MATH 2780 Chapter 7 Worksheet

Summary
In general, we need at least p+1 data points for a p™ order polynomial. E(y) = Botfix+px*+... +Bx"
If we want to estimate the residual variance, we need n>p+1. s* = (y — x,é)‘(y_ X,B) /(n-p-1)

Coefficient and Residual Variance Estimation:
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. e . o . A th A: A -1
Individual Coefficient Test: t=2. /S;ﬁ , S/?i =5 /W“ , Wiiis the i"" diagonal of W=(X'X)".

Two Tailed: Ho: £i=0 vs. H,: fi#0 w/ RR |t[>tu2 41 OF a>p-value=2P(|t|>t,n-k-1)-
Coefficient of determination R* and R?,. Want simple model with large R* and R?, close full model.

R?=1-SSE/SS,,, 0<R’<1,SSE=(y,~¥,)%, 5SS, =3 (y,~y)’

R?=1-[SSE / (n—k —DJ/ISS,, / (D] =1-[(n-1)/(n—k -D](L-R?), R?<R’
F-Test for Comparing Nested Models
Reduced Model: E(y|xs) = fot+ fix1 +... + Baxg
Complete Model: E(y|xs) = fot fix1 +... + Bexg + PeriXgr +... + Pixk
Hy: for1=...= Bi=0 vs. Hu: At least one tested f; # 0.
F _ (SSEq —SSEc)/ (k=) Reject if F>Fpgni1 OF a>p-value=P(F>Fujgni).
SSE. / (n-k-1)
Multicollinearity exists when two or more of the independent variables used in regression are
moderately or highly correlated. Correlation between x; and x; pairs and nonsignificant #-tests.
With severe multicollinearity, the computer has difficulty inverting the information matrix (X'X).
Detecting Multicollinearity in the Regression Model
1. Significant correlations between pairs of independent variables in the model.
2. Nonsignificant ¢-tests for all (or nearly all) the individual f parameters when the F-test for overall
model adequacy Ho: f1=p>=...=f=0 is significant.
3. Opposite signs (from what is expected) in the estimated parameters.
4. A variance inflation factor (VIF) for a f parameter greater than 10, where (VIF)=1/(1-R?), i=1,.....k
and R? is the multiple coefficient of determination for E(x;)=aotouxi+...Foi1xi1+Hosxia +...Fouxs.
Solutions to Some Problems Created by Multicollinearity
1. Drop one or more of the correlated x’s. Stepwise regression is helpful in deciding which to drop.
2. If you decide to keep all the independent variables in the model:
a. Avoid making inferences about the individual coefficient parameters.
b. Restrict inferences about E(y) and future y-values to the experimental region.
3. To establish cause-and-effect between y and the x’s, use a designed experiment.
4. To reduce rounding errors in polynomial regression, code the x variables, xi* =(x,—X)/s,, sothat

the 1%, 2", and higher-order terms for a particular x are not highly correlated.
5. To reduce rounding errors and stabilize the regression coefficients, use ridge regression to estimate

the  parameters. 3, = (X 'X +¢l)*X 'y, c often by cross validation but has Bayesian meaning.

Reliably interpolate between observations, but exercise caution forecasting outside observations.
Transformations: Transforming y and/or the x’s in a model can provide a better model fit.
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Example 7.5: Federal Trade Commission ranks cigarettes.
y = Carbon Monoxide Content (milligrams)
x1 = Tar Content (milligrams)
x2 = Nicotine Content (milligrams)
x3 = Weight (grams)

2 1P Tar Nicotine | Weight | CO
. 14.1 0.86 | 0.9853 | 13.6
120
16 1.06 | 1.0938 | 16.6
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N ——T___V__T__—‘____;o 2 15.1 0.9 | 09316 | 144
Nicotine x 0 15 20 25
2 0 5 10 7.8 0.57 | 0.9705 10
Tar x
1 11.4 0.78 | 1.124 | 10.2
Model: E(y) = fotf1x1+fxs 9 074 | 08517 | 95
Fstat=79 1 0.13 | 0.7851 | 1.5
tx1=3.97, txx=-0.675, tx3=-0.034 - . .
o
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# R Code
# install.packages("car")
Tibrary(car)

# read data
mydata <- read.delim("ftccigar.txt",header=TRUE,sep="",dec=".")
head(mydata)

# parse out variables

n <- nrow(mydata)

k <- ncol(mydata)-1

x1 <- c(mydata[, 1]) #x1 tar content

x2 <- c(mydata[, 2]) #x2 nicotine content
x3 <- c(mydata[, 3]) #x3 weight

y <- c(mydata[, 4]) #y carbon monoxide

df <- data.frame(cbind(x1,x2,x3))
names(df) <- c("x1","x2","x3™)
head(df)

# scatter plot with Tline

plot(xl,y,xlab="Tar Content', ylab="Carbon Monoxide',
pch=19,col="blue")

abTine(Im(y~x1),col="red', 1ty=2)

plot(x2,y,xTab="Nicotine Content',ylab='Carbon Monoxide',
pch=19,col="blue")

abTine(Im(y~x2),col="red', 1ty=2)

plot(x3,y,xTab="weight', ylab="Carbon Monoxide',
pch=19,col="blue")

abTine(Im(y~x3),col="red', 1ty=2)

# scatter plot

Tibrary("plot3D")

scatter3p(xl,x2,y,pch=19,cex=1,colvar=NULL,
col="red",theta=20, phi=10,bty="b",
xTab="Tar",ylab="Nicotine",zlab="Carbon Monoxide",
main = "Cigarettes")

scatter3p(xl,x3,y,pch=19,cex=1,colvar=NULL,
col="red",theta=20,phi=10,bty="b",
xTab="Tar",ylab="weight", zlab="Carbon Monoxide",
main = "Cigarettes")

scatter3p(x2,x3,y,pch=19,cex=1,colvar=NULL,
col="red",theta=20,phi=10,bty="b",xTab="Nicotine",
ylab = "weight", zlab = "Carbon Monoxide",
main = "Cigarettes")

# x1-x3 fit
Tmx1to3<- Im(y~x1+x2+x3,data=df)
temp<-anova(ITmx1to3)
out <- temp
n <- nrow(temp)
out$pf <- with(temp,c(sum(Df[1l:(n-1)]1),Df[n],rep(NA_real_,n-2)))
out$ sum sg° <- with(temp,c(sum( Sum Sq [1:(n-1)]1),
“sum sq [n],rep(NA_real_,n-2)))
out$ Mean sq <- with(out,out$ Sum sq /out$pf)
out$ F value <- c(out$ Mean sq [1]/out$ Mean Sq [2],rep(NA_real_,n-1))
out$ Pr(>F)  <- c(pf(out$ F value [1],out$Df[1],out$Df[2],
Tower.tail = FALSE),rep(NA_real_,n-1))
out <- out[l:2,]
rownames (out) <- c("Model","Residuals")
out

summary (Imx1to3)
# Calculating VIF

vif_values <- vif(Imx1lto3)
vif_values
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# correlation between variables
cor(df)

# scatter plot of x's with Tine

plot(xl,x2,xlab="Tar Content', ylab="Nicotine Content',
pch=19,col="blue")

abTine(Im(x2~x1),col="red',Tty=2)

plot(x1l,x3,xlab="Tar Content', ylab="weight',
pch=19,col="blue")

abTine(Im(x3~x1),col="red',Tty=2)

plot(x2,x3,xlab="Nicotine Content', ylab="weight',
pch=19,col="blue")

abTine(Im(x3~x2),col="red',Tty=2)

install.packages("olsrr")

Tibrary(olsrr)

model = Tm(y~.,data=df)
t=o1s_step_a11_possib1e(mode1,max_order = 3)

# worksheet

# since x1 and x2 highly correlated remove x2
Tinex1x2 <- Tm(x2~x1)

coefficients(linex1x2)

# Compute the linear regression
fit <- Tm(y~x1+x3)#+x1:x3
summary (fit)

# create a grid from the x and y values and predict values

# for every point, this will become the regression plane

grid.Tines = 40

x1l.pred <- seq(min(x1l),max(x1l),length.out=grid.lines)

x3.pred <- seq(min(x3),max(x3),length.out=grid.lines)

x1x3 <- expand.grid(x1l=x1l.pred, x3=x3.pred)

y.pred <- matrix(predict(fit,newdata=x1x3),
nrow=grid.Tines,ncol=grid.1lines)

# create the fitted points for droplines to the surface
fitpoints <- predict(fit)
# scatter plot with regression plane
Tibrary("plot3D")
scatter3p(xl,x3,y,pch=19,cex=1,colvar=NULL,col="red",
theta=20,phi=10,bty="b",grid=TRUE, col.grid="grey",
xlab="Tar",ylab="weight",zlab="co",
surf = Tist(x=x1l.pred,y=x3.pred,z=y.pred,
facets=TRUE, fit=fitpoints,col=ramp.col
(col=c("dodgerblue3"”, "seagreen2"),n=300,alpha=0.5),
border="black"))#,main="Cigarettes"

summary(mydata)
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% Matlab Code
load cigarette.txt

n=size(cigarette,1);
k=size(cigarette,2)-1;
y = cigarette(:,4);
x1= cigarette(:,1);
x2= cigarette(:,2);
x3= cigarette(:,3);

figure;

scatter3(x1,x2,x3,40,y, 'filled")

xlabel('Tar x_1"),ylabel('Nicotine x_2'),zlabel( 'Weight x_3")
cb = colorbar; % create and label the colorbar
cb.Label.String = 'Carbon Monoxide';

view([-10,30])

%print(gcf, '-dtiffn','-rle0', 'cigarettes’)

% remove x2
X=[ones(n,1),x1,x3];
k=size(X,2)-1;

% estimate coefficients

mdl = fitlm([x1,x3],y)
mdltable=anova(mdl, 'summary')
MSE=mdltable.MeanSq(3,1);

% 3D plot

figure;

scatter3(x1,x3,y, 'filled")

hold on

x1fit = min(x1):(max(x1)-min(x1))/100:max(x1);
x3fit = min(x3):(max(x3)-min(x3))/100:max(x3);
[X1FIT,X3FIT] = meshgrid(x1fit,x3fit);
bo=mdl.Coefficients(1,1).(1);
bl=mdl.Coefficients(2,1).(1);
b2=mdl.Coefficients(3,1).(1);

YFIT = b0 + b1*X1FIT + b2*X3FIT;
mesh(X1FIT,X3FIT,YFIT, 'FaceAlpha','9.5")
xlabel('Tar"'), ylabel('Weight'), zlabel('C0")
view(-10,30)

hold off

%print(gcf, '-dtiffn','-rle0', 'cigarettesFit")



