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y = Observed Data
1. Introduction
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1. Introduction

Objective
Model 1
Real Numbers
n=1p=1
X is observed
y:1x1
X:1x1
f:1x1
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y = Observed Data

X = Design Matrix (Regressors)

B = Vector of Regression Coefficients

¢ = Error (Residuals)

Model 9

Complex Numbers

n=4p=3

X IS unobserved

y:2n X1
X:2n X 2p
p:2p X1
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1. Introduction
Model 1-9

Models 1,4,7

y = XB + ¢, e~N(0,021I,)

Models 2,5,8

Models 3,6,9

= n=1 n=4
p=1 p=3 p=3
B V1 X11 X12  X13 €1
— By +¢ y =[x X2 X3] 'Bl s Y2| _ [X21 X222 X23 gl 4|52
Yi=Xib1T & : ,82 ! V3 X31 X3z X33||"Z] 7 |&3
3 Ya X41 X4  X43 Fs €4
y 1x1 1x1 nxl1 1x1 1x1 nx1 1x1 1x1 nx1
e 1x1 1Xp nxp 1x1 1Xp nXxp 1x1 1Xp nxp
(observed) (observed) (observed) | (unobserved) | (unobserved) | (unobserved) | (unobserved) | (unobserved) | (unobserved)
p 1x1 p X1 p X1 1x1 p X1 p X1 1x1 p X1 p X1
Children'sMercy | pocearch institute 6

KANSAS CITY




2. Models 1-3

Overview of Models 1-3

y =XB +¢,e~N(0,02%1,)

X I1s Observable

Real-valued parameters

Models 1 Models 2 Models 3
n=1 n=1 n=4
p=1 p=3 p=3
By V1 X11 X12 X13 By &1
y1 =x81+ & y1=1[*1 X2 X3]|Bz[+ & yi = ;ii 3)2; ;iz Bz | + Z
y
Bs Va Xa1 Xa2 X43 b3 &4
 Parameters to estimate:
y 1x1 1x1 nx1 . B, o2
T - N * “Friendly” Marginals
p nxp :
X (observed) (observed) (observed) * Can be SOIV_ed USIﬂg (?aICUIUS (OI'
other numerical technigues)
p 1x1 p X1 pXx1

Children’s Mercy
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y =X + ¢, g~N(O, 02) Parameter Dimensions

2. Model 1 ; y 1x1
Likelihood, Priors, Posterior X Is Observable X 1x1
Data Likelihood: I 1x1

f(y1X,B,02) « (d?) 2exp [—ﬁ (y — X,B)Zl (normal)
Priors:

f(B1Bo 0% mg)  (02) Zexp| -5 (B - fo)?|  (normal)

f(o?|a,y) « (02)_(““) exp [— %] (inverse gamma)

Posterior:

2042
h

f(B,0%|X,y) « (02)_( ;1) exp [_ﬁ

h=(Q—XB)?+nz(B—Bo)* + 2y

Children’s Mercy
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y=XB +¢&,e~N(0,02)

X I1s Observable

2. Model 1

Marginals & Conditionals

Posterior Marginals:

v+1

Feyy = |14 (E2)|

T

BIX,y ~t(v.B,72). EBIX,y) = B = (X* +ng) " (Xy +ngho).  Var(1X,y) =217

F(o?1X,y) e (%) exp [~ 4]

Parameter Dimensions

o2 X,y ~16(a. ="y, =2),  E(c?X,y) = ., Var(e?IX,y) = (a*_l)yf(a*_z)
Posterior Conditionals:
1 _ )
f(B1X,0%y) |55 Zexp|—2(55) " (8- B)’] v=2a+1

BIX, 0%,y ~N (B35 = o?(X? + nﬁ)_l)

f(o?18,X,y) « (02)_(a*+1) p[ y**]
O'zlﬁ,X,y"'IG(a*,]/**)

72 = %(X2 + nﬁ)_l
¢ =y?— (X2 +np)B? +ngPs + 2y

Vi = %[(XZ +ng)(B-B) +¢]

Children’s Mercy
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y =X + ¢, g~N(O, 02) Parameter Dimensions
2. Model 2

: y 1x1

Likelihood, Priors, Posterior X Is Observable X 1 %
p
Data Likelihood: I p X1

f1X,8,0%) e (2) Zexp |~ 50 = XBY(y — XB)|  (normal)

Priors:

F(B16o 0% ng)  (67) > exp [~25-(8 = o)’ (B — )] (normal
f(o?la,y) x (a2) () exp [— ;] (inverse gamma)

Posterior:

+2a+1
prea +1)

f(B,0%|X,y) « (02)_( exp [—%
h=Q—-XB)y—XB)+nz(B—Lo)' (B —Po) + 2y

Children’s Mercy
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y=XB+¢,e~N 0,07 Parameter Dimensions
2. Model 2 (0.07)

X I1s Observable

Marginals & Conditionals

Posterior Marginals:

o) 13-y [ (-]
BIX,y ~t(v,B,T), EBIX,y) = B = (X'X +ngL,) " (X'y +npB), Var(B|X,y) = )
f(“ X,y) « (62) Ve [_ _]

2
Posterior Conditionals:
1 | A, _1 )
F(B1X,0%y) o 55| Zexp |- (8 - B) (%) (8- B) v =20 +1
BIX, 0%y ~N (,5’,2/3 = o2(X'X + n/glp)_l) 7 = %(X'X + nﬁlp)_1
—(6{*+1) » ) A1 ; ) !
f(a?18,X,y) x (a?) exp [— );2] ¢ 3’13’ B ()fX +ngl,)B +npBo ?0 t 2y

Children’s Mercy

KANSAS CITY
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y =XB + ¢, gNN((), o2] Parameter Dimensions
2. Model 3 )

. y nx1
Likelihood, Priors, Posterior X Is Observable X nxp
Data Likelihood: I p X1

F(YIX,B,02) « (67) 2 exp |- O -xp)-xp)|  (normal)

Priors:

F(B16o 0% ng)  (02) > exp [~25 (8 — o)’ (B — )] (normal
f(o?la,y) x (a2) @ exp [— ;] (inverse gamma)

Posterior;

+p+2
npize, )

f(B,0%X,y) (02)‘(
h=—-XB)'(y—XB)+ng(B—Bo)(B—Bo)+2y

Children’s Mercy
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y=XB + ¢, e~N(0,0°I ) Parameter Dimensions
2. Model 3 (9. 2%,

X I1s Observable

Marginals & Conditionals

Posterior Marginals:

o) 13-y [ (-]
BIX,y ~t(v,B,T), EBIX,y) = B = (X'X +ngL,) " (X'y +npB), Var(B|X,y) = )
F(o?1X,y) « (62) Ve [_ _]

2
o’ X,y ~ IG( n+pz_+2a,y* - §) E(02|X, y) - # Var(02|X, y) - (a*—l)y;(a*—z)
Posterior Conditionals:
1 . . 4 X
F(B1X,0%y) o 55| Zexp |- (8 - B) (%) (8- B) S
BIX, 0%y ~N (,5’,2/3 = o2(X'X + n/glp)_l) 7 = %(X'X + nﬁlp)_1
—(6{*+1) » ) 1 X/X I ) ! 2
f(a?18,X,y) x (a?) exp [— );2] ¢ 3’13’ B (A +ngl,)B +npBo ?0 T2y
0?18, X,y ~ 16 (@, ¥..) Voo = 5 [(B = B) (XX +mp1,)(B = B) + ¢]

Children’s Mercy
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X I1s Observable

2. Models 1-3

Quick Review

_(n+p+2a B Vv R \I(R—
Posterior: f(B,02|X,y) « (d?) () exp [— SR XBHZ[;(Z[; FolF ﬁ0)+2y]

v+p

Marginal fOI’ ﬁ: f(ﬁlX,y) o< [1 +%(ﬁ . B), [V(XIX;nﬁIp)] (,8 . B)]_T

Conditional for B: f(B|X,02,y) x |ZB|_% exp [—ﬁ([)’ - B)'(x'Xx + nﬁlp)_l(ﬁ - B)]

o 2a+1+1 2a+p+1 2a + p +n
4 2a+1 2a+1 2a+n
' ke vt v+
B Marginal exponent v > ; p 2 D

Children’s Mercy
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3. Models 4-6

Overview of Models 4-6

Model 4
n=1
p=1

y1=x101+ &

y=XpB + ¢, 8~N(O,O‘21n)

X Is Unobservable

Real-valued parameters

Model 5 Model 6
n=1 n=4
p=3 p=3
Y1 X11 X12  X13 B, €
y1 =[*1 X2 + & ﬁ = iii 9)2; iiz Ba| + Z
Va X41 Xap Xa3 Ps &y

y 1x1 1x1 nx1

X 1x1 1Xp nxp
(observed) (observed) (observed)

p 1x1 p X1 pXx1

Children’s Mercy

KANSAS CITY

Research Institute

Known Parameters: y

Parameters to estimate:
« X, B, o0°

Marginals not “Friendly”

Can still integrate out ¢

Need to use numerical methods

to find expectations of the

marginals .




y =X + ¢, g~N(O, 02) Parameter Dimensions

Likelihood, Priors, Posterior X Is Unobservable X 1x1
Data Likelihood: I 1x1

f(y1X,B,02) « (c2) 2exp [—ﬁ(y — Xﬁ)zl (hormal)

Priors:

f(B1Bo 0% mg)  (02) Zexp| -5 (B - fo)?|  (normal)

1 _
f(X|Xo,02%,1n,) x (62) 2exp _—%(X - X0)2] (normal)

f(o?|a,y) « (02)_(a+1) exp [— %‘ (inverse gamma)

Posterior:

_(2e43 4 n
f(B,0%1X,y) « (c?) (%3 )exp [_ﬁ
h=(—-XB)*+ ng(B — Bo)? + ny(X — X)? + 2y
Children’s Mercy

KANSAS CITY
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y =XpB + ¢, g~N(O, 0-2) Parameter Dimensions

X Is Unobservable

3. Model 4

Marginals

Posterior Marginals:

VB+1
2

FBIX,y) [1 + 2 (EE)

T

v
ﬁTZ
VB_Z

ﬁleY~ t(vﬁiﬂAJTz)i E(ﬁleY) = B - (XZ +Tl'3)_1(Xy +n,6’ﬁ0)’ VClT'(ﬁlX,}/) =

Vx+1
2

T

FXIB,Y) [1 P2

X8,y ~ t(ve, 8, 62), EX|By) =& = (B*+ny)” (By +nyXo), Var(XIB,y)=%52

Vg = 2, vy = 2@

72 = %(X2 + nﬁ)_l, 5% = ex (8% + nx)_l

Ty
¢ =y?— (X +np)B? +ngPé + n (X — Xo) + 2y
0 =y® — (B* 4+ ny)X* + n, X§ +ng(B — Bo) + 2y

Children’s Mercy

KANSAS CITY

Research Institute 17




y =XpB + ¢, g~N(O, 0-2) Parameter Dimensions

3. Model 4 . y
Conditionals X IS Unobservable -
Posterior Conditionals: F;

F(BIX, 02, y) o |55] 2 exp =5 (%) (B - B)']
BIX, 0%y ~ N (B,5p = c*(X* +ng) ")

F(X18,0%) 55| 2 exp [~ 2 (207 (x - £)]
X|B, 0%y ~ N()? Sy =o%(B% + nx)_l)

F(o?18,%,y) o (62) "V exp [ ]
o |,8,X,y~IG(a*,y**)

20 + 2
2

1
Vix = E[(y _Xﬁ)z + nﬁ(ﬁ _ 130)2 + nx(X _ XO)Z + ZY]

a, =

Children’s Mercy

KANSAS CITY

Research Institute 18




y =X + ¢, g~N(O, 02) Parameter Dimensions

3. Model 5 . y 1x1
Likelihood, Priors, Posterior X Is Unobservable X 1 %

p

Data Likelihood: I p X1

f1X,8,0%) e (2) Zexp |~ 50 = XBY(y — XB)|  (normal)

Priors:

£(B1Bo 0% ng) < (62) 2 exp [~ ~5 (8 — Bo)'(B — By)|  (normal)

f(X|Xo,02,ny) (Gz)—§ exp :—%(X — X)) (X — XO)’] (normal)

f(o?|a,y) « (02)_(““) exp [— %‘ (inverse gamma)

Posterior;:

F(B.o?1%y) e (02) 0 2 Hexp |-l
h=—XB)'(y—XB)+ng(B—PBo) (B —Po) +ne(X — Xo)(X — Xo)" + 2y
Children’s Mercy

KANSAS CITY
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y =XpB + ¢, g~N(O, 0-2) Parameter Dimensions

X Is Unobservable

3. Model 5

Marginals

Posterior Marginals:

_VB+D
f(,BlX,y) o< [1 + i (,B . B)' [V[g(X/Xq:nBIp)] ('8 B B)]

BIX,y~t(vg, B, T)EBIX,y) =8 = (XX + nﬂlp)'l(X'y +ngPBy), Var(BlX,y) = "fz T

Ve

Vx+p
2

fXIB,y) ’1 + (X = %) [Vx(f)’ﬁ';naclp)] (x - )?)’]_

X8,y ~ t(ve, B, A),E(X|B, ) = X = (vB' + neXo) (BB + nxl,) ™", Var(X|B,y) =

Vyx

A

Vy—2

vg=pt+l2a+1l,vy=p+2a+1
_¢ l -1 _9 l; -1
T_ﬁ(xx+n51p) ,A—;(,BB + nyly)

d=y'y-— B'(X’X + n,b’Ip)B + 1, (X — Xo) (X — Xo)' +npBo'Bo + 2y
0=y'y— X(.B,BI + nxlp))?’ +ng(B — Bo)' (B — Bo) + nxXoXo' + 2y

Children’s Mercy

KANSAS CITY

Research Institute 20




y =XpB + ¢, g~N(O, 0-2) Parameter Dimensions

3. Model 5

- y
Conditionals X i1s Unobservable .
Posterior Conditionals: B
1
F(BIX,0%,y) e [Zg| Z exp =3 (B - B)' (%) (B - B))]
BIX, 0%y ~ N (8,25 = a?(X'X + nﬁlp)_l)
1 A~ ~
f(X18,0%,y) o« [5¢] 2 exp [- 3 (X = £)(Z) (X — X)']
X|B, 0%y ~N (8,3 = o?(BB + nxlp)_l)
F(o?18,%,y)  (62)"“ " exp -2
0-2|ﬁ’ X’y ) IG(a*’ y**) _
_2pt+2a+1
a, = >

1
Ve =35 v = XB)' (v = XB) + np(B = Bo)' (B — Bo) + (X — Xo) (X — Xo)' + 2y]

Children’s Mercy

KANSAS CITY
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y=XB + ¢, e~N 0,0%1 Parameter Dimensions
3. Model 6 (0.0%)

. y nx1

Likelihood, Priors, Posterior X Is Unobservable X
nxp
Data Likelihood: I p X1

F(YIX,B,02) « (67) 2 exp |- O -xp)-xp)|  (normal)

Priors:

F(B16o 0% ng)  (02) > exp [~25 (8 — o)’ (B — )] (normal

np

f(X|Xo,02%,n,) x (62) 2 exp [—%tr{(x — X)) (X — XO)’}] (multivariate normal)

f(o?|a,y) « (02)_(a+1) exp [— %‘ (inverse gamma)

Posterior:

2
np+n+p+ a+1)

FBo?1xy)  (57) 3

tr = trace(matrix)

Children’s Mercy

KANSAS CITY
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y =XB + ¢, g~N(O, gzln) Parameter Dimensions

X Is Unobservable

3. Model 6

Marginals

Posterior Marginals:

Vﬁ+p

BIX,y~t(vg, B, T)EBIX,y) =8 = (XX + nﬂlp)'l(X'y +ngPBy), Var(BlX,y) = "fz T

Ve

Vx+np

fXIBy) o [1 +=(x %) [Wﬁ';nxfp)] (x - X)] z

X8,y ~Mt(ve, 8,A), EX|8,y) = & = (WB' + nXo) (BB +nyly) ", Var(X|B,y) =

Vyx

Vy—2

vVg=np+p+2a,v,=n+p+2a
_¢ / -1 _9 ! -1
T—ﬁ(XX+n31p) ,A—v—x(ﬁﬁ + nyly)

¢ =y'y—B'(X'X +ngl,)p + nytr{(X — Xo)(X — Xo)'} + ngBo'Bo + 2y
0=y'y— tr{)?(ﬂﬁ’ + nxlp))?,} +ng(B — Bo)' (B — Bo) + nytr{XoXy'} + 2y

Children’s Mercy

KANSAS CITY

Research Institute 23




y=XB+¢, e~N 0,0%1 Parameter Dimensions
3. Model 6 (0.0%)

Conditionals X Is Unobservable -

Posterior Conditionals: B
F(B1X,02,y) o |55 Zexp 5 (8- B)'(3) (B - B)]
BIX, 0%,y ~N(f,55 = c*(X'X +ngl,) ")
F(X18,02%,y) o [Zx| 2 exp |~ 2 er{(X — X)(Z0) 2 (X — X))]

X|B, 0%y ~ MN (X5 = 02(BF + nuly) )
(a. +1) [ Vi

f(UZIBXy) (6%) exp | — 5

np+n+p+2a
2

1
= |y —XB)' (y — XB) + ng(B — Bo)' (B — Bo) + nytr{(X — Xo)(X — Xo)'} + 2y|

a, =

Children’s Mercy

KANSAS CITY
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X Is Unobservable

3. Models 4-6

Quick Review

Posterior: f(,B, a?|X, y) X (02)_(11 E a+1) exp [—Tiz{(y —XB)' (v —XB) + ng(f — Bo) (B — Bo) + nyetr{(X — Xo)(X — X¢)'} + Zy}]

Vﬁ+p

Marginal for B: f(B|X,y ) « [1 + i(lg _ ﬁ)’ IVB(X'X¢+TLBIP)] (,3 _ 3)]

Conditional for B: f(B|X,0%,y) |Zﬁ|_% exp [—%(ﬁ - B) (X'X +ngl,)(B — E)]

Vyt+np

Marginal for X:f(X|B,y ) « l1 +%(X - %) lv;c(ﬁﬁr;nxzp)l (x _X)’l_ 2

o 20+1+1+1 20+p+p+1 20+p+np+n
* 5 > >
Vg 20+1+1 2a+p+1 2a+np+n
. +1 Ve + Vo +
B Marginal exponent Y6 p TP p *tP
2 2 2
Vy 20 +1+1 2a+p+1 2a+p+n
: 1 + +
X Marginal exponent Vx 2+ Vx _ p Vx y np
- D
Children'sMercy | pocearch institute 25
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4. Complex-Valued Statistics

Basic Overview of Complex Number

Complex Model: y.=X.B, + ¢,

Ye =Yr T 1Y Xc = Xg t 11X Be = Br + 1B € = Er T lg
Real-valued Isomorphism:
- wl =g atl
- y’] * [ b= b °7 e

Model: y = X,B + ¢

o R e R

Example:
Bir] E
Pic Bir + if1; gZR > P1c 5+ 7i 3
Pac| = |Bor + if2r| = 'BBR Bocl =13+ 4i 3
Bsc Bsr + B3 ,B; B, 9 + 10i 4
| B3 1104

Children’s Mercy

! 26
KANSAS CITY Research Institute




5. Models 7-9

Complex-Valued

Model 7
n=1
p=1

Yic = xlcﬁlc + €1c

y =XB +¢,e~N(0,02%1,)

Complex-valued parameters

X Is Unobservable

Model 8
n=1
p =3

VYVic = [xlc X2¢

y 1x1 1x1 nx1

X 1x1 1Xp nxp
(observed) (observed) (observed)

p 1x1 p X1 pXx1

Children’s Mercy

KANSAS CITY

Research Institute

Model 9
n=4%
p=3
YVic X11¢c  X12¢ X13c Bic €1c
+ e, Ya2c| _ [*21c X22¢  X23c By | + €2¢
YV3c X31c X32¢ X33c €3¢
Yac X41c Xa2c X43c Pac Eac

Known Parameters: y

Parameters to estimate:
« X, B, o0°

Marginals not “Friendly”

Need to use numerical methods

to find expectations of the

marginals

27




y=XB +¢,e~N(0, o%l Real-valued parameters
5. Models 7-9 (0.0%h)

X Is Unobservable

Real-Valued Representation

Model 7 yi2xd
n =1 Yir] _ [*1r —x1, ﬁ1R 51R X:2x%x?2
Vir]l X le ,6’11 511 ,
p = 1 ﬁ 2 %1
[B1R]
Model 8 Per y:2x 1
=1 [3’111 _ [le XaR X3r X115  TX2p —x3,] P3r + [€1R] X:2 X 2p
Vi1 X11  X21 X3 X1R X2R X3R P11 €11 '
p=3 i B:2p x 1
21
| B3; |
ViRl [X11R X12rR X13R  —X111 —X121 —X131]_ . _  [€1R]
MOdel 9 Y2R X21R X22R X23r  TX211 TX221 TX23) b1k €2R
V3R X31r  X32R  X33R —X311 X3z —X331||D2R €3R y:2n X1
Yar| _ |*41R X4a2R X43r TX411 TXa21 TX43] B3r n €4R X:2n x 2p
p=3 Y11 X111 X121 X131 X11rR  X12R  X13R B1; €11
Yar X211 X221 X23] X21R  X22R  X23R || By €21
Y31 X311 X321 X33 X31R X32R X33R Ba €31
| Yarl L Xa11 Xg21 Xa3zg Xa1R X42r Xa3r 1~ Lé&al

Children’s Mercy
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y =XB + ¢, g~N(0’02]2) Parameter Dimensions

X Is Unobservable

5. Model 7

Likelihood, Priors, Posterior

Data Likelihood:

f(}’|X;ﬁ;02) o (02)_5 exp [—#(y —XB) ' (y — X[)’)] (normal)

Priors: YR VI 1x1
2 ng Xp,X] 1x1
F(B1Bo, 7% mp) o (02) *exp | =35 (B = o)’ (B = fo)]  (normal b | 1x1
2 _
f(x|xg,02,ny)  (02) 2exp|— 2% (x — x0)(x — xo)’] (multivariate normal)
) YR XRr X
B _ y = X =
f(02|a, V) X (02) (1) exp —% (inverse gamma) 2x1 yll 2x2 [xl le
' _ _ |Br
Posterior: %, = Rl £ = ﬁz]

F(B.021%,y) e (62) 02 exp[- 2
h=0-XB)(—XB)+ng(B —Lo)' (B — Po) +nx(x —x0)(x — x0)" + 2y
Children’s Mercy

KANSAS CITY

Research Institute 29




y =XB + ¢, g~N(0’02]2) Parameter Dimensions

Marginals X i1s Unobservable . s
Posterior Marginals: X 1x2
v 2
1 AN VB(XIX+TLBIZ) N - B2+ '8 zx1
fB1X,y) « 1+ﬁ(’8_’6)) [ 3 ](,3—,3) Gibbs
A A 4 Vg Sampler:
BIX,y ~t(vg, B, T ), EBIX,y) =B = (X'X +ngly) (X'y+ngBo), Var(B|X,y) = - T Boo)
_Vxt2 v
1 a~ [V (CCrnyl ~r] 2 X(1)
FilB,y) o |14 = (x = ) [0 (o — 2 l
A ~ ! ! — X ﬁ
x|B,y ~t(vy, X,A), E(x|B,y) =% = (YC' + n,xy)(CC' +n, L)1, Var(x|B,y) = v:—zA (ll)
X(2)
Vg =2a+4, vy =2a+4
, -1 0 i _
c - ﬂE g;] T=%(XX+nBIZ) A= (CC + )
2X2 — A A
- o =y'y = B'(X'X +ngly) +ny(x — x0) (x — )" + ng'Bo + 2y
e Ve 1] 0 =y'y—2(CC +n, )X +ng(B— Po)' (B — Bo) + nyxoxe' + 2y
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y =XB + ¢, g~N(O,O-212) Parameter Dimensions

5. Model 7

Conditionals X is Unobservable ;’(
Posterior Conditionals: x
F(BIX,02,y) o |Zp| Zexp |3 (8 - B)' (%) (B - )] P

BIX,a%y ~ N (.25 = o*(X'X +n312)_1)
f(x1B,02y) Zx172 exp [_%(x — ) Ex) M x — 9?)’]

X1B, 0%,y ~ N(%, 5y = 02(CC + myly) ™)
f(0218,X,y)  (0%) " exp [ Lz

o2
e T

_2a+6
2

1
Voo = 5[ = XBY' (v = XB) + ng(B = o) (B = Bo) + ne(x — x0) (x — x0)" + 2]

a,+1)

s
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y=XB + ¢, e~N 0,021, Parameter Dimensions
5. Model 8 ( )

X Is Unobservable

Likelihood, Priors, Posterior

Data Likelihood:

f(}’|X;ﬁ;02) o (02)_5 exp [—#(y —XB) ' (y — X[)’)] (normal)

Priors: YR VI 1x1
XRr, Xp 1 X p
F(B1Bo 0m5) o (67) % exp[~ 22 (8~ oY~ )] (norma s | o
2p
f(x|xg, 0%, n,) < (62) 2 exp ——(x — x0)(x — x¢) ] (multivariate normal)
- = le ¥ = lxR —xll
—(a+ . %

f(o%a,y) « (62) """ exp [— %‘ (inverse gamma) 2 Wil L R
_ _|Br
Posterior: 1X2p S 2p'8x1 ) .31]

ap+2a+2

F(5 o2 1%y) x (02) 02 exp[- L

h=Q—XB)y—XB)+nz(B—Fo)' (B —Po) +nyx(x —x0)(x —x0)" + 2y
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y=XB + ¢, e~N 0,021, Parameter Dimensions
5. Model 8 ( )

. y 2x1

Marginals X i1s Unobservable . ) X2
Posterior Marginals: X 1x2p
R p 2p X 1

1 any [ve(X1X+nglsy) A z
f(ﬁlX,}’)‘xll"'ﬁ(ﬁ—ﬁ)[B ¢52p](ﬁ_ﬁ)] Gibbs
A A 4 Vg Sampler:
BIX,y ~ t(vg, B.T). E(BIX,y) = B = (X'X +nplp) (X'y +mpBo) Var(BIX,y) = =T |- 6@
_Vxt2p xl
1 ~~ |vx(CCr+nyl o 2 (1)
FlB,y) o 145 (o — 2 [HEm)] (o — 2y i
~ ~ ’ ’ -1 Vx ﬁ(l)
X|B,y ~t(vy, %,8), E|B,y) =% = (YC' 4+ nyxo)(CC' + nylyy) —, Var(x|B,y) = oty !
X(2)
Vg =2p+2a+2,v,=2p+2a+2
! -1 6 / -1
o _[Be 3,] T=%(Xx+nﬁlzp) A= (CC + )
2px2 _ﬂ 'B ! 1 / %) / /
’ - ¢ =y'y = B'(X'X +nplyp)B + ny(x — x0)(x — x0)" + 10" Bo + 2y
e Ve 1] 0 =y'y—2(CC'+ anZp)jc\’ +ng(B — Bo)' (B — Bo) + nxxoxy + 2y
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y =XB + ¢, g~N(O,O-212) Parameter Dimensions

5. Model 8 . y
Conditionals X i1s Unobservable .
Posterior Conditionals: x

f(BIX,02,y) o [35] 2 exp |~ (8= B)'(%5) (8 - B))] ¢

BIX, 0%y ~ N (B,5p = c2(X'X +ngl,,) ")
F(x1B, 02, y) o [3x| 2 exp |- (x = £)(Ex) " (x — 2|

x|B,0%y~N (J?, Ty =o%(CC' + nxlzp)_l)
f(02|,8,X, y) e (02)_(a*+1) exp [— ];2]

0-2|ﬁ’ X’y ) IG(a*’ y**) _

_4dp+2a+2
a, = >

1
Voo = 5[ = XBY' (v = XB) + ng(B = o) (B = Bo) + ne(x — x0) (x — x0)" + 2]
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y=XB + ¢, e~N 0’02]2 Parameter Dimensions
5. Model 9 ( n)

X Is Unobservable

Likelihood, Priors, Posterior

Data Likelihood:

f(}’|X;ﬁ;02) vt (02)_711 exp [—%(y —XB) (y — X,B)] (normal)

Priors: YR V1 nx1
_2p ng XR, X[ nxp
f(B1Bo 0%, mg) o< (62) % exp -5 (B = fo)' (B — )| (normal) Bubi | px1

_2np
f(x|xg,02,ny) « (02) 2 exp [—%tr{(x — x)(x — xo)’}] (multivariate normal)

y = J’Rl ¥ = lxR —x,l
f(o%la,y) (02)_(a+1) exp [— %‘ (inverse gamma) zx1 Wil zmxzp 1% xR
X = [xR xl] ﬁ — ﬁR]
Posterior: o Lo =18

2np+2n+2p+2a

f(B,0%|X,y) « (02)_( - +1) exp [—%

h=(—XB)'(y—XB)+ng(B—Po) (B — Bo) + nytrilx —xo)(x —xo)'} + 2y
tr = trace(matrix)

Children’s Mercy
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Sum of the diagonals



y=XB + ¢, e~N 0’02]2 Parameter Dimensions
5. Model 9 ( n)

. 2n X 1
. X is Unobservable Y
Marginals % 2n X 2p
Posterior Marginals: X n X 2p
_VB+2p '8 2p 9 1
1 any [ve(X1X+nglsy) A z
f(ﬁlX,}’)‘xll"'ﬁ(ﬁ—ﬁ)[B ¢52p](ﬁ_ﬁ)] Gibbs
A X 4 Vg Sampler:
BIX,y ~ t(vg, B.T). E(BIX,y) = B = (X'X +nplp) (X'y +mpBo) Var(BIX,y) = =T |- 6@
_Vx+2np xl
1 ~~ |Vl CCr+n, 1 AN/ 2 (1)
PGB,y ) o Iy + = o = ) [ (o - 5 i
N . : : -1 x Py
x|B,y ~Mt(vy, %,A), E(x|B,y) =% = (YC'+ nyx)(CC" + nylpy,) ~, Var(x|B,y) = v:_z A
X(2)
Vg =2np +2p + 2a, v, = 2n+ 2p + 2a
b / -1 0 / -1
C = Bg 'gll T=%(XX+TL'312P) ,A=;(CC +nx12p)
2pX2 — A A
’ - p=y'y— ﬁ’(X'X + nﬁIZp),B + nytr{(x — x0) (x — x0)'} + ngfo'Bo + 2y
A= e 1] 0=y'y-— tr{a?(CC' + anZp)jc\’} +ng(B — Bo)' (B — Bo) + nytr{xexy'} + 2y
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y =XpB + ¢, g~N(O, 0'21211) Parameter Dimensions

5. Model 9 . y
Conditionals X Is Unobservable . X 2
Posterior Conditionals: X nx2p

F(BIX, 0% y) o |5p| Zexp[-2 (8~ B)(25) " (B - B)] p

BIX, 0%,y ~N (B35 = c*(X'X +ngly,) )
F(x1B, 0% y) « 15| 2 exp |~ 2 (x — D)(E) 1w ~ 2]

x|B,0%y~N (J?, Ty =o%(CC' + nxlzp)_l)

(a,+1)

F(o?18,X,y) « (62) " exp |- 5]

_2np+2n+2p + 2a
a 2

1
Voo = 5[ = XBY' (v = XB) + ng(B — o) (B = Bo) + natr{(x — x0) (x — x0)'} + 2]

A
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X Is Unobservable

5. Models 7-9

Quick Review

Posterior: f(5,62,y) o< () = ) exp| = (= XB)(y — XB) + 58 — o) (B — ) + (G —x0) (v — 1)} + 27)]
_vﬁ+2p

Marginal for B: f(B|X,y) « [1 +i(ﬂ - B)' [VB(X’X;nBIZP)] (:3 - B)]

1

Conditional for g: f(,8|X,02,y) T |Zﬁ|_5 exp [_ﬁ([’) — ﬁ)'(X'X + nﬁlzp)(ﬁ — ,[?)]

Vy+2np

Marginal for X:f(X|B,y ) « [1 +%(X - %) [Vx(ﬁﬁ/;-nxlzz))] (x —)?)’]_ 2

o 20+ 2+2+2 20+ 2p+2p + 2 20+ 2p + 2np + 2n
Vg 20+ 2+ 2 20+ 2p + 2 2a + 2np + 2n
i +2 +2 + 2
B Marginal exponent Ve Vg TP Vg t2p
2 2 2
Vy 20+ 2+ 2 20+ 2p + 2 20+ 2p + 2n
: 2 2 2
X Marginal exponent Vx 2+ Ve ‘2" p Vx ‘; np

38
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6. Discussion
Models 1-9

Models 1,4,7

y = XB + ¢, e~N(0,021I,)

Models 2,5,8

Models 3,6,9

= n=1 n=4%
p=1 p=3 p=3
B V1 X11 X12 X133 €1
— By +¢ y =[x X2 X3] 'Bl s Y2| _ [X21 X222 X23 gl 4|52
Yi=Xib1T & : ,82 ! V3 X31 X3z X33||"Z] 7 |&3
3 Ya X41 X4  X43 Fs €4
y 1x1 1x1 nxl1 1x1 1x1 nx1 1x1 1x1 nx1
e 1x1 1Xp nxp 1x1 1Xp nXxp 1x1 1Xp nxp
(observed) (observed) (observed) | (unobserved) | (unobserved) | (unobserved) | (unobserved) | (unobserved) | (unobserved)
p 1x1 p X1 p X1 1x1 p X1 p X1 1x1 p X1 p X1
Children’s Merc , 30
KANSAS CITY Y | Research Institute




y = XB + ¢, e~N(0,021I,)

6. Discussion

Model Buildup
Model 1 Model 2 Model 3
Real Numbers Real Numbers Real Numbers
n=1p=1 n=1p=3 n=4p=3
X is observed =————) X s observeqd =—) X |s observed
y:1x1 y:1x1 y:nx1
X:1x1 X:1Xp X:nXp
B:1x1 B:ip X1 B:ip X1
Model 6 Model 5 Model 4
Real Numbers Real Numbers Real Numbers
n=4p=3 n=1p=3 n=1p=1
X IS unobserve( ¢ X |s unobserved ¢ |s unobserved
y:nx1 y:1x1 y:1x1
XinXp X:1Xp X:1x1
B:ip X1 B:ip X1 B:1x1
Model 7 Model 8 Model 9
Complex Numbers Complex Numbers Complex Numbers
n=1p=1 n=1p=3 n=4p=3
X IS unobserve( =——) X |s unobserved =) X |s unobserved
y:2Xx1 y:2Xx1 y:2n X1
X:2%x2 X:2x2p X:2n x 2p
B:2x1 B:2p X1 B:2p X1
H 7,
Children’s Mercy Research Institute

KANSAS CITY

Why go through this process?

 Easier to buildup up from a simple real-valued
linear regression instead of going right to
complex-valued linear regression with an
unobserved design matrix

« Understanding the dimensions
» Going from X being observed to unobserved
« Going from real numbers to complex numbers

» Helps understand the prior knowledge of the
unobservable complex-valued design matrices

« Easier to set up parameter estimation techniques

 Maximum A Posteriori (MAP) estimate using the
Iterated Conditional Modes (ICM) algorithm

« MCMC Gibbs Sampling

40




Thank You!

Questions?

Chase J. Sakitis, PhD
Post Doctoral Research Scholar
Health Services and Outcomes Research
Children’s Mercy

Email: cjsakitis@cmh.edu

BEST
CHIDREN'S
HOSPITALS
et
RANKED IN
10 SPECIA

UMKC SCHOOL e “

School of Medigine =~ TheUnivessitvofKansas

Children’s Mercy

KANSAS CITY

Research Institute



Homework

1.

Suppose we have a complex-valued linear regression with an observable design matrix X.
Forn>1andp > 1, find: Hint: Start with Model 9 and

a) Data Likelihood: f(y|B,X,0?) do not place a prior on X
b) Prior Distributions: f(8|8o,02,n5), f(0?|a,y)

c) Posterior Distribution: f(B,5%|X,y)

d) Posterior Marginals: f(8 |X,v), f(d?|X,y)

e) Posterior Conditionals: f(5 |X,0%,y), f(c?|8,X,y)

Suppose we have a real-valued linear regression with an unobservable design matrix X.
Forn > 1andp = 1, find:

a) Data Likelihood: f(y|B,X,0?)

b) Prior Distributions: f(B8|B0,0%,1n3), f(X|Xo,0%ny), f(0?|ay)
c) Posterior Distribution: f(,B,X,02|y)

d) Posterior Marginals: f(B |X,y), [fX|B,y)

e) Posterior Conditionals: (8 |X,02,y), f(X|8,0%y), f(d%B,X,y)
Children’s Mercy

KANSAS CITY

Research Institute 42
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