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Continuous RVs, PDFs, and CDFs

Assume that the continuous random variable (RV)
can take on values

X €[a,b]
then, the probability distribution function (PDF) is given by

f (x|8) defined for Xela,b]
where x can be defined within an infinite interval

and @ are any parameters that the PDF depends on.
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Continuous RVs, PDFs, and CDFs

Further, the cumulative distribution function (CDF) is given by

F(x|@)=[" f(t]o)dt

Additionally, any PDF must satisfy
1) 0<1(x]0)

2) jf(xw)dx:l |
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Continuous Expectation

Given an arbitrary continuous probability distribution
f(x|0), we want to

compute quantitative population summaries of it such as
population mean, u= xf (x| @)dx
X=—00

population variance, g% = ro (x—1)* f (x| @)dx

population standard deviation, o = /o
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Continuous Summaries

Given an arbitrary continuous probability distribution
f(x|0), we want to

compute quantitative population summaries of it such as

population median ¥, r__ f(x|9)dx:%

population mode X |, gf(XW) 0
X .

X

Provided f is differentiable.
Max if 2nd der neg at point.
Check boundary points for max.
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Continuous Expectation

These population moment numerical summaries are found by
expectation

o0

E[g(X)[61= [ 9(x)f (x| O)dx

The mean Is

#=E(X]06)

and the variance Is

o’ =E[(X-u)°|0] .



Change of Variable

Given a random variable x, with probabillity
distribution function f,(x|0), we often would
like to know the probability distribution of a

random variable y, that is a function y(x) of x,

y=Y(X).
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Change of Variable

Let y=y(X) be a one-to-one transformation

with inverse transformation x=x(y) .

Then, if f,(x|0) is the PDF of x, the PDF of y
can be found as

Ty (y168) = T (X(¥)[0)x][ I (x = Y)|

dx(y)
dy

where J(x —>y)=

Suppress PDF subscripts.
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Change of Variable
Uniform:

A random variable u has a continuous uniform distribution,
u~uniform(0,1) if

1 if uel01 fw
f(U) = | <[0,1] |
0 if ug[0,1] -
and
1 SRR
ILIU 2 u 12 .




Change of Variable

Uniform:

We can generate 10% random uniform(0,1) variates
and compare theoretical PDF to empirical histogram

1 if ue[0,1
fy=1t ! <[0,1]
0 if ug[0,]]
along with mean and variance
u=rand(1076,1);
hist(u,100)

mean(u)
var(u)
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Change of Variable

Uniform:
Theoretical Simulated
f(u) T T T T T f(u)12000 T T T T T
0 r r r 1 u O-0.2 0 0.2 0.4 0.6 0.8 1 u 1.27
ﬂ% 0.5 U 0.5003
G, 0.083 S’ 0.0833
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Change of Variable
Uniform:

We can obtain a random variable x that has a general
uniform distribution in the interval a to b via the
transformation

X=(b-a)u+a

The PDF of x can be obtained by
f(x|a,b)=fu(x))x|J(u—x)]

where u(x) is u written in terms of x and J(+) is the Jacobian
of the transformation.
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Change of Variable
Uniform:

The original variable u in terms of the new variable is

X—a
U(X)=——
(X) "
and the Jacobian of the transformation is
J(U—>Xx)= du(x) :—1 _
dx b—a
This yields

f(x]a,b)=fux)x|J(u—x)|=1x

.
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Change of Variable
Uniform:

A random variable x has a continuous uniform distribution,
X~uniform(a,b) if

(1 . -
——  if xelab f(x)
F(x)={b-a seE

0 if xgl[a,b] _a

where, a,beR ,a<b.

Note that u=0 mapped to x=a
and u=1 mapped to x=b.

b

X



Change of Variable

Uniform:

We can generate 10° random uniform(a,b) variates
and compare theoretical PDF to empirical histogram
1

— if b

f(x)=1p_a If Xxe[a,b]

0 if xe¢[a,b]
along with mean & variance by transforming random variates
a=1;b=2; 108 uniform variates
x:a+(b-a)*u./ u=rand(10"6,1);

hist(x,100)
mean(x), var(x)
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Change of Variable

. a=1 b+a (b—a)?
niform: =—— ogl=—
Unifo _ ="~ o=
Theoretical Simulated
f(X) T T T T T f(X)12OOO T T T T T
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Change of Variable

Normal: The same process can be applied.

A random variable z has a standard normal distribution,
z~normal(0,1) if

1 f(z) ™
f(2)=—re?

0.25+

where z e R and

u,=0  o,=1"




Change of Variable

Normal:

We can generate 10% random normal(0,1) variates
and compare theoretical PDF to empirical histogram

f(z) = ﬁezz

along with mean and variance

z=randn(10"6,1);
hist(z,(-5:.1:5))
mean(z), var(z)
Xlim([-5 5])



Marquette University MSSC 6010

Change of Variable
Normal:

Theoretical 4 Simulated
T T T T T f(z) 4 T T

f(2)

0.35-
0.3 3
0.25 2.5
2k
1.5

1~

0.5~

Z
ﬂzz 0 7 9.4576x104
2
o, 1 S, 0.9994
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Change of Variable
Normal:

We can obtain a random variable x that has a general
normal distribution with mean x and variance o2 via the
transformation

X=0Z+u
The PDF of x can be obtained by

f(x|p,0%) =1 (2(x)x[I(z > x)|

where z(x) is z written in terms of x and J(-) is the Jacobian
of the transformation.
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Change of Variable
Normal: f(2) =

Z2

N |-

1
Nk

The original variable z in terms of the new variable is

7(X) = 2=

and the Jacobian of the transformation is

J(Z_)X):dz(x) 1 |
dx o
This yields 2
2 1 ‘%(X?Tﬂj 1
(x| n?) = £ (200|320 x;|
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Change of Variable
Normal:

A random variable x has a general normal distribution,
X~normal(u,c?) if

1 )
o277 :

f(x|u,0°)=

where, x,ueR ,0< 0.

Note that z=-« mapped to x=-«
and z=- mapped to X=«.




Change of Variable

Normal:

We can generate 10° random normal(x,c?) variates
and compare theoretical PDF to empirical histogram

1 x—pu
f(X|u,0°) = Le‘g(%)

o2x

along with mean & variance by transforming random variates

m_u_5’ ’S.I gma:2/ 106 standard normal variates
X=mu+sigma’z z=randn(10"6,1);

hist(x,(-5:.2:15) )
mean(x), var(x) , xlim([-5 15])
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Change of Variable
Normal: ©U=5 o*=4

Theoretical 4 Simulated
T f(x) 4 T

3

2.5

2+

0.08 -
1.5~

0.06
1k
0.04

0.02
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Change of Variable

This process can be used to find the distribution of more than
linear functions y=y(x) of random variables.

For example, let x~normal(u,c?).

2
X —
Assume we want to know the distribution of vy :( ﬂj .
o

We can determine f(Y) through the transformation of
variable procedure.

Homework problem.
f (y10) = [ (x(Ox[ I (x> )|
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Change of Variable
Not one-to-one

Let y=y(x) be a not one-to-ane transformatian,
e yort then X () =Y and () =Y )

We can still perform the change of variable by
breaking up the transformation into pieces that arel-to-1.

dx. (y)

fy(y[6) = Zf (x;(¥)[0) %

e. fY(yw):fx(ﬁwm”x(—ﬁl@)—
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Homework 6:
1) Let x~Normal(u,c2). X— g1 2
a) Derive the distribution of ¥ =
using the transformation of variable technique.
b) What is the name of the distribution?
c) What are the mean and variance of this distribution?

2) Generate 10° Normal(5,4) random variates.
a) Make a histogram, 50 bins.
b) Compute sample mean and variance.
c) Subtract 5 from each random variate, divide by 2, square.
d) Make a histogram, 50 bins.
e) Compute sample mean and variance.
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Homework 6:
3) Let u~uniform(0,1).

a) Derive the distribution of y=-2In(u) using the transformation
of variable technique.

b) What is the name of the distribution?
c) What are the mean and variance of this distribution?

4) Generate 10° uniform(0,1) random variates.
a) Make a histogram, 50 bins.
b) Compute sample mean and variance.
c) Take natural log of each variate then multiply by -2.
d) Make a histogram, 50 bins.
e) Compute sample mean and variance.



Marquette University MSSC 6010

Homework 6:
5) Let u~uniform(-z/2, /2).

a) Derive the distribution of y=tan(u) using the transformation
of variable technique.

b) What is the name of the distribution?
c) What are the mean and variance of this distribution?

6) Generate 10° uniform(-z/2, z/2) random variates.
a) Make a histogram, 50 bins.
b) Compute sample mean and variance.
c) Take tangent of each variate.
d) Make a histogram, 50 bins.
e) Compute sample mean and variance.
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Homework 6:

7) Let x~normal(0,1).
a) Use the transformation of variable technique for y=1/x.
b) What can you tell us about the distribution of y?

8) Numerically integrate the f(y) PDF with rectangles
to find the 99t percentile.
9) Generate 10° normal(0,1) random variates.
a) Make a histogram, 50 bins.
b) Compute sample mean and variance.
c) Take the reciprocal of each random variate for y=1/x.
d) Make a histogram, 50 bins.
e) Compute sample mean and variance.
f) Find the .99*10° largest value x,. (Compare to 8)



