weusea
denominator
Note that the denominator is n and not n-1. n-1.

(nr;l) i r

N

~2
&7 is a biased estimator of o2, E(07)=

n-1

nG2 né* o E(52) = 0= 52
: ~Zz(n_1)_> E(O_z)—n 1 — E(o7) n o
_1)s? n—1)s’

(n ?S "Zz(n—l) —> E(( 2) ]:n—l —> E(SZ)=02
O O
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Maximum Likelihood Estimation - Mean

f#~N (ﬂ,a—) Yy, =5.0003 sz =(0.3987
\ n
V 7
n=10;, mu=5;, sigma=2; 5

y=sigma*randn(10”6,n)+mu;
ybar=mean(y,2);

figure(1) !
hist(ybar,(0:.1:10)") il
axis([0 10 0 70000])

mean(ybar),var(ybar)
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Maximum Likelihood Estimation - Mean

(n—

2
A2 G

6 ~—y°(n-1)
N

sigmazhat=var(y',1)";
figure(2)
hist(sigma2hat,(0:.2:20)")
axis([0 20 0 55000])
mean(sigmazhat)
var(sigmazhat)

y,

55

MSSC 6010

4

2
) =36 2(n—1)%:2.88
n
,=3.600 s, =2.8805

x 10

Toggle with
next slide.




Marquette University MSSC 6010

Maximum Likelihood Estimation - Mean
(n-1)=9 2(n—-1)=18

A2
. o vV = 2 _
72=nZ ~ ¥ (n-1) Y, 9.000 S =18.0031
O 5_5x10“ L L
chi2z=n*sigma2hat/sigma”2; 12 Zn:(yi — )’
flgure(3) af =1
hist(chi2,(0:.5:50)")
axis([0 50 0 55000]) 3
mean(chi2)
var(chi2) i
L5 Toggle with
1- previous slide. -

hOI’iZOﬂtal- aXiS SCale —> 9% 5 10 15 20 25 30 3r5A 20 25 50

7°=n6"lo°
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.
Let y. =a+bx +¢,
where & ~ N(0,07) il

are independent.

i _ 1 n Measurement
ety Error
A

True Line

Y =a+in T
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.

Let y. =a+bx +¢,

2 /
where & ~ N(0,0°) N
I\ ¢
-l \
\
) / FY\ /
are independent. : = \ )
/I\ // \\ / // //
/ / /
- / \ ‘ /
— Measurement H D / \ / /
\ / /
\ / / / / /
\
True Line v/ / / / / X6 X
/ /
| | // / / %
/ / X
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.
Let y. =a+bx +¢&,, where & ~ N(0,6°) are independent.

Then, the likelihood is
exp[—(y, —a—hx)?/26°] exp[-(y, —a-bx,)’/20]

(272_02)1/2 (272_02 )1/2

f (Y ¥y |0, 0%) =
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Maximum Likelihood Estimation - Linear

This technique, can be generalized to linear regression.
Let y. =a+bx +¢&,, where & ~ N(0,6°) are independent.
Then, the likelihood is

f(Yproo Yo |20, 0%) = (27707) 2 exp{—zlz .0y —a—bxi)z}
O jx

and the log likelihood is

LL(a,b, o) =2 log(27) - log(o™) - LS (y,—a—bx)? |
=1 |

2
20° 4
\ J \ J \
| | |

noaorb noaorb aorb
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Maximum Likelihood Estimation - Linear

L(a,b,c%) is again called the likelihood function.
What we want to do is find the values of (&,b,0%)

that maximize L(a,b,o?). The values (a,b) that maximize

N

L(a,b,o?) are the values (4,b) that minimize Z(yi —a-bx)’
i=1

The value of 62 that maximizes L(a,b,c?) is

62 ==>(y,—a-bx)* Y
n<s minimize Y d,
i=1
wrt a, b
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Maximum Likelihood Estimation - Linear

Differentiate LL(a,b,o*) wrt a, b, and o2, then set =0

LL(a,b,o?) = —a—bx)’
oLL(a,b,o?) 1 & A
= 2 a—bx)(-1)=0
= . &2; (y; - (1)
aLL(a,b,az) 1 & IS
— 2(y. —a—bx. )(—x)=0
oLL(a,b,c?) n 1 L
= —— —4-bx): =
e R T e IR L
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Maximum Likelihood Estimation - Linear

Solving for the estimated parameters yields

- v
h=__i i=1 i=1

N x) -0 %)’
i=1 =1
SRR IRIRIORID

)
|l
Q>
+
(@R
p

D
I

é n n
n(ZXiZ)_(ZXi)Z

a=y-bx

5 :EZ(yi _é_BXI)Z
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Maximum Likelihood Estimation - Linear

id

The regression model Y; =a+bx; + & where ¢ ~N(0,5°)
1=1....N
that we presented, can be equivalently written as
design measurement
_ matrix ) error
y=Xp+e& where — TEE regesin -
(Y (1 %) < ()
N\ 1 X a g
y — ¥2 y X — . .2 y ﬂ — ( j ) g — .2 ’
nx1 . nx2 . . 2x1 b nx1 .
\ Yn / \1 Xn ) \ &n

and €~N(0,6°1,). |_is an n-dimensional identity matrix.
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Maximum Likelihood Estimation - Linear

The regression model y= X+ ¢ where ¢~ N(0,c5°1 ).

(v ) \ (e )
Y1 1 % &1 y, =a+bx +¢
o |t R[], %
: .+ [\Db :

\ Yn \1 Xn ) \ &n /
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Maximum Likelihood Estimation - Linear

With y=Xg+¢ and &~ N(0,5°1))

nx1 nx1

The likelihood Is

f(y,,.... Y, |a,b,o?)=(27c?) 2exp| -

le(y—xm'(y—xm}
O

compare to

f (Yoo Yo |80, 0%) = (27707) 2exp —zlzz(yi —a—bxi)z}
O jx

and the log likelihood is

L (Y= XB)(y—Xp).

20

LL(a,b,o?) = —g log(277) — g log(c?) —
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Maximum Likelihood Estimation - Linear

L(S3,0°) is again called the likelihood function.
What we want to do is find the values of (3,57)
that maximize L(fB,oc°) . The value of g that maximizes
L(B,0°) is the value £ that minimizes (Y — X 8)'(y — X 53).
The value of 62 that maximizes L(8,c°) is

2 1 A A —y —A-bx
6% ==(y = XP)(y~ X p) fmYim A
n minimize (y — X 8)'(y — X f)

We need to find 3. Wit/
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Maximum Likelihood Estimation - Linear

We don’t need to take the derivative of L(8,5°)

wrt g (although we could). We can write with algebra

(Y=XB)'(Y=XB)=(y=XB)(y=XB)+(B-B)(X'X)B-p)

N add and subtract Xp — invertible does not depend on

where B=(X"'X)*X"y. It can be seen that
[ = maximizes LL(B,0°) because it makes

h N (y=XB)(y-Xp)
LL(5,0") = = log(27) -~ log(c”) smallest

0= XD -XB)+ (8- HOCXNBE-B)]
O



Marquette University

Maximum Likelihood Estimation - Linear

MSSC 6010

More generally, we can have a multiple regression model

y=Xf+¢& where €~ N(0,02|n) and

nx1
v
(Y,
y=| 2
nx1 .
\ Yn /

measured
data

nx1

(1 %,
1 X,

1 X,

\

regression

design > measurement
matrix coefficients error
e /
) (A) (&
X J5; g
20 y 1 y 2
. = . &= .
(q+€)><1 . nx1
Xna \'B a/ \én
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Maximum Likelihood Estimation - Linear

The MLEs are the same,

B=(X'X)'X'y and 6" =—(y-XA)(y-XA)

(g+1)x1 x1
In addition,
A2
. o 5 2
(qg)x: N('B’GZ(X X) 1) and n?~75 (n-gq-1)

(Y=XB)(Y=XB)=(y—XB)' (Y- XB)+(B-B)(X'X)B-p)

2\ e 22 (+)
could + & - X / =
This means we should use a denominator independent

of n-g-1 for unbiased estimator of c2.
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Maximum Likelihood Estimation - Linear

Let f=(a,b)', X =(1, XQ, then
,é ~N (,3,(72()( 'X)—l) Column

(@+1)x1

num=10"6; a=.8;b=.5;, sigma=2;
x=[1,2,3,4,5]"; n=length(x);
mu=a+b*x';, X=[ones(n,1),x];
y=sigma*randn(num,n)...
+ones(num,1)*mu;
betahat=inv(X'*X)*X"*y";

figure(1), hist(betahat(1,:),(-10:.2:10)")
figure(2), hist(betahat(2,:),(-5:.1:5)")
betabar=mean(betahat,2);
varbetahat=var(beta,hatl,2);

D.B. Rowe

MSSC 6010

W = (X'X)

of settings |

a=0.8
-y, =0.7997

oW, =44
s = 4.4009

b =0.5 GZWZZ =04
. ¥;=0.5005 Sl s?=0.3997
cov(a,b)=-1.2 corr(a,b)=-0.9045
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Maximum Likelihood Estimation - Linear

n-q-1 2(n—qgq-1)
A2

G, (nN-2)=3 2(n-2)=6
X =N 2 x (n-2) y.. =3.0006 522 =6.0038
resid=y-(X*betahat)'; S PR
sigma2hat=var(resid',1)"; a— lSXi)2
chi2=n*sigmazhat/sigma”2; 0
figure(3)
hist(chi2,(0:.5:30)") 8
xlim(J0 30]) ;
mean(chi2), var(chi2) .

7°=né’ o
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Example

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Estimate the slope, y-intercept, and residual variance.

g

(1.4 | 1 1] 5 15 oy 1.1 -0.3
X 'X = (X'X)*" =

2.3 1 2 15 55 -0.3 0.1

— 17 =
417 20 X=13 (X X)X 08 05 02 -01 -04
@) =
2 ' L4 02 -01 -00 01 02
g 3.4 1 5

1 5 SV [0.95
A p=(XR) "Xy = 0.47
L=(X"X)"X"y

n ) 6° =0.1286 -
6 =n") (y,—a-bx)’ 3

—

D.B. Rowe
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Example

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Estimate the slope, y-intercept, and residual variance.

Because the likelihood L(a,b,o?) = (27202)_2 exp[— 212 Enl(yi —a—bxi)z}
O iz

IS maximized when we select (a,b) to minimize Y (y,-a-bx)*,
i=1

. 1 .
we can set up a score function Q== (v, —a-bx)* (i.e. ¢?)
i=1

and try (a,b) combinations to see which make Q smallest.
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Example

{ = 4+ bx
Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Numerically get slope, y-intercept, and residual variance.

g

Select a i, a..,, by @and b, values. UseAa = Ab =.01.

AN
Perform an exhaustive brute force grid search. caler

o lon .
Compute 6° = HZi_l(yi —a—bx)* for each (a,b) combination.

Find the a and b combination that make o2 the smallest.

Method 2
1

The a and b that min o2 are 4and b “and the 62 is 6°.

—
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Example

{ = 4+ bx
Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Numerically get slope, y-intercept, and residual variance.

g

a,, =-1.0 a,,=2.0
bmin :'1.0 bmax — 25

0.25

0.2.-

~ | Compute o° for each (a,b) ..
= . .
2 | combination. Make surface. ™ ,,
%J 0.05
A 095 | 2‘5\ ‘““x\\\b\\\ ‘\’)
~10.47 6° =0.1286 T
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Example

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Use Gradient Descent to iteratively find the (&, b) that

aQ_2
da n
(9]
3] Q_2
=] do n
=

—

L 1 <
" that minimize Q=Hzi:1(yi —a—bx)".

__Zinzl i tan+ bZinzl X J

__Zin:l XY +ay X +by Xin

SX - Zinzlxi Sy - Zinzl Y SXX - Zi”:lxiZ xy Zinzlxi i
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Example

Method 3
1

MSSC 6010

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).

—

aQ_2
da nt-
Q_2
db n

VQ =

_—Sy +an + bSX]
S, +asSx+bs,, |
40
| db_

Use Gradient Descent to iteratively find the (4, b) that
L 1
that minimize Q=Hzi:1(yi —a—bx)".

w w w
Il



Marquette University

Example

MSSC 6010

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Use Gradient Descent to iteratively find the (&, b) that

L 1 <
that minimize Q =Hzi:1(yi —a—bx)".

1

YO(@.5) 2{—8y N SX} )
a,0) =— d

n _Sxy Sx Sxx b

Start with initial (4®,b) or 3.

Method 3
1

Calculate new ,53(” _ ,ém) ~ WV Q( ﬁw))
Calculate new ,5’(2) _ I[’;(l) ~ NQ( Igm)

—

O =

step size

¥ =.0001

Continue until convergence gt = 0 _ (") at k=L.
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Example

A

Method 3

Given observed data (1,1.4), (2,2.3), (3,1.7), (4,3.0), (5,3.4).
Use Gradient Descent to iteratively find the (&, b) that

L 1 <
that minimize Q =Hzi:1(yi —a—bx)".

MLE is last value A" o

or (&, b™).

Just set L=5x10°.

0.21

0.2 -
0.19
0.18 -
0.17 -
0.16 -
0.15 -
0.14 -

NA13 -

~ | 0.95

0.12
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Maximum Likelihood Estimation - Exponential

This iIs a more general method than just for linear functions

Let Y, = ae™™ + &, y
where & ~ N(0,07)

are independent.

1=1....Nn
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Maximum Likelihood Estimation - Exponential

This iIs a more general method than just for linear functions
Let ¥, =ae ™ +¢& , where g ~ N(0,5°) are independent.
Then, the likelihood is

f (Y, Y, |20, 0%) = (27267) 2 exp{— 21 > > (Y, —aebx‘)z}
O ja

and the log likelihood is

LL(ab,o?) = —glog(Zﬂ) —glog(az) ~ LSy, —ae ™)
)

20-2 i—
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Maximum Likelihood Estimation - Exponential

L(a,b,o?) is again called the likelihood function.

What we want to do is find the values of (a,b,o?)

that maximize L(a,b,o?). The values (a,b) that maximize
L(a,b,s?) are the values (4,b) that minimize Zn:(yi —ae )7,

=1

The value of 62 that maximizes L(a,b,c?) is

N 1 n /N —A - N
on :HZ(yi —ae™)?, d =y —ae b
- minimize > d
wrta, b i<
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Maximum Likelihood Estimation - Exponential

Differentiate LL(a,b,o*) wrt a, b, and o2, then set =0

LL(a,b,o?) = —glog(27r) —glog(o-z _ae™™)?

oLL(a,b,c?) 1 Z”: A b bx
=27 2,2y, 8 ™)(-e™) =0
oa |, 26°13
8LL(a,b,O'2) Z bx; —bx;
= 2(y, —ae ")(—axe ) =0
ob 4652 20'2
oLL(a,b,c?) n 1 . bx
=—— - (y, —8e™)* =0
602 ap.62 2 2( 2) Z
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Maximum Likelihood Estimation - Exponential

Solving for the estimated parameters yields

Z”: ye y

a=

Ze—bx \ No analytic

solution.

ZX y.e -bx / Need

numerical
> xe ™

Solution.
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Maximum Likelihood Estimation - Exponential

Since we had to numerically maximize the likelihood,
we do not have “nice” formula¥ s

for the mean and variance of ..

(a,b,c?) 3

N
I

a and b that minimize de
i=1

s %Z(yi —de ™)’ |
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Homework 10:

1) Prove

Q) (Y= XB)(y—XB)=(y—XB) (Y= XB)+ (B~ L) (X' X) S~ p)

b) That the MLEs for a,b and o2 on slide 29 are the same as
those on slide 23.

(4
BLOESARORIOND ﬂ:(gj
P : i=1n i=1 A
(2 x) - (X p=(X"X)"X"y

s pe s 1 NPV | A .
a=y-bx &*=23.(y-a-bx)" &7 =—(y=XH)(y~Xp)
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Homework 10:

2) Given observed data points (1,1), (3,2), (2,3), (4,4).
a) Plot the points.
D) Analytlcally estimate the regression slope and y-intercept.

.e. find ¥ =4+Dbx by estimating & andb . 1 1] 1]
A R 1 3 2
Use f=(a,b)'=(X'X)" X'y where X = L 5 and Y= 3|
=
£- 1 4] 4
= Estimate the residual variance o2,

5° = n—lzi“:l(yi —a-— 6Xi)2

using the estimated & and b .

—
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Homework 10:

g =4 +bx
2) Given observed data points (1,1), (3,2), (2,3), (4,4).

¢) Numerically fit a regression line to the points.

Select a,,.., 8., Bin, aNd b, values. Use Aa=Ab=.1
AN

can make

Perform an exhaustive brute force grid search. smaller

. 1 <« n
Compute 6° = Ezizl(yi —a-bx)” for each (a,b) combination.

Find the a and b combination that make o2 the smallest.

Method 2
1

The a and b that min o2 are @ and b “and the 62 is &°.

—
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Homework 10: n
S :Zi LY

2) Given observed data points (1,1), (3,2), (2,3), (4,4). S, =)

_1I

d) Use Gradient Descent to iteratively find the (é, 6) that

1 <n 2
that minimize Q=EZi:1(yi—a—in) - 5, =" ¥
dQ d1 B 27 o : ”
% - danz' L (y;—a—bx)? = > yi+an+bzi:1xi] )= 2 %Y
£- dQ d1 27
S| db db_z_l(y. a-bx)"=—| PIRAELI L) PR J
(k+1) _ (k) _ (k) _S S 1
AU = B9 - Q) VQZE{ ;T x}ﬁ p-a
y =.0001 Sy S S b
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Homework 10:

2) Given observed data points (1,1), (3,2), (2,3), (4,4).

f=(a5)=(X"X)"X"y y =8-+bx

%Zin:l(yi — a_bxi)2

A2
O

e) Plot the two (three) lines on the same graph as the points.
f) Plot the surface of (a,b,6%) values from c).

with the estimated points from b) and c¢) (and d) ).
g) Comment.
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Homework 10:

3) Given observed data points
(1/2, 3.21), (1,1.82), (2,.86), (3,.20), (4,.06), (5,.40).
a) Plot the points.
b) Numerically fit a regression single exponential to the points.
Find § = 4e™
Set up an interval of possible a and b values.
Select Aa and Ab values. Compute o =n">"" (y,—ae™)’

for each combination. Find a and b that make G2 smallest
The a and b that min ¢? are & and b and the o2 is &2

c) Plot the curve Y =ae" ™ on the same graph as the points.
d) Plot the surface of (a,b,c%) values from b).
e) Comment. Aa = Ab= 1
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Homework 10:

(1/2, 3.21), (1,1.82), (2,.86), (3,.20), (4,.06), (5,.40)

4) Given same observed data points as in 3).
a) Take the natural log of each y point, y'=log(y) .
b) Plot the points (y' and old x).
b) Guess where the “best” fit line to the data is.
c) Analytically fit a linear regression line to the points.
l.e. find y'=¢+dx, where c=log(a) and d =—b.
d) Plot the curve y =e‘e % on the same graph as the points
and the prewous fitted curve from 3).
e) Compute 6° from y=exp(y') and § =e° %
f) Comment.
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5) Let X,---, X, be an independent sample from_each of the
following PDFs. In each case find the MLE & of 6.

X~—0
) F(x]0)= 25— x=012,..., 0<f<w, F(0]0=D=1,
X!

b) f(x|@)=0x"" ,0<x<1, 0<f<o.

1 —X/0

C)f(X (9)2—6 OD<X<oo,0<f <. f(x|6)=0 where
% not defined

1
d)f(X|9)=§el gl, —0<X<O, —0<f<o0.

e) f(X|9):e_(X_9), O<X<w , —0<f<w.
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6) Generate a random sample X;,---, X, from each of the pdfs
In 5). You choose appropriate ¢ value for each f(x|8). n=25

Repeat samples so you have a total of 10° from each f(x|6).

Calculate the MLE from each so that you have 10°.
Calculate the mean, variance, and make a hist of MLEs.

*How do the MLEs of 8 compare to the means, modes, and
medians of f(x|8).



