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Bayesian Statistics
The Classification Problem

The classification problem arises when have an observation x that has

px1

come from/belongs to one of C known classes, but we don’t know which.

So we want to probabilistically assignp>§lto each of the C classes.
Let y denote the class that x came from/belongs to, y=1,...,C.
Then P(Y=y)=f(y) is the probability that x came from/belongs to class y.

px1 px1
l.e. y=1 for female and y=2 for male.

There Is a probability distribution associated with observations from
each class. We write f(x|y,6,) for the distribution ofpélgiven it came
from/belongs to class y and its parameters 0),.
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Bayesian Statistics

The Classification Problem

An observation x came from/belongs to either the female or male class.

px1
To the right are 683 y=12 j
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Bayesian Statistics
Bayesian Classification

We often assume that the observation px)(lhas a normal
probability distribution function f(xly,«,.%,) given by :
_%( X=ty)' Ty (X=1y)

f(x|y,p,Z,)=27) "2, [ e

pXx1 px1 pXxp

for y=1,...,C. (But we don’t have to.)

That s, If we knew that x came from class y, then

its PDF Is as above with mean p, and covariance X,

p X pXp

Example: y=1,2

(65) . (9 30
“1%\135) 17| 30 400

y=1, Females

A

o 65 70 75 80

(T0) (10 40
#2=1170] “27| 40 600

70 75 80

50 55 60 65

h
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Bayesian Statistics
Bayesian Classification

Generally we have prior knowledge about each of the C classes
that we wish to probabillistically classify the observation >§1into.
This information is of the form of the class parameters, Ehe mean
H, and the covariance X, for each class.

p X pXxp

Priors:
P(Y =y)=1(y)
(| oy %,0,) = (27) "2, I, [

px1 pXxp

Ny v -1
_7(;Uy_1u0y) Zy (/uy_/JOy)

Weight

1

_ —~tr2'H
2, IH, ) =k, [H [, [ e 2 /

pXp  pXp
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Bayesian Statistics
Bayesian Classification

If we multiply the priors and the likelihood together we obtain

f(X,y,u,, 2 X 2y n)f(Z, |H,v
(%Y, Zy) = T(X1 Y, 1, 2,) T(Y) (uyluohj JTEIHvy)
A B C D A B C D B1 C D
~(x-p1y) Ty (% y)
f(Y,0,2,) =) P22, [P2e s T
e y — 66
AB C D x f(y) 1 | 145
o2 Lz )2 ymay) ] TrainfTest
x(27z) "z, In, [T e
1 _1 .
. e
The posterior PDF of observatlons and parameters.

Height
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Bayesian Statistics
Bayesian Classification

We can Integrate/sum over the parameter values

TG Yoy, Zy) = TOX Yo, Z)) TCY) T (0t | 5y, 2,0 ) T(Z [H V)

C
)= | F(x Y., 2,)d2 d
y=1

and divide
fOcy. %) < ¢
. ) ' y’ y 200 o. B o
f (yHLly’zy | X) — 5 1%0f 5 9823 8888
T (x) e
. e S ml il
to obtain the posterior distribution of the parameters.
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Bayesian Statistics
Bayesian Classification

This posterior PDF of the parameters
f(X, Y, 4,,%,)
f (x)

FQy,py, 2, [X) =

can then be integrated wrt X, and then p, for each class 'y

fy %)= [ f(y,4,,Z, ), d g,

Weight

sSo we can probabilistically classify the observation x.

px1

f(y|x)=P(Y=y|x), y=1..,C s



Bayesian Statistics
Bayesian Classification

With our likelihood and conjugate priors, the joint PDF becomes

1 — A A 1
—trx y1 [(/uy —Hy )(/uy —Hy ) +W ]

fOGY, 2, 2,) = F(Y)@7) 7720, 2%, [H, [, [ e 2

where W =ny u 15, +H, + XX = (g, 45, + X)(Ng, 1o, +X)'/(Ny, +1)

66
which we first integrate wrt £, by forming an inverse Wishart x| (145)
PDF which yields a multivariate student-t PDF factor for =~ = Train/fest
b, then we integrate wrt 1, .
The normalizing constants that remain are
f(x,y). We then sum over y to obtain f(x).

Weight

e
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Bayesian Statistics

Simplified Bayes Classification

However, In practice the full Bayesian statistical process previously
described is not implemented by “Data Scientists.”

FYI: Statistics is the science of data.
Generally, we have previous “training” data of both observation x
and the class it is from y that we assess our parameters from. ( 66)

The mean p, and covariance %, for each population are
Estimated via MLE, (2,,2,), then we reinsert to obtain

Weight

1 Aoyl A
A A B a B __( B )2 (_ )
f(XIy,yy,zy):(zﬂ) p/2|2y|1/2ezxﬂy y (x=41, y

px1 pX1 pXp y=1,2
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Bayesian Statistics
Simplified Bayes Classification

Using the conditional probabillity distributions
1

f(x|y, Ay, 2,)=27) "2, ["e ?

R | A
(X_;uy) z:y (X_,uy)

y=1,2

and Bayes’ Rule

f(yIx iy, 2,) o £ X1y, iy, 2,) £ (y) -

we now compute a MAP estimator

MM 1%, 2,) n
for classification.
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Bayesian Statistics
Simplified Bayes Classification

Example:
Have students heights/weights with known class, (x;y;), I=1,...,n;=683.

px11x1

Used this “training” data to estimate i, and %, for each class.
Have another 633 that we want to probabllistically classify.

(Actually know true reported classes.)

Estimated class means and covariances using MLE to be

633 to classify
x| Train/Test

) 65.1128 5 0.1824 26.2469) P(Y =1)=.6618 - y
— — 66.18% of past students female  z y] ° o088 Qggga 7
17\ 133.3850) 7| 26.2469 335.3502) " e
dhaiReCs
e

. _[ 711082} o (94882 387343) P(Y=2)=.3382 .
"2 7\170.3247) 7?7 38.7343 s01.8724) TR
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Bayesian Statistics
Simplified Bayes Classification

66
. - X —
Example: Classify (145]

fQy I Ay, 2,) o F(x|y, 2,2)) f(y)

f(y|x A,2,) < 0.0109 f(y|X, [,2,)c0.0014
=0.8947 =0.1053

N 633 to classify
=t Train/Test

i _( 65.1128] ; _( 0.1824  26.2469) P(Y =1)=.6618 =
“171133.3850 ) | 26.2469 3353592 TR
. _( 71.1082) s _( 94882 38.7343) P(Y =2)=.3382
%271170.3247) 27| 38.7343 s01.8724) ZTTT
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Bayesian Statistics
Simplified Bayes Classification

Example: Classify

fQy I Ay, 2,) o F(x|y, 2,2)) f(y)
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Bayesian Statistics

Simplified Bayes Classification
P 4 65.1128\ . 71.1082

Example: Classify 71 1333850 ) 2 (170.3247
POy Xy, 2,) e T(X]Y, 4,,2,) T(Y)
“*I' Train “?I' Test Classified SB z male
260 | 00 260 |
240 | © 240 |
220 220
200 200 -
%180— %180
2 160/ 2 160
140 | 140 |
1201 & 1200 L o
100 | 100 |
80 |- g0 |
* 60 1 female
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Bayesian Statistics
Simplified Bayes Classification

Example: Classify

280 r .
Traln

260 r OO0
240 +
220 r

200

Weight

140

120 |

o]e]

100 |

80 -

60

Weight

280 r

260

240

220 r

200

140

120 |

100 |

80 -

60

65.1128

171 133.3850

Test True

~( 71.1082
- 1170.3247

2 male

1 female
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Bayesian Statistics
Nailve Bayesian Classification

Nalve Bayes classification is a simpler form of the
previous Bayesian classification. It assumes
Independence between the variables, elements of x.
l.e assumes independence between height and weight.

(X 1)’ L(x- 1y )
f(xly. i, 2,)=(20) |5, e 2 .

px1 ! pxh

becomes
1

_ _ (%] 1) o
K1Y,y 62 6%) = 2) P ([ (07) 2 ) 22
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Bayesian Statistics
Nailve Bayesian Classification

Using the probability distributions
- (X )0t
K1Y,y 6%0065) = 22) "2 ([ (07) 2 Je 5

y=1,2

and Bayes’ Rule

FOYIX Ay, Gy Gp) o F(XTY, 2y, 6y G ) T(Y)
we now compute a MAP estimator

ArgM ax

A2

f(ylx luy’ yl’ Jyp)

for classification.
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Bayesian Statistics
Nailve Bayesian Classification

Example:

(Actually know true reported classes.)

Estimated class means and variances using MLE to be

133.3850
A 7/1.1082
Hy =

170.3247

. 65.1128
ILL_I_ —

62 =9.1824

) 62 =9.4882

67, =591.8724

62 =335.3592

P(Y =1) =.6618

66.18% of past students female

P(Y =2) =.3382

33.82% of past students male

Weight

Train/Test

Have students heights/weights with known class, (x;y;), I=1,...,n;=683.
Used this “training” data to estimate i, and %, for each class.
Have another 633 that we want to probabllistically classify.

633 to classify

Height
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Bayesian Statistics
Nailve Bayesian Classification

(68
Example: 1145

f(ylxn[ly’ yl? yZ)OCf(le:uy’ yl? y2)f(y)

F(y|% 4, 62,62)c0.0130  f(y|x i,,6%,62)c0.0013
-0.9085 -[0.0915

633 to classify
»l Train/Test

_( 65.1128 62 =9.1824 P(Y =1)=.6618 -

= (133.3850] 62,=335.3592 R

. 71.1082 G2 =9.4882 P(Y =2)=.3382 =+« .1

= (170.3247) 62 =591.8724 o
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Bayesian Statistics
Simplified Bayes Classification

A 65.1123 A 71.1082
Hy = Hy =
Example: Classify 133.3850 170.32471
f(ylxnuy’ yl? y2)OC f(Xl y :uy’ yl’ y2)f(y)
“*' Train “I' Test Unknown
260 00 260
240 | © 240 |
220 220
200 r 200 r
% 180 + % 180 +
g 160 g 160
140 140
I 20|
100 | 100 | 1_
80 r 80 r
6050 5|5 SIO 6I5 TIO 7|5 BID 8|5 6050 5|5 SIO 6I5 TIO 7|5 BID 8|5

Height
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Bayesian Statistics

Simplified Bayes Classification

Example: Classify

f(ylxn[ly’ yl? yZ)OCf(le:uy’ yl? y2)f(y)

280 r

260

240

220 r

200

Weight

140

120 |

100 |

80 -

60

180

160

Train

o]e]

Weight

280 r

260

240

220 r

200

180

160

140

120 |

100 |

80 -

60

(651128 . ( 71.1082
=1 1333850 7 |170.3247
Test Classified NB 5 2 male
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Bayesian Statistics
Simplified Bayes Classification

Example: Classify

280 r .
Traln

260 r OO0
240 +
220 r

200

Weight
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o]e]

100 |

80 -

60

Weight

280 r

260

240

220 r

200

140

120 |

100 |

80 -

60

65.1128

171 133.3850

Test True

~( 71.1082
- 1170.3247

2 male

1 female
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Bayesian Statistics

Simplified Bayes Classification

Example: Classify

f(ylxn[ly’ yl? yZ)OCf(le:uy’ yl? y2)f(y)

280 r

260

240

220 r

200

Weight

140

120 |

100 |

80 -

60

180

160

Train

o]e]

Weight

280 r
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=1 1333850 7 |170.3247
Test Classified NB 5 2 male
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Bayesian Statistics

Simplified Bayes Classification
P 4 65.1128\ . 71.1082

Example: Classify 71 1333850 ) 2 (170.3247
POy Xy, 2,) e T(X]Y, 4,,2,) T(Y)
“*I' Train “?I' Test Classified SB z male
260 | 00 260 |
240 | © 240 |
220 220
200 200 -
%180— %180
2 160/ 2 160
140 | 140 |
1201 & 1200 L o
100 | 100 |
80 |- g0 |
* 60 1 female
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Bayesian Statistics
Simplified Bayes Classification

. ( 65.1128) . ( 71.1082
Hy = Hy =
Example: Classify " (133.3850 170.3247

280 . 280 [ - i il
Test Classified NB 5 Test Classified SB 5 ol Probability Female
260 260 r | SB and NB not identical.
240 | 08
220 07
200 | .
% 180 @ gs
= 160
O 04 r
140 |
03+
1200 4 .
021 e
100 | &
01 L& When the probability of female
07 2 is low, NB has higher than SB.
60 1 1 1 1 | | 60 1 1 1 | | | 0 E ! 1 L 1 1
50 55 60 65 70 75 80 50 55 60 65 70 75 80 0 0.2 0.4 0.6 0.8 1
Height Height SB
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Bayesian Statistics
Discussion

We explored the formal method for Bayesian classification that
assessed a prior distribution on the mean vector and covariances
matrix for each class along with unconditional class probabillities.
The observed vector x could then be classified a posteriori.

We utilized the most common way, Naive Bayes classification that
Bayesian Statistics Is used for item classification based upon their

attributes (features).
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Bayesian Statistics
Discussion

Full Bayesian Q u eSt i O n S ?

fy %)= [ f(y,4,,Z, ), d g,

Simplified Bayes

fQy I Ay, 2,) o f(x|y, 2,2)) f(y)

Naive Bayes

f(ylxh[ly’ Y1’ yz)OCf(X|y,uy, y1? yz)f(y)
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Bayesian Statistics
Homework 13

1. Select true expected values, variances and covariances for heights
and weights for each class of females and males. I.e. correlated
observations for training.

Generate some number m,; and m, from each.
Estimate sample means, variances, and covariances.
Generate new correlated observations for testing

n, and n, from each female and male.

Separately classify the new observations to male/female using both
Simplified Bayesian and Naive Bayes classification. Comment!
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Bayesian Statistics
Homework 13

2*** Repeat problem 1 but now assess conjugate prior distributions
for the parameters. Go through the described Bayesian Process.
Comment!

*** Eor enthusiastic students.
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