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Bayesian Statistics

Bivariate Student-t PDF

We know that if we have a univariate standard normal PDF

where -00<z<oo

e 2

f(z)=
=T
and we transform to x=az+(, then

(x=p)°
e 20 where -oo<x,u<co and 0<o=a.

f(x] 4,0%) = S
2O

E(X)=n, var(X)=c? =aa.



Bayesian Statistics

Bivariate Student-t PDF

Similarly, if we have a univariate (standard) Student-t PDF

v+l

f(t]v)= F(7j 1 1 where -00<z<wo

Ily) Vv (1422)""

and we transform to s=tt+J, then

[ Y2 (2)12 1 where -00<s,0<c0 and 0<rt
f(Slv,a,Tz) — [ i j (\/L o\ (V+1)/2
AT ECis
V T

E(S)=0 for v>1, var(S)= vr?/(v-2) for v>2.
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Bayesian Statistics

Bivariate Student-t PDF

As we can see, the location and scale of
the Student-t PDF are evident from
selection of varied parameters.
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Bayesian Statistics

Bivariate Student-t PDF

s=(-5:.1:15)";
nu=>5; delta=I[1,3,7]; tauz=I[1,2, 3]
figure;
for counti=l:length (nu)
for countj=l:1length (delta)
for countk=1l:length (tau2)
mytpdf=gamma ( (nu (counti)+1) /2) /gamma (nu (counti) /2) ...
/sgrt (nu (counti) *pi*tau2 (countk)) ...
./ (1+ ((s-delta (countij)) .”2)/tau2 (countk) /nu(counti)) ...
N ((nu (counti)+1)/2);
plot (s, mytpdf, 'LineWidth', 2)
yviim ([0 .4]), xlim([-5 15])
hold on
end
end
end
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Bayesian Statistics

Bivariate Student-t PDF

We know that we can form a bivariate standard normal PDF

by multiplying two independent univariate standard normal PDFs.
With z=(z,,z,)", we have

2 Z%

f(2) = (27) e 2 (27) V% 2

and using the theorem in the last lecture that if2>><<1:2,x6\222x;r2 i

then E(X|u,2):2uland coviX|p,X) =%, 2 = AA"

2X22X2 2X22X%X2

Furtherzzglz(xl,xz)' has a bivariate normal PDF.

1 .
That iS, X“‘NQJ,, 22 or f(x | ,U,Z) — (272.)—2/2 |Z |_1/2 o 2( H1)' X (X—p)

2x1 2X12X
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Bivariate Student-t PDF

0.14 -
. 012
~ A
Thatls, 2)>(< 1 Nz(xl'i ’2%)2 | S ffﬁ“i““‘{\“\\‘\w\
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2220 10
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ey = (k)

f(x|uZ)=(27)"" |Z["e 3

X, 1 € R?
0<X
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Bayesian Statistics

Bivariate Student-t PDF

We can form a bivariate Student-t PDF with two independent univariate
Student-t PDFs.

With t=(t,,t,)', we have

I S S 5 W

r(g] M (1+£t2)(v+1)/2 F@ M (1+£t2)(v+1)/2

and using the transformation theorem that |1; sl—zAzt2 +1§2 1

t(t]v)=

then E(S}v,0,T)=0 and cov(S|o,T) =

2x1 2><22><2 2><22><2

I
N

andzszl(sl,sz)' has a bivariate Student-t PDF. p

Thatis, s~t(v, 6, T).  T(8]v,8,T) = (o= [1+(s—=8) T (s = 8) /v] "

p/2
2% 1 2% 12 %2 (vz)7 I(3)

D.B. Rowe 9




Bayesian Statistics

Bivariate Student-t PDF

Theorem: Marginal
If s is a 2-D (or p-D) random variable from f(s|o,T) Student-t, with

E(s|v,0,T) =6 and cov(s|v,0,T) =T ik of p2

V-2

px1 pxp
.. S | Pp X1 5 | PyX1 T T 1 Py X1
and partition s=| " | o= M T M
px1 SB i pe %1 px1 58 i pex1 pXp TBA TBB I pg X1
where p,+pg=p, then the marginal PDFs of s, and s; are
pax1 Pg X1

Sy ~ 1(v,0,, Tps) and sg ~ t(v,05, Tgp)!

D.B. Rowe



Bayesian Statistics

Bivariate Student-t PDF

Theorem: Conditional
If s is a 2-D (or p-D) random variable from f(s|o,T) Student-t, with

E(s|v,0,T) =6 and cov(s|v, 0,T) :ﬁT

think of p=2
px1 pXp
.. S | Pp X1 5 | PyX1 T T 1 Py X1
and partition s=| " | o= M T M
px1 SB i pe %1 px1 58 I pex1 pXp TBA TBB I pg X1

{

|_'_l
Pax1 Pg X1

where p,+pg=p, then the conditional PDFs of sg|s, IS

Pax1

Sg[Sa ~ t(.v_l_'pA,’.éB_l_TBATA'A_l (SA'éA),’I(V+(SA'éA)lTAA_l(SA'éA)))ABB/ (v+pa))
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Bivariate Student-t PDF

0.15 -

Theoretical PDF.

1 =
O = 0.05 .
{
1 1.8
T =
1.8 4

]/ = 5 X )
~1/2 . %4

r(3")[T] 1
(V7Z') IO/ZF(%) [1—|— %(S — 5) 'T—l(s _ 5)](v+ p)/2

f(s|v,0,T)=

toggle forward
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Bivariate Student-t PDF

Histogram PDF .

(5
(s %,

]/:5 S -10

S
_1/2 4 1

r(3")[T] 1
(V7Z') p/ZF(%) [1—|— %(S — 5) 'T—l(s _ 5)](v+ p)/2

f(s|v,0,T)=

toggle backward
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Bivariate Student-t PDF

p=2; nu=b; delta=[1;7]; sigll=1l; si1g22=4; rho=.9;
T=[s1gll,sgrt(si1gll*sig22) *rho;sqgrt(si1gll*sig22) *rho,s1g22];
figure;
=(delta(l,1)-10:.2:delta(1l,1)
lenx=length (x); leny= length( ) ;
kt=gamma ( (nu+p) /2) /gamma ( (nu) /2) / (nu*pi) * (p/2) ;
for 1=1:1lenx
for j—l'leny
X (3] x (1)
Y (3] y(J);

1)=
1)= ;

( 1) +([x(1);y(3)]-delta) '*inv(T) * ([x(1);y(J)]-delta)/nu) ...
TP

+10),;,y=(delta(2,1)-20:.2:delta(2,1)+20);

=(1

(= ) /2) ;

end
end
Z=kt/sqgrt (det (T)) *Z;
surf (X,Y,%Z, 'FaceAlpha',0.9, 'FaceColor', "interp')
xlabel ('x 1"),ylabel('x 2"),zlabel ('f(x 1,x 2)")
axlis tight
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Bayesian Statistics

Bivariate Student-t PDF

rng default;

p=2; nu=5; delta=[1;7];

sigll=1; si1g22=4; rho=.9;

T=[s1gll,sgrt(si1gll*sig22) *rho;sqgrt(si1gll*sig22) *rho,s1g22];
n=10"6;

Sigma=nu*T/ (nu-2); A=chol (T)"';

$ S = mvtrnd(T,nu,n); % generates mean=0, var=nu/(nu-2), rho corr
S = (A*trnd(nu, [2,n])+repmat (delta, [1,n]))"';
figure;

hist3(S,[200,200])

colormap (Jjet)

xlim([delta(1l,1)-10 delta(1l,1)+10]),ylim([delta(2,1)-20 delta(2,1)+20])
xlabel('x 1"), ylabel('x 2"),zlabel ('"f(x 1,x 2)")
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Bivariate Student-t PDF

f(slv,ﬁ,T):F(V;p?JT‘_ ! -
(va)"T(5) L+ (s =0) T (s - 9)]"™"
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Bivariate Student-t PDF

figure;
histogram (S
xlim([delta
Xlabel ('

figure;
histogram (S
xlim([delta
xXlabel ('
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Bayesian Statistics

Bivariate Student-t PDF

From the bivariate Student-t PDF,

reT ™ .

(v)"°T(3) [L+1(s=8)' T (s =)™

The marginal Student-t PDFs of s, and s, can be shown to be

f(s|v,0,T)=

(22 (1. )2 1 —0<S <00
f(si |V,5,z'2) = F(ij \7— 5\ (v+1)/2 —oo<5i < o0
. 2 i 1( s -9 T.>0
| :1’2 1+; T Il

with marginal mean ¢; and variance vT;; /(v-2).

The conditionals are also Student-t.
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Bivariate N-IG Conditional & Marginal PDFs

Since f(x,,x,|6) = f(X,|x,,0) f(x,|6) , we can assemble a
Bivariate distribution by specifying the conditional PDF

of X, given X, and the marginal PDF of Xx;.

This Is useful when we have observations that come from
a PDF with two parameters and wish to specify a

bivariate prior PDF for the parameters.
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Bivariate N-IG Conditional & Marginal PDFs

Later we will specify a bivariate PDF by specifying that
the conditional PDF of x, given x, is normal, and

the marginal PDF of x, Is inverse gamma.

f(Xl,X2|6’): f(X2|X1"9)f(X1|‘9)

joint conditional marginal
(=)’
2 X
e X,, i eR
f(X,|X,u)= ’
( cgncljit)i(olnaIIU) , /27Z'X1 )(1 e R+
f (X1 | 0[,,8) _ ﬂ Xl—a—l e—ﬁ/x1 Ol,ﬂ ceR

marginal F(OC)
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Bayesian Statistics

Bivariate N-IG Conditional & Marginal PDFs

Later we will specify a bivariate PDF by specifying that
the conditional PDF of x, given x, is normal, and

the marginal PDF of x, Is inverse gamma.

f(Xl,X2|6’): f(X2|X1"9)f(X1|‘9)

joint conditional marginal

(Xz—/l)2

2 X o
e L X, uelR
f (X11 X2 | 9) — IB Xl—a—l e—,B/x1 2 /,l

joint ) /272'X1 F(a) Xl & R+
conditional marginal ( )2 25
a Xo—u) +
—a-3/2 2% a,feR”

€

F,%10) = Jffr(a) &
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Bivariate N-IG Conditional & Marginal PDFs
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Bayesian Statistics

Bivariate N-IG Conditional & Marginal PDFs

mu=10,; alpha=5; beta=7;
figure;
x=(0:.1:5);, y=(0:.1:20);
lenx=1length (x); leny=length(y)
k=beta”alpha/ (sgrt (2*pi) *gamma (alpha)) ;
for 1=1:1lenx
for jJj=l:1leny

X(3,1)=x(i);,

Y(J,1)=y(3)

Z(3,1)=x (1)

> ~e

(—alpha-3/2) *exp (- ((y (J) —-mu) "2+2*beta) /2/x (1)) ;
end

end

/=K*7;

surf (X,Y,Z, 'FaceAlpha',0.9, 'FaceColor', "interp')

xlabel ('x 1"),ylabel('x 2"),zlabel ('f(x 1,x 2)")

x1lim([0,5]),ylim([0,20]), zlim([O, .35])

az=90; el=0; view(az,el) %normal view

az=0,; el=0, view(az,el) Zlnverse gamma V1iew
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Bivariate L-IG Conditional & Marginal PDFs

Later we will specify a bivariate PDF by specifying that
the conditional PDF of x, given x, Is Laplace, and

the marginal PDF of x, Is Inverse gamma.

f(Xl,X2|6’): f(X2|X1"9)f(X1|‘9)

joint conditional marginal
o E(X, | X, 1) =u
X2 —H|
g% ) =2 ¢ - o i €R var(x, | , 1) = 2
conditional X1 )(1 c R+
(X1|05,3)— ﬂ 1e—ﬁ/x1 OK,ﬂER

marginal F(OC)
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Bivariate L-IG Conditional & Marginal PDFs

Later we will specify a bivariate PDF by specifying that
the conditional PDF of x, given x, Is Laplace, and

the marginal PDF of x, Is inverse gamma.

f(Xl,X2|6’): f(X2|X1"9)f(X1|‘9)

joint conditional marginal

Xo—4|
_127 A o « i
f(Xl,_X_Zlﬁ):ie X 'ﬂ—Xl_a_le_'lel TRS +
joint 2)(1 F(a) Xl - R
conditional marginal
a _Po-pi+p )
F (X, X, |0)= P X g a,feR
joint zr(a)
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Bivariate L-IG Conditional & Marginal PDFs
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Bivariate N-IG Conditional & Marginal PDFs
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Bayesian Statistics

Bivariate N-IG Conditional & Marginal PDFs

mu=10,; alpha=5; beta=7;
figure;
x=(0:.1:5);, y=(0:.1:20);
lenx=1length(x),; leny=length (y)
k=beta”alpha/ (2*gamma (alpha)) ;
for 1=1:1lenx
for jJj=l:1leny
X(J,1)=x(1);
Y(jrj—)ZY(j);
Z(J,1)=x(1)" (-alpha-2) *exp (- (abs (y (J) -mu) tbeta) /x (1)) ;
end
end
/=K*7;
surf (X,Y,Z, 'FaceAlpha',0.9, 'FaceColor', "interp')
xlabel ('x 1"),ylabel('x 2"),zlabel ('f(x 1,x 2)")
x1lim([0,5]),ylim([0,20]), zlim([O, .35])
az=90; el=0; view(az,el) SLaplace view
az=0,; el=0, view(az,el) Zlnverse gamma V1ew
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Discussion

Questions?
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Bayesian Statistics
Homework 5

1. Assume Marquette Undergrads heights have

u,=67 1n, u,~150 lbs, and T=[4, 6;6,16] and X=vT/(v-2) with v=7.
a) Generate 10% h-w 2 X 1 observations from the bivariate Student-t PDF.
b) Calculate the sample means, variances, covariance, and correlation.
c) Make an (x;,X,) bivariate histogram and marginal histograms

for x, and x,. (For marginal just ignore other.)
d*) For an interval of heights 69 in £ 0.5 in make a histogram.

Compare to Homework 4 #le*

* For students in 5790.
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Bayesian Statistics
Homework 5

2*. Derive with pencil and paper the marginal PDF 1(s,| v,0,7) o _ St
of s, from the bivariate Student-t PDF f(s,,S,| v,0,T).

Compare to simulated observation based marginal in #1. 5_(

3**.Present work to derive with pencil and paper the conditional
PDF of s, given s,,v,0,T from the bivariate Student-t PDF T — Ty lej
f(s,,s,| v,0,T). Compare to simulated observation based T, T,
conditional in 1d*. o

f(s,s,|v,0,T)= F(V?’)\T\ 1_
(v2)P°T(3) [1+ (s = 8) T (s — 5)]"*P”

* For students in MSSC 5790.
** For students that have had MSSC 6010 and 6020.
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Bayesian Statistics
Homework 5

1 =10

4**. Assume u=10, a=>5, f=1. a =3
(Xz —u)° o _

1 o 2%, f(X |0( ﬂ)_ ﬁ 1e—,8/x1 ,B /

f(X, | X, )=
(X, | X, 14) 27X F(a)

a) Generate 10% x, observations from the inverse gamma PDF.
b) Given each x,; in a), generate an x, observation from the normal pdf.
c) Make an (x,,x,) bivariate histogram and marginal histograms
for x, and x,. (For marginal just ignore other.)
d) Compare to normal-inverse gamma surface plot.

** For students that have had MSSC 6010 and 6020.
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Bayesian Statistics
Homework 5

5*. Derive with pencil and paper the marginal PDF f(X,|x,a, /)
of X, from the bivariate normal-inverse gamma PDF f(x,X,|u& a,5).

Compare to simulated observation based marginal in #4.

6**.Present work to derive with pencil and paper the conditional PDF
of X, given x,,u,a,f from the bivariate normal-inverse gamma PDF
f (X, %,|1,a,B). Does this agree with your simulation? Justify.

Vi (Xg—p)*+28
f(X. X, |60)= ~a=3/2q 2%
(6% 10) = o
* For students in MSSC 5790. a=>5
** For students that have had MSSC 6010 and 6020. =1
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Bayesian Statistics
Homework 5

7***, Repeat # 4., 5., and 6. for Laplace-inverse gamma pdfs.

*** For students that want to show off.

u=10
a=>5
p=1
1 -y
f(X | X, u)=—=e * 1T(x +1 1
(lelzu) 2X1 f(leﬂ,a,ﬁ): (0! )

2 T(@) [p+]|%,—ul]™"

fOglac, )= e
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