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Bayesian Statistics

Likelihood Distribution

We often observe a bivariate (multivariate) continuous random
observation x=(x,,X,)' that arises from a normal PDF with mean

2x1

vector 1 =(H,,M,)" and covariance matrix X.

2x1 2X?2

We say x~N(u, X) and its PDF Is
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Bayesian Statistics

Likelihood Distribution

If we observe an iid sample x,,...,x, from f(x| 4, ¥), then

2x1 2x1 2X1 2X12X%X2

the likelihood of the observations is

|_1/2 (Xi —1)' T (X —u)

f O X, | 2) =[], (27) 7]

which with some algebra becomes ,
p —
I i) T (x) X, 1t eRP
x>0

_et’s not forget that f(x,,....x |4,X) IS the probability of observing
particular data values given (assuming that we know) p and X!

f (XX, | 1,5) = (277) P2 |52 €2
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Bayesian Statistics
Conjugate Estimation

When we expect normal observations x from N(u, %),

the joint conjugate prior distribution forzp1 and 2gzis
F(u,2)=1(u|2)1(Z)
px1pXp px1 pXp  PXp

Normal for px
f (i) g, Z,1) = (27) P2 |2/ ng [V e

px1 px1pxp

) (2o (=)

Inverse Wishart for X
Lirs iy

f(zl H ,V) _ <| H |v/2| Zl—(v+p+1)/2 a 2

pXp pXp
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Bayesian Statistics

Conjugate Estimation trAB = trBA

Normal observations x’s:

With likelihood IS s
f(Xl,...,Xn|,u,2)=(272')_np/2|2|_n/2e 9 Li=1""" i
px1pPXp
and priors s )
—— U=ty H=Hp

f (] 1y, N0) = (27) P2 S /g [ 7

PXL R e LrstH
.I: (Z | H ,V) _ kH v/2 | 3 |—(v+p+l)/2 e 2 ,

pXp pxp Prop_ortional tqkp['%dugt
the posterior T |
(2% %,) o O X, 1 265) (1] 10, 200) F(EIH, W)

= 3 4 a)(10) g i) (t=i0) +H | _ 1

f ’z ,...,X Z —(V*+p+1)/ze 2 =1 ' V*—V+n+

(%] % X,) 2
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Bayesian Statistics
Conjugate Estimation

Normal observations x’s:

Posterior 1. i n
~ZUSTY (=) (%= 1) g (=g (= 1g) ' +H]
f ,z . X oC Z —(va+p+1)/2 e 2 i=1
(6 2] X0 Xy ) 0| 2
utilize the fact that v.=nN+v+1

S (%) S (X ) =trE (X =1, 1) (X~ 1, 4)

where X=(X,,...,x,),1.=(1,...,1)", and p=(4,HM,)".

nx?2 nx1 2X1

Thus the posterior becomes

_Etrz-l[(x_lny') (X =L, )+ (=t ) (= p19) ' +H] v.=v+n+1

f (,Ll,Z | X,1em, Xn) Ocl D |—(v*+p+1)/2 g 2

px1pxp
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Bayesian Statistics
Conjugate Estimation

p=(NX+Nytiy) 1 (Ny + 1)
Normal observations x’s:

With a little algebra, it can be shown that A A
(X =1, ) (X =1, 1)+ (et = o) (e = 145) + H = (e = ) (ng + n) (e — 1) + W

where
W =nyup; + H + X' X — (N4, + nX)(Ny 4, + NX)'/ (N, + 1)

comparetop=1 —— @=nNyu +h+ nx® — Nty +nX)? 1 (N, +n)
and the joint posterior for p and X becomes

1 — ~ N 1
f (,U )3 | X X ) OC| ) |—(v*+p+1)/2 e—EtrZ 1[(,u—,u)(no+n)(y—y) W] V.=V +1 +1
’ 111 N\

px1pxp
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Bayesian Statistics
Conjugate Estimation

2 (a=110)'E ™ (=)

f (el oy 20, = (27) P2 | 211y [ V2 e

s

: f(Z|H,v)=kH"? [P e 2 |
N Ormal Observatlons X,S: f (ﬂ, 3 | X'S) OC| 3y |—(v*+ p+1)/2 e—EtrZ [Zizl(xi—ﬂ)(xi—ﬂ) +No (4=t ) (11— o) +H}

The marginal PDF of pu can be found
fQ )% %) = [ F (2] %0000 %, )

-
f (pﬁ‘J KX)o Ll 5 [P e—%trﬁ_l[(ﬂ—ﬁ)(no+n)(ﬂ—ﬂ)'+W] .
f(ﬂl| X, X ) o] H, [ Ll H, |2 3 [P e‘%”ylH*dz
p X \ ':Constant j
ve=v+n+1

Ho = (u— )Ny +n)(ee — ) +W
W =y, + H + XX = (g gy + NX)(Ny 45 + 1X)'/ (N, + 1)
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Bayesian Statistics
Conjugate Estimation

2 1-0) = (1)

f(u|py,Z,0,)=27) |2 /n, Y2 e

s

: f(Z|H,v)=kH"? [P e 2 | |
N Ormal Observatlons X,S: f (ﬂ, 3 | X'S) OC| 3y |—(v*+ p+1)/2 e—EtrZ [Zizl(xi—ﬂ)(xi—ﬂ) +No (4=t ) (11— o) +H}

The marginal PDF of pu can be found
f (2] Xppoons X,) o] H [

f( | X )OC 1 Note: If ApXxqgandBisqgXp, then
e ) (g + ) (= A) W [ 1, +ABJH 1, + BA|
1 Woodbury’s Identity 1
f e X)) oC V.,=V+n+
e ) L G T G A Vy=v+n—p+1
W H. = (u—)(ng +n)(ut = p1) +W
(N, +n) W =nyupy + H + X' X — (N4, + nX)(Ny 14, + NX)'/(N, + )
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Bayesian Statistics
Conjugate Estimation

2 (a=110)'E ™ (=)

f (el oy 20, = (27) P2 | 211y [ V2 e

s

| .I: (Zl H ,V) _ kH vi2 |Z |—(v+p+1)1/2 ?1 2 n | |
Normal observations x’s: ([ x'S) o] B[ 0Pre g 2" L i
From the marginal PDF of u, can be found to be Student-t

vt P ~1/2

reso)|T 1
f(zulxl""’xn): p/2 Vi 1 AT -1 A\ (vetp)/ 2
(Vo) ") [+ 55 (e — ) T (e — )] Ve =V I p+1

the expectation can be found to be v, (n, +n)

E(lLll Xl""’xn) :l[l = norlrn X + n:—in Hy

px1

and covariance to be

COV(,Lll Xl""’Xn) —

px1 V,—2

W =nyupy + H + X' X — (N4, + nX)(Ny 14, + NX)'/(N, + )
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Bayesian Statistics
Conjugate Estimation

2 (a=110)'E ™ (=)

f (el oy 20, = (27) P2 | 211y [ V2 e

] f(S|H,v)=kH"?|Z| P2 @1‘5”?1*' | |

Normal observations x's: (1,5 x°S) a5 [0Pr2 g 2 | Tt
The marginal PDF ofpzx’.pcan be found to be
FE %) = [ F (2] %)

1 1 . .

(v ——trZ [(u—a)(ng+n)(u—a)'+W ]
f(§|xl1"'1xn)ocjﬂ|2| (verpH)I2 72 0 d 1
o 2 P TEW Ly ) Y e

f(Z]%m X, ) o SO P2e 20 ] |2 2e 2 d 1

| ':constant |

Ve=v+n+1

W =nyupy + H + X' X — (N4, + nX)(Ny 14, + NX)'/(N, + )
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Bayesian Statistics
Conjugate Estimation

—n—o(#—ﬂo)'z_l(ﬂ—ﬂo)

F (el . Z, no):(zﬂ')_p/2 |2/, e

- f(Zl H V) kH vI2 |Z| (v+p+1)/2 e 2tr2 H
Normal observations x’s: F (0,2 | X'S) oo S [C+PH12 2 [Z (= 1) (% —12) "+ (=120 ) 1~ %)m}
The marginal PDF ofpzx‘.pcan be found to be inverse Wishart
“Lirsw
f(zlxl’ ) le |(V**)/2|z| (Vax+ p+1)/2 e 2 Vo =V +nN
pxp

with expectation, variances, and covariances

W 2
— 2W.
Sk =0 T var(z, | x's) =
(Ve = P=1)" (Vi — p—3)
. ( Vie — +1)Wij2 + (V** P— 1) || ji _ 2WijWkl + (V** —P _1)(\NiijI +WiIij)
var(Z; | x's) = Do 0 p3) cov(Z; | x's) = (o — D)V — D12 (v — p—3)

W =nyupy + H + X' X — (N4, + nX)(Ny 14, + NX)'/(N, + )
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Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

Quite often we can’t marginalize so an alternative is an MCMC

Gibbs Sampler which will “generate” a sample joint posterior
distribution from which we get sample marginal posterior distributions.

To implement a Gibbs Sampler, we need the posterior conditionals.

Let’'s examine with univariate observations, x, u, and o2, a simpler case,

1x1 1x1 1x1

show that we get the same answer as the pencil and paper marginal,
then implement for multivariate observations x, x, and X.

px1 px1 pxp

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

_ Ny (4 — 1) + 1

.

20

2

Example:
Priors: (v=2)/2 2y (v+1) 1/2
1 V— v+ —
f(,U,GZ |) oC 1_1(2)h !:2(6 ) /nO] eXp<
2"°T'(%52)

Likelihood:

. 1 .
f (XX, | 11,0%) = (275%) ™ exp{— 2 —u)Z}
Posterior:

_(v+n+l) 1
f (1,67 | %000 X,0) =C(07) exp{‘ ;

20

D.B. Rowe
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But I’'m not very good at math and can’t integrate this wrt p or ¢?!



Bayesian Statistics

MCMC Gibbs Sampler

—(v+n+ 1 n
(1,07 100X, o€ (07) O expd == | 3 (6 = 1) + (= 1) g+ |
20
From f (x,0%|x's) gather only terms

NOI'mal ObSEI’V&tIOnS X,S w?thﬂforf(ﬂlﬁz,x's) and only terms
_ _ . o /W|th02forf(o-2|y,x‘s).
It iIs easily shown that the posterior conditionals are

Reason out the normalizing constants.

— 5 1-1/2 - A\ D 2
o (1 — 1)

f(,u|02,xl,...,xn,-)= 27T exp- — S S n_ _
Normal | r]O_|_n_ L 262/(n0+n)) # no+nﬂ°+n0+nx
and P -

(02| X,y %) = ——(07) “ e @

| G r(a*)

a.=(V+n-=-1)/2 : A
B =[(0g +n)(i = 1) +0gpzd +h+ X2 = (osty + %) 1 (0 + )]/ 2 E(”lg’xs):ﬂﬁ

- A E(o” | p,x's)=——
.e. ulo?,x 5~N(u, o?/(nytn)) and o?|u,x 5~1G(a.,,p.). a. -1
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Bayesian Statistics

MCMC Gibbs Sampler

ulo?,x 5~N(z, 62/(ng+n)) and 62|, x 5~1G(a,,B.)

| a.=(V+n—-1)/2 B
Normal observations x’s: B.=[(n, +n)(u = f2)® + nyps? +h+nx® = (4, + NX)2 [ (N, +n)]/ 2
For Gibbs Sampling we start with an initial value for one 1=y + — X

of the parameters and alternately generate random observations
from the posterior conditionals.

Start with initial g,
generate a random o, from f(c2| g, Xy,. ... X,), %,\ /1“(1)9\ e /1“(L)
generate a random [, from f(u|c52(1),x1,...,xn), 02(1), ,02(2)»---»02@,

generated a random L from f(ulo?y,.Xy,. ... X,)
for a large number L (like 10°).

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

u|o?,x i9~N(//), o?/(ng+n)) and 62| u,x 5~1G(a.,.f.)
a.=(V+n-=1)/2

Normal observations x’s: B. = (N, + (g = 2)% + 0y +h+nx° — (N, +nx)2 1 (N, +n)
Generated %,02(1),“.(1),02(2),...,GZ(L),M(L), for large L.

We delete the first B called the “burn-in” for equilibration, then the rest
constitute random observations from the joint posterior PDF from which

we get marginals f(u|,x,,...,x,) and f(c?[X,,...,X,).
% R RO

Average the L-B Ior marginal expectations. "o (1) 07 (2)5- - 50 (L)
L
EQu] %0 %) = B DD T — E(u|Xx's)=p
1 L
E(02|X1""’Xn)z L_BZizBHJ(Zi) . E(Gzlxls):aﬁil

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:
Example: Heights

Assume that we have assessed our conjugate prior hyperparameters to be

n, =10

Ho =10

o; =5

v=9

h=45
and have a current data set x,,...,X, from N(u,c2).

D.B. Rowe

<

X X
N

w

>
~

>
o7

1 68.0753

70.6673
62.4823
68.7243

67.6375




Bayesian Statistics

MCMC Gibbs Sampler Prior  lkelihood
n,=10 | x, 68.0753
Normal observations x’s: U, =70 | X, 70.6678
Example: Heights ol =5 |X% |=|62.4823
1|o2,x 5~N(z, 62/(ny+n)) and o2|u,x 5~1G(a,.B,) v=9 X, | |68.7243
. h =45 X 6/7.6375
Initial value: p ;=68 - - il
1“(1)9 yeees M) _:5
Generated, 2.0 27 27 X =67.5175
(1) (2)’ O (L) s =9.2649
)
Burn=500 = 4500
= N, it N a.=(V+n-1)/2 B
N +n°7 N+ p.=[(n, +n)(u—a)° +n011'l02 +h+nx’ — (N4, -I-HY)Z/(HO +n)]/ 2

D.B. Rowe 240



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

f(p,0%|x's)

2000
Gibbs Sampling Joint Posterior

1500

1000 -

20
66
%
Ma

Fulx's)

0.6

05F

04

03

Student-t

66

67

68

69

70 71 72 73

0.08 -

0.06

0.04 -

0.02 r

Inverse Gamma
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Bayesian Statistics

MCMC Gibbs Sampler B.

Normal observations x’s:
Exact Theoretical:

2 J—
E(lu | Kpyeees Xn) =069.1725 E(G | Ko Xn) =10.2603

var(z| %,,..., x.) = 0.6840 var(c® | x,...,X,) = 26.3184

Gibbs Sampling:

i = ﬁ ~ iy =69.1730 o? = ﬁ " 0% =10.2623

i = _; — oy~ ) 06837 %= _; el ?)Z — 26.3334
uo’ = Tls L HoOe,=709.8846 1 _,=0.0026

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

[¢)

% DB Rowe Univariate

rng ('default')

% Priors Hyperparameters
n0=10;

nu=n0-1;

mu0=70;

sigma02=5;

h=nu*sigma02;

% Likelihood data

mu=67/;

sigmazl=4;

n=>5;

x=sgrt (sigmaz2) *randn(n, 1) +
mu;

xbar=mean (x) ;

sZ2=var (x) ;

D.B. Rowe

% Theoretical Marginal Posterior Means & Variances
muhat=(n0*mul+n*xbar)/ (n0+n) ;

Emu= (n0*mul0+n*xbar)/ (n0+n) ;

nuast=n+nu-2;

kap =(n0*mu0”2+h+sum(x.”2) - (n0+n) *muhat”"?2) ;
tau2=kap/ ( (n+n0) * (n+nu-2)) ;

varmu=nuast/ (nuast-2) *tau?2;

Esigma2=kap/ (nu+n-4) ;
varsigma2=2*kap”2/ ( (nu+n-4)"2* (nu+n-06) ) ;
[Emu, varmu |

[EsigmaZ, varsigmaZl]



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

$Gibbs Sampler
L=10"6; B=500;
aast=(nu+n-1)/2;
mus=zeros (L+1,1); sigmaZs=zeros (L+1,1);
mus (1,1)=68;
for el=2:L+1
bast=((n0+n) * (mus (el-1, 1) -muhat) "2+n0*mu0"2+h+sum(x.”2) - (n0+n) *muhat”™2) /2
sigma2s(el,1l)=1/gamrnd (aast,1l/bast);
mus (el, 1)=muhat+sqgrt (sigma2s(el,1l)/ (n0+n)) *randn(1,1);
end
% Gibbs Sampling Marginal Posterior Means and Variances
mubar=mean (mus (B+2:L+1-B) ) ;
muvar= var (mus (B+2:L+1-B)) ;
sigmaZbar=mean (sigmaZs (B+2:L+1-B));
sigmaZvar= var (sigmaZs (B+2:L+1-B));
[mubar, muvar]
[sigmaZbar, sigma2var]

D.B. Rowe
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Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

% View Posterior Histograms

figure;

histogram ( mus (B+2:L+1,1),300, "Normalization', "pdf")
x1lim([65,73])

figure;

histogram(sigma2s (B+2:L+1,1),300, "Normalization', 'pdf'")
x1im ([0, 60])

figure;

hist3([mus (B+2:L+1,1),sigmaZ2s (B+2:L+1,1)], [300,300], '"ChataMode"', "auto', ...

'FaceColor', '"interp', 'EdgeColor',[.1,.1,.1])
az=-55; el=35; view(az,el)
xlim([65,73]),ylim([0,60])

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:
We can also calculate the marginal expectations of multivariate
L and X via the Gibbs sampling MCMC technique.

px1 pXxp

For Gibbs sampling, we need the posterior conditionals

f(/'l121xl1""x)

f 2’ yrrry — -
(Fl)lfllpprl Xn) f(Zle,...,Xn)
f(,Ll,Z,Xl,...,X)

(2|, X0 X)) = .
xp px1 f(u] %o X )

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

Normal observations x’s:

~or Gibbs sampling we start with an initial value for one of the

parameters and sequentially generate random observations from
the posterior conditionals.

Start with ), generate a random X, from f(Z|pL,X,...,Xp),
given X, generate a random Ly from f(p[x,xg,....X,), ...
continue until we have generated a random ,, from
f(u[Z,x,,....x,) for a large number L (like 10°).

D.B. Rowe




Bayesian Statistics

MCMC Gibbs Sampler W =ngz 4 +H + X' X = (o, + nX)(Ng 145 + NX) /(n, +n)

. , J2; 7
Normal observations x’s: N, +n N, +N
Generated ), X 1) K1) 22 - - -2y Hys TOr large L.

We delete the first B (say 500) called the burn-in
INn order to ensure equilibration, then average the
rest for marginal expectations.

_ 1 L

4T g &iceat) — E(u|Xx's)= i

= 1 L W

5T LB e ® — ECDex) =
1 L

HiZy = B s ik () | E(s;,2, | X's)

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler

From f («,Z|Xx's) gather only terms

Normal observations x's: = gg;d ufor :%g!'i;ﬁigg and only terms
. . . INnad normalizing constants.

The posterior conditionals can be shown to be

F(u|XZ X, X )oo F(u, 2] X, X))

1= (NX /
_(n0+n)(ﬂ_la)'z—1(ﬂ_ﬁ) :u (nX + nO:uO) (no + n)

(U] 2%, %) | S (0 +0)[ V2 2 W st

— (NX + Ny )(NX + N 1) '/ (N + 1)

and
P X X)) oo T 2] X0 X))

L h,

f(Z ﬂ,Xl,---,Xn) o T |—(v*+p+1)/2 g 2

Y U, Xq,. .. X, IS INVerse Wishart and plX,x,,...,X, IS normal.

D.B. Rowe



Bayesian Statistics

MCMC Gibbs Sampler W =nyuu) + H + X' X = (0% + Not,)(NX + Nyt25)'/ (g + 1)

Normal observations x’s:
Generated %,2(1)41(1), Zioyre -1 2y My, fOr large L.

We delete the first B called the “burn-in” for equilibration, then the rest
constitute random observations from the joint posterior PDF from which

we get marginals f(j|,xy,....x,) and f(X [X,,...,X,).

% 1“(1)9 9e ey ’“(L)
. . N\ /7 N /7 /
Average the L-B for marginal expectations. 21y Q) a2l

1 L
E(/leﬂ'"’xn)zL_BZi=B+1'u(i) —  E(ulx's)=pu

1 L
B2 X0 %) = Zi:ﬁmz(i) —  EZ]x's)= v
L-B n+v—-—p-1

D.B. Rowe



Bayesian Statistics
Non-Conjugate Estimation

Non-conjugate prior distributions for bivariate (multivariate)

normal observations are not simple. One common strategy

IS to assume independent priors for the pu's and common

variance with no covariance, chszlp. (Will not capture correlation!)  E(x;10°) =,

Laplace (independent) var(u; |o°) =

, , 1 _|ﬂ1—ﬂ01| 1 _|ﬂ2—ﬂoz| J ~172 j
f (e |o”n)t(w,|o"n,)=

€
40° I n, 40° I'n, \‘

Inverse Gamma

( 02)—(v+2)/2€_# B

nN<

=

f (02 h,v)=—
2:1'(3)

D.B. Rowe



Bayesian Statistics
Non-Conjugate Estimation

Normal observations x’s:

Likelihood
£ (XX, | 2,0%) = (27) 2 27 A )]
RRRE AN y —
Priors . [ l - l]
2 2 nn ———— | Thltq—Horl+Na | Hp — Hop
f(lLL_ng ’nl)f(luz |G 1n2):16(;22)4/2 e %°
h? .
f(o®|hv)=———(c") """ ** Cosrore o
Posterior (f)
2
(02 | % x ) = L G X 1,07 F (| 0%) (] 07) £ (0)
! 11 —
n F (X X,)
C ‘%Z-n_ [(Xig—14)? +(Xi2— 113 )? T+ Ny 1y — g [+ Mg 11y — g+
f(/«l,(lexl,...,xn): e 20 i=1
(02)(np+v+6)/2

D.B. Rowe



Bayesian Statistics
Non-Conjugate Estimation

Normal observations x’s:

Posterior
C —iz.n [(Xi—24)? +(Xi =13 )2 100 2y — g [+ M | 15— g |+
f (1,67 Xy X ) = g 207 |
H, 11" _(02)(np+v+6)/2

- nn,  h' (2ze?) ™
16(c*)"* 2:1(%) f (X X,)

f (X X) = [ £ O X, | 09 F (1] 02 £ (11, | 62) £ (62)d g pr,d 0

5 —np/2 1 O
¥ ) — j‘ n1n2h2 (272') ks 02 (Np+v+6)/2 —zzizl[(xil—ﬂ1)2+(xi2‘#2)2]+n1|ﬂ1—ﬂ01|+n2|/12—,U02|+h
1) =

f(X,).., : e 20
16-2°T'(%)

dqd 1,d o

D.B. Rowe 33



Bayesian Statistics
Non-Conjugate Estimation

Proportional to product

Normal observations x’s: Pl
Posterior C . Zn 2 2
—— ) [(Xi1—24) "+ (Xio—16) " | g — g1 [+ | 1 — g |+ 0
2 _ 252 i=1
f(/,l,a |X1""’Xn)_ (02)(np+v+6)/2 e~

some algebra leads to

C — S ()

_ 2
f(lLll,,le,CT |X1 " n’)_ 2 (np+v+6)/2e iy
) Common to assume

(o
—\? |/ﬁ_ﬂ01|:\/(:ui_ﬂ01)2+5
S (lu”l’ ,le) = n(lul - Xl) T nl | Hy — Hy | / where 0 is very small. Differentiable.

+N(, _Yz)z +N, | 4ty — iy |
+ Zin:l(xizl +X) = N*(X +X;) +h
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D.B. Rowe

Bayesian Statistics
Non-Conjugate Estimation

Example:
n,=n,=10=n,
Normal observations x's: =10, 41, =155
: : : : n=10,v=9
Then the most common thing to do is to find MAP estimates. 02_5‘;_45
2-5h=
—\2 — \2 _
St ) =Ny —X)" + Ny | 14— gy | +0(88, = X5) "+ Ny | 44, — piy | L, X=0rslns
n 2 2 2 2
+ Zizl(xil +X,) —N(X"+X5)+h
Find Hl that minimizes Common to assume ). =
/|/uj_/u0j|:\/(:uj_zu0j)2+5 ) |
S( ) — ( ) | — U | where ¢ is very small. Differentiable. .
] nen, =X n, H — Hy N |
and |, that minimizes
S (luz) — n (luz _ YZ)Z i n2 | qu — U , | But one can computationally calculate expectations!
n+n, n+n, ° E(u; | X X)) E(02 ] Xy X.)
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Bayesian Statistics
Regularization

You will see, especially in engineering that a “score” function is

formed of the form

n 2 2 ~
St 14,) = Zizl[(xil —14)"+ (Ko = 14)° 1+ Ry, 14,)

IikeIihoo'd term(s) prior t'erm(s)

J

where R(H,,}L,) is called a “regularizer” with no Bayesian context.

The regularizer is used to obtain identifiability.

The sole objective Is to minimize the score function with respect

to 4, and W,. This yields the MAP but not entire PDF so no Cls. 4 =0

Often the reqularizer assumes a prior mean of zero! | it —
(4= 10)°

When you see a regularizer, think “What prior are we assuming?”

D.B. Rowe



Bayesian Statistics

Discussion
Questions?
Likelihood _(X_ '3 (X )
f(x|@,Z)=27) "?|2["e? ’
Priors — 1) '(Z/ng L(u- 0
w2, 1) = 22 2|5 g [ 12 2 L
2w e pel)? trz—lH f(ulo ) nn, "o 2l o gty o
Marginal Posteriors rgiviax 2 '
f(il|X1,---,Xn)oc 1_1 L : f(B,07|X's)
[+ G =) T (= )] ATGMEX [
f (Z | xp' ) k |W |(v**)/2| Z| (Vist p+1)/2 e 2tr2 w
Gibbs Sampler 1
) ’“(1» S O L oL SR
T e

1)’
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Bayesian Statistical Learning
Homework 10

1. Show that the exponent in the posterior distribution is

(X _1n/ul)l(x _1n:u') T no(ﬂ_ﬂo)(ﬂ_ﬂo)l+ H
= (=) (g +n) (e — 1) +W

W =nyup; + H + X' X = (nX + ny,)(NX 4+ ny28,)'/ (N, + 1)

D.B. Rowe



Bayesian Statistical Learning
Homework 10

2. Derive the marginal posterior PDF for u|x s with conjugate priors

1 Hint: This is an inverse Wishart PDF integral.
f(,u|X1,...,Xn)OC 1 A -1 A\ MV«l2 -
[1+ - (=T (u—)T"° |, where vi=n+v+1,
W v,=N+v—-p+1
f=—" x4 0, and T-= . ’
n,+N Ny +n V(N + 1)

3. Derive the marginal posterior PDF for Z|x s with conjugate priors

Lirsw
f (Z | Xl’ cany Xn) — k |W |(n+v)/2| Z |_(n+%L pHi)i2 e 2 . T Hint: This is a Normal PDF integral.

W =Nyt + H + XX = (NX + Ny )(NX + Ny g) '/ (N + )

D.B. Rowe



Bayesian Statistical Learning
Homework 10

4** You plan to see bivariate normal observations, x~N(u, X).

2X1 2X12X2

You assess conjugate normal-inverse Wishart priors
with hyperparameters n,=10, [,=(69,145)", v=n,-1,
and H=n, x [7,0;0,21]. Vy=v+n—-p+1

Generate (observe) n=10 bivariate HW's from the normal PDF
with u=(67,150)" and X=[4,6;6,16]. Calculate posterior estimates

NX + Ny 44, & _ W

n, + N “ v, -2v,(n,+n)
W =yt ty + H + XX = (NX + Moty )(NX + Ny 15)'/ (N + 1)
** For students that have had 6010 and 6020.

o=

D.B. Rowe



Bayesian Statistical Learning
Homework 10

5** Repeat problem 4. a total of m times to obtain {,,...,[4
and = ,,...,%,,. Make histograms of 11 and 12 elements
of u's. Make histograms of the 11, 22, and 12 elements
of X's.

Calculate means, variances, and covariances of the
elements of 's and ¥'s.
Compare to the theoretical values and comment.

** For students that have had 6010 and 6020.

D.B. Rowe



Bayesian Statistical Learning
Homework 10

6**.Implement an MCMC Gibbs sampler to generate
Koy 21y My - - 2y My, TOr large L to estimate

1 L
E(,ul Xpyeees Xn) ~ | _B Zi=B+1’u(i)

1 L
E(Z | Xl""’xn) ~ | _B ZizBﬂz(i)

** For students that have

Compare your results to the exact results in 4. had 6010 and 6020.

X+l E(x)x,.x )=
Ny +1 ve—p-1 ve=v+n+1

E (1| X Xy) =

W =Nyt + H + XX = (nX + Ny )(NX + Ny 4) '/ (g + )

D.B. Rowe



Bayesian Statistical Learning
Homework 10 “**Show off Question

7*** Assume that you have independent Laplace priors
and an independent likelihood. Assume that you have
assessed hyperparameters n,=20, 4,=69, n,=10, Y,,=145.
Using the same random sample x,...,X, In problem 4, n=10
from N(,2). Numerically find MAPs [, and L.

N _ N
(14, = %)° +——| 1, — pdy, | u=(67,150)

S() =
n+nn1 . n_l_nrz]]_ 2:[4,6,6,16]
| 11, — 1, |

S(u,) = . (1, = %)+

n, n+n,

Compare to 4. What if you repeated 10° times?

Variances and CIls not possible because MAPS.
D.B. Rowe 43




Bayesian Statistical Learning
Homework 10

***Show off Question

8*** Assume that you quantified your available prior information for each
mean as f(l|o?)=Cfy(|o?)f (K|o?). For j=1,2

_(,Uj—ﬂOj)2 _|ﬂj—ﬂ0j|

\/27702/”1; 45" In,,

f(lLlj |:uoj1021n1j1n2j):C

with normal likelihood and inverse gamma prior for 2.

The score functions are:

n - I, n,;
S(u;)= (1, —%)" + —— (1, — 1) + ‘
N+n, +n,, n+n,+n,, N+n; +n,,

|:U1_/JOj|

Using same data in 4, estimate with new score functions.

Compare to problems 4 and 7. What if repeated 10° times?
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