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Continuous Distributions
Student-t:

A random variable x has a continuous Student-t
distribution, x~t(v) If

ri4 1 1

f(XlV)Z - — (v+1)/2 ’ XER
F(EJ vz (1+x2)

where v=12,... .
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Continuous Distributions

Student-t: r(v_ﬂ] 1 1

—( E- 1-E\- f (X | ]/) — 2
x=(-5:.1:5)" N T (v+1)/2
nu=[1,2, 5,10,100]; F@ VZE (14t XZ\
figure(1) v )
hold on 0.4
for count=1:length(nu)

y = tpdf(x,nu(count)); 035

if count==1

plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'d’,'LineWidth',2)
elseif count==3 2 o2
plot(x,y,'b",'LineWidth',2)
elseif count== 0.15
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'K','LineWidth',2)
end
end , r r r
xlim([-5 5]) ' _ ' ' ‘ X
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Continuous Distributions
Student-t: (=) 4

x=(-5:.1:5)" )
nu=[1,2, 5,10,100]; F(EJ NV (1,1 XZ\
figure(1) v
hold on 0.035
for count=1:length(nu)
y = tpdf(x,nu(count));
if count==1
plot(x,y,'r','LineWidth',2) 0.025
elseif count==2
plot(x,y,'d’,'LineWidth',2) 0.02
elseif count==3
plot(x,y,'b','LineWidth',2) 0.015
elseif count==
plot(x,y,'m','LineWidth',2) 0.01
elseif count==5
plot(x,y,'k','LineWidth',2) 0.005
end
end .
xlim([-5 5])

(v+1)/2

1

0.03
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Continuous Distributions
Student-t:
The CDF of the continuous
Student-t distribution Is

F(x|0) = _[ti_oof(t|9)dt
F(x|v) = _X“FKVTHJ L 1

f{=—00

dt
1—(%] M (1_|_ étZ)(v+1)/2

|:(1V_+1.§._x_2)
271\ 2" 272

Cs)vve

F(x)

2

%Hr(v_ﬂ)

Where ,F, is the hypergeometric function
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Continuous Distributions

Student-t: r(s) 4 .
=(-5:.1:9); § (v+1)/2
)rju:[l,2,5,10,100];, F( j A2/ ( 1 2)
figure(1) v
hold on

for count=1:length(nu)
y = tcdf(x,nu(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'g','LineWidth',2)
elseif count==3
plot(x,y,'b",'LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end r : :
xlim([-5 5]) ST x

F(x)
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Continuous Distributions
Student-t:

It can be shown that

0.4r

0.35

u = [xf(x|6)dx

0.3

AR 1
L

= 0 v>1

0.1+

0.05-
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Continuous Distributions
Student-t: .

It can be shown that

median

X 1
f(x]|@)dx ==
J, . f(xIO)dx=

X=0

mode

0
— f(x|8
ax(l)

X=0
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Continuous Distributions

Student-t:

that

o = [(x—u) f(x|O)dx

X

PuCE

1

= | (x-n)

X=—00

—~
3
=y

dx’

T (e

X 0.2¢

0.4~

0.35-

0.15

0.1
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Continuous Distributions

Student-t: (=) 4 1
f(x]v)= : (v+1)/2
nu=5;,num=10"4; F( j M( 2)
x=trnd(nu,num,1); S
mean(X)

var(X)
hist(x,50), xlim([-5 5])

1200 -
1000 -

800 -

True Simulated 600
U0 -0.0062
o’ 1.6667 1.6318

200

Can also find and plot ECDF. °

(6,1
N
w
N
[
X o
=
N
w
N
ul



Marquette University MSSC 6010

Continuous Distributions
Student-t:

nu=>5; "
y=tcdf((-5:.01:5),nu); s
olot((-5:.01:5).y, ')
hold on e
[F,xx]=ecdf(x); Sost
stairs(xx,F,'LineWidth',2) 0.4
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Continuous Distributions
Student-t:

The Student-t Distribution, can be generalized to
have location and scale parameters, so that

X~t(v,0,7) if

T 1
F(x|v,0,7)= F(%) M [ Ly ZJ(wl)/z xeR
1+( )
v T
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Continuous Distributions
Cauchy (Lorentzian):

A random variable x has a continuous (standard)
Cauchy distribution, x~Cauchy if

1 1
f(x|v)= >, where, xeR.
w1+ X

Cauchy distribution is a special case of the
Student-t distribution with v=1.

My 1 1
ngJE;@hﬂMWZ

14

f(x|v)=
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Continuous Distributions

Student-t (Cauchy): r(vﬂ 1
VJ \/%(1_'_1 2\(v+1)/2

x=(-5:.1:5)";
nu=[1,2,5,10,100];
figure(1)
hold on
for count=1:length(nu)
y = tpdf(x,nu(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'g','LineWidth',2)
elseif count==3
plot(x,y,'b",'LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end
xlim([-5 5])

f(x|v)=

0.4r-

0.35

v=11s
... Cauchy

Compare
totand z
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Continuous Distributions

Student-t (Cauchy): r(v_ﬂ] 1 .
f(x[v)=—+
x=(-5:.1:5)"; / (v+1)/2
nu=[1,2,5,10,100]; F@ VI (14 252)
figure(1) v )
hold on 0T -
for count=1:length(nu) v=1is V2
— . 0.03 B
el A
plot(x,y,'r','LineWidth',2) 0.025 Compare
elseif count==2
totandz
plot(x,y,'g','LineWidth',2) 0.02
elseif count==3
plot(x,y,'b",'LineWidth',2) 0.015-
elseif count==
plot(x,y,'m','LineWidth',2) 0.01-
elseif count==5
plot(x,y,'k','LineWidth',2) 0.005
end \
end S 5 s

x1im([-5 5])
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Continuous Distributions
Cauchy:
The CDF of the continuous
Cauchy distribution is : |

F(x|0) = jti_w f(t]|@)dt

X l 1
1+t

F(X) dt

t=—

_ 1 + iatan(x)
2 7 2
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Continuous Distributions
Cauchy:

It can be shown that

0.35r

0.3

u = J.xf(x|¢9)dx .
— j xl 1 ~dx -
X=—00 72- 1+ X i 0.15+

= not defined
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Continuous Distributions

Cauchy:

It can be shown that

median v2 e ;
X 1 i

f(x|@)dx == !

J, Tx10)dx =
x=0 "
mode
9 t(x]0) =0

X X

X=0
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Continuous Distributions

Cauchy:
that
o’ = j(x—y)zf(x|¢9)dx ]
F: 2 1 1 0.2+
N j(x_l0.21+x2w( 2

X=—00
0.15-

= not defined

0.1+
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Continuous Distributions

CaUChy: 1 1
Fx) 71+ X
nu=1;,num=10"4;
x=trnd(nu,num,1);
mean(X)
var(X)

hist(x,10°5), xlim([-10 10]) ™|

600

500

True Simulated 0o
U - 4.2813
o’ - 9.3156x10*

100

Can also find and plot ECD oy e s e —
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Continuous Distributions

Cauchy:
y f(x)zl 1

71+ X°

nu=1;

y=tcdf((-10:.01:10),nu);
plot((-10:.01:10),y, 'r") T
hold on 071
[F,xx]=ecdf(x); 0.6t
stairs(xx,F,'LineWidth',2) =5
axis([-10 10 0 1])

0.9

0.4

0.3
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Continuous Distributions
F:

A random variable x has a continuous F
distribution, X~F(v,,v,) If

F(WT"Zj [“j—;jw i1 2 .
F(%)F(V?Zj (1+ " x)(V1+V2)/2

F(X[vy,v,) =

where v, v,=12,... .
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Continuous Distributions

/2
: A Y
V2
x=(0:.1:15)’ FxIvava) = F[vllr(vzj L \01n)I2
nul=[1,5,5,10,50];, nu2=[1,2, 5,20,100]; o o (1 + é x)
figure(1)
hold on g i
for count=1:length(nul) ' o5z
y = fpdf(x,nul(count),nu2(count)); Lal V=555
" oty (o
plot(x,y,'r','LineWidth',2) 12 ,=50.v,
elseif count==2
plot(x,y,'g','LineWidth',2) !
elseif count==3 Z ..l
plot(x,y,'b','LineWidth',2)
elseif count== 0.6/
plot(x,y,'m','LineWidth',2)
elseif count==5 0.4
plot(x,y,'k','LineWidth',2) .
end
end . _

x1lim([0 71), ylim([0 1.7])
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Continuous Distributions

F:

x=(0:.1:15)"
nul=[1,5,5,10,50];, nu2=[1,2, 5,20,100];
figure(1)
hold on
for count=1:length(nul)
y = fpdf(x,nul(count),nu2(count));
if count==1
plot(x,y,'r','LineWidth',2)
elseif count==2
plot(x,y,'g','LineWidth',2)
elseif count==3
plot(x,y,'b",'LineWidth',2)
elseif count==
plot(x,y,'m','LineWidth',2)
elseif count==5
plot(x,y,'k','LineWidth',2)
end
end
xlim([3 15]),ylim(]0 .08])

D.B. Rowe

/2
F(w_vzj " V121
2 Vs X

f(x|v,,v,)=
12Y2 V4V, )2
T(a]l(22] (145 )"
2 2 v,
0.08 -
v1=1,v2=1
0.07 |- viToY, =2
v1=5,v2=5
v,=10,v,=20
0.06 v1=50,v2=100
0.05
0.04
0.03
0.02
0.01 \
0 4 6 8 16 12 14
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Continuous Distributions

F: Vi=5
The CDF of the continuous v, =50 |
F distribution is
F(x|) = _[ti_oof(tw)dt
S R e
F(x|v,v,) = t__‘-oo F(%jFK%j (1+%t)(vl+v2)/2 dt V2:50:
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Continuous Distributions

/2
F: I (Vﬁ_"zj {ﬁ] x"1/2-1
2 12
x=(0:.1:15)" T(x] Vl’vz) N FKVI]F(VQJ L \(2)/2
nul=[15510,50); nu2=[12520,100]; 2) 2 (1+ — \,
figure(1) ‘ ’
hold on 0.9 -
for count=1:length(nul)
y = fcdf(x,nul(count),nu2(count)); o8 P
if count==1 0.7+ 31;5::2;2
plot(x,y,'r','LineWidth',2) v1:5,vj:5
elseif count==2 08 v,=10,v,=20
plot(x,y,'g",'LineWidth',2) o v,=50,v,=100
elseif count==3 B
plot(x,y,'b','LineWidth',2) 0-4r
elseif count== 0.3k
plot(x,y,'m','LineWidth',2)
elseif count==5 0.2
plot(x,y,'k','LineWidth',2) il
end
end - T s
xlim([0 15]) x
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Continuous Distributions

/2
3 regfe) e
— Vo
f (lel’VZ) - F[ﬁ]l“(v_zj v (V1+V2)/2
It can be shown that 2 )t 2 (1+ ZX)
u = [xf(x|6)dx s
o F V_+1 1 1 1.2+ !
- J‘ Xlﬂ[ij\/* 2 (v+1)/2dxﬁ o
K== (Ej (1+ L ) = 0.8 B
Vv 1.6667
= 2 v, >2
v, —2
0.2 1-0204
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Continuous Distributions
F:

It can be shown that

finv(.5,nul,nu2)

. 1/2 &
median
X 1
f(x|@)dx ==
Ix:—w ( ) 2
X =no closed form
mode
0
— f(x|0)| =0
~ (x| )k
. V=2 v,
X = Vl > 2

). Q]

1.0000
1.2519
1.0000

0.9933

||><)

3000
4286

9412
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Continuous Distributions

F:
that
o’ = [(x—u) f(x]0)dx —
. 2 F(z J U“’ . ~s0um100
= X —
LU [2+3:%) o B

2vi(v, +v,—2)
(v, —2)*(v, - 4)

8.8889 1.6667

0.0642 1.0204
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Continuous Distributions

i f(X|vy,v,) = F(%jH S,
11V2 F[ﬁ]r(v—zj " (v, +v,)]2
nul=5;,nu2=50;,num=10"4; 2/ N2 (1+ZX)
x=frnd(nul,nu2,num,1); —
mean(x) - V=9
var(x) v, =50
hist(x,50), xlim([0 5])
[mu,sigma2] = fstat(nul,nu2) 500
True Simulated :::
[ 1.0417 1.0373 ﬁ
o2 0.5001 0.4859

100

Can also find and plot ECDF. % os 2 a2 s s 5 & a5 s
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Continuous Distributions
F:

nul=5;,nu2=50;,num=10"4;
y=fcdf((0:.01:5),nul,nu2);
plot((0:.01:5),y, 'r')

hold on

[F,xx]=ecdf(x);
stairs(xx,F,'LineWidth',2)

F(x[vy,v,) =

s

2

V1

LF (_

MSSC 6010
112
] Xv1/2—1
j (1 N " X)(V1+V2)/2
V2

cdf(x)
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Homework 5:
1) Let x~t(5), using pencil and paper, find
Plu—oc<xsu+o) .

2) Show by pencil and paper that the variance of the
Student-t distribution is ¢ = —

V—2

3) Numerically integrate Student-t pdf with rectangles
to find the 99t percentile. i.e. find x, such that
P(x<x,)=.99 for v=5.
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Homework 5:

4) Generate 10° Student-t v =5 random variables.
Empirically determine the 99t percentile.
.e. Find the .99*10° largest value x,.
such thatP(x< x,)~.99 .
Compare values to 3) and to value from t-table.
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Homework 5:

5) Make a histogram of the random variables in 4)
with at least 50 bins.

6) Make a empirical CDF from the values in 4).
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Homework 5: F(x)= -2

71+ x°
7) Let x~Cauchy distributed. Derive the distribution of y=cx+.

8) Numerically integrate the Cauchy PDF with rectangles
to find the 99 percentile. i.e. find x, such that

P(Xx<x,)=.99. Compare to the exact percentile.
F(x)==+—atan(x)
9) Generate 10° Cauchy random variates. 2 7z

a) Make a histogram, 50 bins.

b) Compute sample mean and variance.

c) Multiply each random variate by 2 and add 5.
d) Make a histogram.

e) Compute sample mean and variance.
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Homework 5:

10) Generate 10° Cauchy random variables.
Empirically determine the 50t and 99 percentiles.
l.e. Find the .50*10° and .99*10° largest values
X, such that P(x<Xx;)=.5 and P(x<x;)~.99.
Compare values to value 8.
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Homework 5:

11) Write a Matlab program to numerically differentiate

the F distribution and estimate the mode. " =>"2 =9
Ax=1/100
v, =95

12) Generate 10° F distributed random variables. v, =50
Empirically determine the 50t and 99 percentiles.
l.e. Find the .50*10° and .99*10° largest values
Xo such that P(x<X)~.5 and P(x<x,)~.99 .
Compare first value to 11 and second value to table.



