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Bayesian Statistics

Likelihood Distribution

We often observe a continuous random variable y that we believe
has a linear (in the parameters) relationship to a (several) fixed
known value(s) x (x's).

- Triscan be moiivate by a Taylr seres an canbe y=fytys .. 4t

So y Is a linear function of x, y=4,+,X

that we observe with measurement error

y=potp Xte.
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Bayesian Statistics

Likelihood Distribution

We often observe n, data points, (X;,Y,),...,(X,,Y,,) and aim to
describe the relationship between x and y as y,=4,+p,X:+¢;,

where &~N(0,6°) for i=1,...,n.

This linear in the parameters model can be written as

y = X p

nx1 nx(g+l) (g+1)x1

q=1

where &~N(0,6°1 ).
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Bayesian Statistics

Likelihood Distribution

The linear regression model
y = X B + ¢ e~N(0,621.)

’
nx1 nx(g+l) (q+l1)x1 nx1l

has likelihood

1

f(y|B,0°)=(270")"e >

nx1 (g+l)x1

(y-XB)'(y-X) BeR™ o eR"

n | ~ ' R 1 A l A
and MLEs (,BMLE = (X'X) X y and GI%/ILE :H(y_XﬁMLE) (Y =X Bye) .

q+1) x1
~

Note MLE is not n-1.
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Bayesian Statistics
Conjugate Estimation

With a normal distribution for the observations and likelihood,

1 (y=X B)(y—X 3) Conjugate Prior For Normal RVs, UnKnown o?
— Y- y— similarities
2 2\-n/2 2 - 1
t(y|p,0%)=(27nc") ""e * — 6y )= @r0%) " oxp 5L 37 (- |

the conjugate prior distributions are

no |
—(B-5y) (B—1)
f(p] ,30,0'2, n,) = (27o” | no)_(q+1)/2e 202 NN .

a priori uncorrelated w— |
(Q+1) x 1 P o

- (= 115)°
— f (/U | Ho» no) = (272—62 / no) Ve eXp{_T/%O

q+1
2

could have chosen O-_(XO’XO)—l
0

v—2
2 h

h o
f (02 | h,V) = - (62)_V/2e 252 , W02 (52)-12 h
2 T(+2) 1) = e

and the posterior Is

1
——[(y—=XB) (y=XB)+n (-p) (B-p)+h]
f(p, o° |y,-) oc (02)_(”+q+1+v)/ze 20° o
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Bayesian Statistics
Conjugate Estimation

With the normal likelihood and conjugate prior distribution

_ [(y XpB)(y=Xp)+n, (f-5) (B-Po)+h]
f(ﬂ,Uz y,) oc (02) (n+q+1+v)/2e 252

some algebra can be performed to arrive at
(Y=XB)(Y=XB)+ (- L) (F-Fp)+h
= (B~ L) (Nl gy + X X)B = B)+ oS53 55+

Coniugate Prior For Normal RVs, UnKnown G2

I 1 1 1 -1 1 2 — %
+y'y— (NG, + X'y) (n0|q+1 + X' X) (N By + X'y) & (n0n+ R ﬂ)n Hf
= My + X
and posterior T+ No+N
f p (N+q+101)/2 2 252 [gﬂ B)'(no g1t X X)(f- IB)"'CU] / o=n2+hi nx_ (Notty + I’IY)2
(B0 |y,) o (%) etz . o -

ﬂ:(n0|q+1+ X' X)_ (noﬂo + X IX/éMLE)
0= B, +h+y'y—( S+ X'y) (Nl + X X) (N5 + X 'Y)



Bayesian Statistics
Conjugate Estimation

And upon differentiating f(8,02|y,-) with respect to g

1 2\ ! . A
£(B,0% |y, ) oc (o) rarizg zg P A

w=0,55+h+y'y—(ngS, + X IY)'(no|q+1+ X lX)_l(noﬂo +X'y)

Conjugate Prior For Normal RVs, UnKnown 6?2

we obtain a MAP estimator for g similar to MLEs, AOMB Ly Tt
S T g
ArgM ax , o o e
B (B0 |y1'):(no|q+1+x X) (NG + X >$\ﬂMLE) _
o Caenre B = AR + (1 —A) S
This is the mode of the PDF. p=Ab+( ) Ve
. . . A:(X|X+n0|q+1) n0|q+1
(Take the second derivative to confirm.) | = A= (XX +1yl_) XX
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Bayesian Statistics
Conjugate ES“ma“On ,é: (n0|q+1 + X IX)_l(nO,BO + X IXﬁMLE)

And upon differentiating f(5, 02|y ) with respect to ¢?

[(,3 B)'(Ngl g+ X ' X)(B—B)+o]
f(ﬂa |y ) (G)(nJrq+1+v)/2e 2 52 07g+l

w=0,55+h+y'y—(ngS, + X IY)'(no|q+1+ X lX)_l(noﬂo +X'y)

we obtain a MAP estimator for 2 similar to MLES,

Ar Max
g f(O' |IB IB y )_ @ Conjugate Prior For Normal RVs, UnKnown G2
v+n+q+1 - ArgMax .
2 f(02|u=ﬁ,xl,---,xn,-)=v+n+l
This is the mode of the PDF. .
- : . @ =Nytly +h+nx" — 22
(Take the second derivative to confirm.) n,, s (N +1)
e 070

n,+n
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Bayesian Statistics
Conjugate ESt|mat|On ,é: (n0|q+1 + X IX)_l(nO,BO + X IXﬁMLE)

This posterior distribution
h.

f (ﬂ,O'z | y,) o (02)—(n+q+1+v)/2 e_ﬁ
h.=(B-B) (Nl + X' X)B-P)+ @
O=TBf +h+ Y'Y= (NS + X'Y) (Nl s + X X) (3, + X y)

can also be integrated with respect to ¢ to obtain

(=29 (--2)/2 [(+-2)/2 - % -
f (ﬁl y’) X ( ;9512—2)/2 o F(V*—_Z)Z(V*_Z)/Z (0-2) */Ze w0 dgz Ve=v+N+{ +1
\ 2
=1
f(Bly.) o -
R (CRYONGY gt X X)L = F)+ ] " f(xla,p)= Flfa) Xt g A"

D.B. Rowe



Bayesian Statistics
Conjugate ESt|mat|On ,éZ(noqurl-l- X IX)_l(nO,BO + X IXﬁMLE)
v.=v+n+qg+1

1
[0+ (B—B) (Nl .y + X' X)(B- B

F(BlY,)oc

w=nGB, +h+y'y—(ng,+ X IY)'(no|q+1+ X 'X)_l(noﬂo +X'y)

which becomes with some algebra

C

T(B1Yy)=

-1/2

G awll) 1 V,=N+v—2
(v,m) P TCH(L+ 2 (8- B) T (B - B "

where T =2(nolq+1+ X' X)™"

V a posteriori correlated
#

-1/2

AGwiL 1
(v)PPT(3) [L+1(s—8)' T (s —8)]"P”

Vy

T f(s|v,5,T) =

E(Bly, )= cov(Bly.,)=

V, — 2
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Bayesian Statistics

Conjugate Estimation B =gl s+ X X) N8y + X X Bure)
h.=(B=B) (Ml s+ X X)(B= )+
This posterior distribution is O=NoS3fs + N+ Y'Y = (Mo + XYY (Ml + X X) (M By + X 'Y)
hy  (B=5) (Nl t X ' X)(S-H)
f(B,0°]y)oc(c?) Mit)2g 20° 20°

ﬁ — (n0|q+1 + X 'X)_l(noﬂo + X IX:él\/u_E)

h,=w
Integrating with respect to  leads to ’

| +X'X )
_1/2 ——(ﬂ ﬁ){(no qu )}(ﬂ—ﬁ)

f(o?y) o (07) e 2 j o (Mol + X X) 7| e df

)

Y
=constant

[noﬂoﬁo+h+y y—(NoBo+X"y) (Nolgu+X " X)(Nofp+X"y)]

.|:(62 | y) (U ) (v+n)/2e 2 52

o= ()

f(x|puZ)=(27)""|Z[ e
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Bayesian Statistics
Conjugate Estimation

The normalized posterior distribution is

f(o®]y)=

n+v-—2

2 N+v—2)+2 —i
Q) ( )

= (o) 7 e
[(nx=2)2"
w=n0,65+h+y'y—(ng, + X Iy)'(n0|q+1 + X lX)_l(noﬂo +X'y)

with expectation

E(o? = @
(a71y) (n+v-3)
and variance 50
) 90,
var(o“|y) = >
(n+v-3)°(n+v-5)
f(x|a,pB)=

['(2)

—a-1 ~—pIx
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Bayesian Statistics

Conjugate Estimation f(y| fuo%) = o2y e 20 PO
f(B] By 0%0,) = (270% | nyy @z 2o T
. . h%z _Lz
Example: Heights and Weights f(o®hv)= 2V_ZZF(V_Z)(ch)V’Ze .
2

You are planning a study to predict weights from heights for Marquette
undergraduate students. You expert assesses hyperparameters to be

150 : .
=25 fo=| | v=m-l op=5  h=(n,-1o; =120 :
You have a random sample of n=5 undergraduates
Sﬁg 12;33 :é = (n0|q+1 + X IX)_l(noﬂo + X 'XﬂAMLE) T
091 15117 . [0.9977 -0.01497[-150] [0.0023 0.01497[-144.4407"
66.59 138.61 ,B — +
-0.0153 0.0013 | 5| |0.0149 0.9987 |  4.2127
5 - -144.4407 5 -149.9989
e 42127 | 4.2964 |
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Bayesian Statistics
Conjugate Estimation

% DB Rowe Univariate

rng ('default')

% Priors Hyperparameters

n0=25;

nu=n0-1;

b0=[-150;5];

sigma02=>5;

h=nu*sigmal02;

% Likelihood data

n=5; mu=[65;150]; sigmaz2=2;
ht=5*randn(n,1l)+mu(l, 1)
X=[ones (n,1),ht];
betaT=[-145;4.2]
y=X*betaT+sqgrt (sigma2) *randn(n, 1) ;
figure;

scatter (ht,y, 'filled")

axis tight

% Bayesian Conjugate Estimation
bMLE=1nv (X' *X) *X"'*y;

A=inv (n0*eye (2) +X'*X) * (n0*eye (2))
ImA=inv (n0*eye (2) +X'*X) * (X' *X)
bhat=A*b0+ (eye (2) -A) *bMLE

180

160

140

120

100

80

B=(Nglq + X' X)H(N By + X' X Bue)

50 55 60 65 70 75 80
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Bayesian Statistics
Non-Conjugate Estimation 1

With a normal distribution for the observations and likelihood,

f(ylB.o ) (272-0 )" nlze_g(y XB)'(y=X )

a non-conjugate prior distribution Is Laplace-inverse Gamma

f(Blo° Po: N, )=(40") (q+l)(HJ—Onj

a priori uncorrelated

2: T(57) i
and the posterior Is

f(ﬁ o | y) (:((7 ) (n+2q+2+v)/2e 252

L L(y-XB)(y- xm+2 n; Iﬁj—ﬁo,-|+h]
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Bayesian Statistics
Non-Conjugate Estimation 1

The normalizing constant for the posterior

[(y XB)(y=XpB)+ NjlBj=Fojl+h]
(8.0 |y) =C(o?) 2% 2 2O

IS
(27)"2h7 HJ !
42T £(y)

f(y)=[f(y|8.0°)f(B)16%)..1(B,|0°) f(c7)d B,...d B,do”

C=

X BY (X1l

n/2
(272.) h 2 HJ OnJ (02)—(n+2q+2+v)/2

dA..dB,do?
4902 T () 1 (y) e

eZO‘

f(y)=|
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Bayesian Statistics
Non-Conjugate Estimation 1

We can do a little algebra to turn

[(y XB)(y=XpB)+ NjlBj=Fojl+h]
(8.0 |y) =C(o?) 2% 2 2O

Into

(27) "h? H, n

49027 T(2) F(y) i

f(B,0%|y)=C(c?) "2a2mi2g 20

h. = (8= Pue) X X)NB = Pue) + 2 M1 B ~ By 1+ (y - XA )(y - XﬂMLE)+h
Bue = (X' X)Xy o not depand on .

C=

D.B. Rowe



Bayesian Statistics
Non-Conjugate Estimation 1

ﬂAMLE = (X lX)_lx 'y
The posterior distribution can then be maximized wrt g

ArgM aX f (ﬂ,GZ | y) _ C(gz)—(n+2q+2+v)/26_?
p
Same as
ArgMi 2 A .
rgﬂ In(IB_IBI\/lLE)I(X IX)(IB_IBMLE)+Zj:Onj |55 = B |

to obtain s, . However no probabilities such as Cls or percentiles.

But one can computationally calculate expectations!

D.B. Rowe 19



Bayesian Statistics
Non-Conjugate Estimation 1

ﬂAMLE = (X lX)_lx 'y
The posterior can be maximized with respect to ¢2

Ar I\/Iax h,
) f((7 | B = ﬂMAP’y )=

nN+29+2+v

h* (/BMAP /BI\/ILE) (X X)(ﬁMAP ﬁl\/ILE)_I_Z:J 0 J |ﬂ|\/|AP] ﬁOj |
"‘(y_XIBMLE)'(y_XIBMLE)"‘h

to obtain &;,,, . However no probabilities such as Cls or percentiles.

But one can computationally calculate expectations!

E(B 1 %-4%)  E(6?] X, X,)

D.B. Rowe



Bayesian Statistics

Non-Conjugate Estimation 1 ; NN
/BMLE:(X X)Xy

The f,,., estimator from

ArgMin
p

Is called LASSO regression when the f,=0!
When we assess f,=0, we are saying my prior mean Is zero!
A prior mean of zero biases toward zero!

(IB_IBI\/ILE)I(X IX)(/B_BMLE)_I_ZC;:Onj |IBJ _IBOj |
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Bayesian Statistics

NO”'CO njugate ESt|mat|On 1 f(ylﬁ’o_z):(272_0_2)_n/2e—riz(y—xﬂ)'(y—xlﬁl) |
f(Blo* foun) = (4_02)_(q+1) (Hj—o n, )e_r‘zzion"'ﬂ"_ﬁ“'
Example: Heights and Weights £ (02 | hv) = Z_hr(_z) (62) "6 5

You are planning a study to predict weights from heights for Marquette
undergraduate students. You expert assesses hyperparameters to be

150~ 2 2 .
N,=25 f,= 5 v=n-1 o0;=>5 h=(n,-1)o; =120 :
You have a random sample of n=5 undergraduates
67.69 137.44 | | |
74.17 165.90 . ® 0 °
53.71 81.05 ArgMin A o n g
69.31 15117 5 (B — Bue) (X X)(ﬂ_ﬁMLE)_I_ZJ—:Onj | B; — Bo; |
5 _[asaanr] -150.0000” 5[ 1499089
e 42127 | 4.2960 | | 4.2964 |
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Bayesian Statistics

Non-Conjugate Estimation 1

%Bayesian Non-Conjugate Estimation
delta=.0005; minS=10"6;
bOMAP=( -155:delta:-145-delta)';
b1IMAP=(3.5:delta:5-delta) ';
S=zeros (length (bOMAP), length (b1MAP) ) ;
for 1=1:1length (bOMAP)
for j=1:1length (b1MAP)
bMAP=[bOMAP (i,1) ;0IMAP(j,1)];
S(1i,])=(bMAP-bMLE) '* (X'*X)* (bMAP-bMLE) +. ..
n0*abs (bOMAP (1i,1)-b0(1,1))+...
nO*abs (b1IMAP(],1)-b0(2,1));
if (S(i,J)<minS)
minS=S (i, ])
bOformin=bOMAP(1i,1) ;
blformin=blMAP(]j,1);
end
end
end
[minS,bO0Oformin,blformin]
figure; % repeat above with delta=.05
[X,Y]=meshgrid (bOMAP, b1MAP) ;
surf (X',Y',S, 'FaceAlpha', .9, 'FaceColor', "interp')
az=-45; el=20; view(az,el)

S(B) = (B~ Pue) (X" XNB = Prue) + 2, M| B = s

2.

-145

35 -155

140

120

100

80 r

xlabel ('"\beta 0'),ylabel ('\beta 1'),zlabel ('S(\beta 0,\beta 1)") *° % 60 65 0 75 80
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Bayesian Statistics
Non-Conjugate Estimation 1

ﬂAMLE = (X lX)_lx 'y
This posterior distribution

_
f(B8,6%|y)=C(c?) e 2° V,=N+20+2+V
h# = (,B_IéMLE)'(X 'X)(ﬂ_léMLE) +Z?:Onj |IBJ _:Boj' |
+ (y — XﬁMLE)I(y — XBMLE) +h B = (n0|q+1 + X IX)_l(noﬂo + X IXIBMLE)
can also be integrated with respect to ¢ to obtain
F(V#—_Z 2(1/#—2)/2 h(v#—2)/2 L, _h_#2
MBI =C e Lm0 e 07
| =1
1

t(£ly)=C,

[+ (5 = fe) O X)B = B + 25 o0y 1y = oy 17"
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Bayesian Statistics
Non-Conjugate Estimation 1

ﬂAMLE :(X lX)_lx 'y

This marginal posterior distribution for |y

1
f (IB | Y) — C# A o A q (vy—2)I2
[a)+(IB_IBMLE) (X X)(IB_IBMLE)_I_Zj:Onj |IBJ _:BOj |] ’
IS not a Student-t and does not have a closed form . r(52)20 220 = T,
expression for the expectation (mean). O a)" AT () T (y)

There is also no closed form for the marginal posterior distribution for o?|y.

Deterministic numerical/stochastic MCMC integration.
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Bayesian Statistics
Non-Conjugate Estimation 2

With a normal distribution for the observations and likelihood,

f(ylB,o ) (2720 ) nlze‘;(y XB)(y=Xp)

another non-conjugate prior is Normal/Laplace-I1G

1

(IB ﬂo)(ﬁ IBO q njlﬂj_ﬂOjl
f(ﬂlG ﬂo;n ) C(Zﬂg /n) (q+1)IZe 20° (40 ) (g+1) (H n. )e 9 52 4= j=0

j=0 ')
\

v—2 a priori uncorrelated

2 _h

(0 |hv) = () e
221“(1/2)

and the posterior Is
f(ﬂ o | y) (G ) (n+3q+3+v)/2e 252

L L(y-X B) (y-X By (B—PBy) (B~ o)t oMilBi=Fo ]
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Bayesian Statistics
Non-Conjugate Estimation 2

We can do a little algebra to turn

1 : . q
f (ﬂ; 02 | y) o (02)—(n+3q+3+v)/2 e_g[(y—xﬂ) (Y=-XB)+n(5-5) (ﬂ—ﬂo)+2jzonj|ﬂj—ﬂ0j|+h]

INto

he
f (,3,02 | y) o (02)—(n+3q+3+v)/2 e_ﬁ

h = (B~ Pue) (X X)B~Bue) +N(B-5) (B~ 1)
+ D 0B = Boy [+ (Y= X Bue) (Y = X Bye) +

,éMLE :(X 'X)_lx 'y
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Bayesian Statistics

Non-Conjugate Estimation 2 ﬁMLE —(X'X) Xy

The posterior distribution can then be maximized wrt g

h
ArgM ax (0_2)—(n+3q+3+v)/2 e_ﬁ
p
same as
ArgMin

IB (IB_IéMLE)I(X IX)(,B_:éMLE) T n*(ﬂ_ﬂO)'(ﬂ_ﬁO) +Z?:Onj |IBJ _:801' |

to obtain ,5’MAP .
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Bayesian Statistics

Non-Conjugate Estimation 2 ﬁMLE —(X'X) Xy

The f,,. estimator from

ArgMin

,B (IB_:BMLE)'(X IX)(IB_BI\/ILE) + n*(,B_IBo)'(IB_IBo) +Z?:Onj |IBJ _IBOj |

Is called Elastic Net regression when the f,=0!
When we assess f,=0, we are saying my prior mean Is zero.
A prior mean of zero biases toward zero!
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Bayesian Statistics
Regularization

A general framework for the prior on /3 IS:
@i1y2 5z BLo) (B=1o) oy 3 lBi o
f (8|02 B,,n.,N) =C (2707 [n,) @2 2 (4o?) (Hjonj)e .

S(P) =8~ Puie) (X" X)(B - ﬁMLE)+n(ﬂ ﬂo)(ﬂ Bo)+D, T ,Iﬂ = Foj |

leellhood Normal Laplace
Ridge
(Normal)
LASSO 0 ] 0
(Laplace)
Elastic Net N n. 0

(Normal/Laplace)

D.B. Rowe



Bayesian Statistics
Homework 11

1. Show that
(Yy=XB)(y=XB)+ny (8- ) (B-B)+h
=(B—B) (Nl gy + X X)B - B)+ .58, +
+Y'Y = (N By + X'Y) (Nl + X X) (e B + X 'y)

2*.Integrate f(5,02|y) with conjugate priors to obtain the marginal
posterior distributions f(8]y) and f(c?]y) .

Hint: This is a Normal PDF integral.
Hint: This is an Inverse Gamma PDF integral.

* For students in MSSC 5790.
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Bayesian Statistics
Homework 11 T=2 (], +X'X)*

3. You plan to see data points (X,,Y,),...,(X.,y,) of heights
(x's) and weights (y's) and aim to use your available
iInfo In a Bayesian fashion to estimate regression
coefficients £ in the model y=Xf+¢, ¢ ~N(0,6°1 ).

Generate one (X,Y,),...,(X,,y,) dataset by selecting your own true
values. Using conjugate priors, assess your own hyperparameters,
Bo: No, O, v, and estimate your regression coefficients and their

covariance. A 1 ) v,
,B:(nolq+1+X'X)‘ (N, B, + X' X Bye) cov(B|y,)=

T
V,—2

D.B. Rowe



Bayesian Statistics
Homework 11 0=NBf + N+ Y'Y~ (15 + XYY (] 4 X X) (8, + X )

4*.You plan to see data points (X,,Y,),...,(X.,y,) of heights
(x's) and weights (y's) and aim to use your available
iInfo In a Bayesian fashion to estimate regression
coefficients g in the model y=Xf+¢, ¢ ~N(0,6°1 ).

Generate one (X,,¥,),...,(X,,y,) dataset by selecting your own true
values. Using conjugate priors, assess your own hyperparameters,

Bo: Ny, N, v, and estimate your regression residual variance and its variance.

20°

(N+q+v-3)°(n+qg+v-5)

E(c”|y)= var(a? | y) =

(n+q+v-3)
* For students in MSSC 5790.
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Bayesian Statistics
Homework 11 T=2 (], +X'X)*

Vi

5** Repeat problem 3 a very large number of times L.

Using the same conjugate priors and assessed hyperparameters

estimate your regression coefficients for each data set.
V#

B=(X"X+nl ) (X'y+nB)  cov(Bly,)= T

V, — 2
w=n065+h+y'y—(ngS, + X IY)'(no|q+1+ X IX)_l(noﬂo +X'y)

Make histograms, calculate means, variances and covariances.
Compare to what the true values should be.

** For students that have had 6010 and 6020.
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Bayesian Statistics
Homework 11

6***.Using the same data from problem 3., estimate regression coefficients
using Laplace prior and Normal/Laplace prior.

ArgMi i ) q
rgﬂ In(IB_IBMLE)I(X IX)(IB_IBMLE)+Zj:Onj |IBJ —IBOJ. |

ArgMi A ) |
rgﬂ (B Bue) (X X)B = Pe) +0(B =) (B~ )+ D0 | By = B, |

Compare your answers to those in problem 3.

*** For enthusiastic students.

D.B. Rowe



Bayesian Statistics
Homework 11

/*** Using the same data from problem 4., estimate regression coefficients
using Laplace prior and Normal/Laplace prior.

ArgMi . . :
rgﬂ In(lB_IBI\/ILE)I(X IX)(IB_IBMLE)+Zj:0nj |IBJ _IBOj |

ArgMin

,B (IB_IéI\/ILE)I(X lX)(IB_:BMLE) T n*(IB_ﬂO)'(ﬂ_ﬂO) "‘Z?:Onj |IBJ _IBOj |

Make histograms, calculate means, variances and covariances.
Compare to what the true values should be.

*** For enthusiastic students.

D.B. Rowe



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36

