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Special Topics in Regression 
Piecewise Linear Regression

Occasionally a single line model

                         is not sufficient for our data,

and a continuous two-line or changepoint model 

                                              is appropriate

c is called the knot value.
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Special Topics in Regression 
Piecewise Linear Regression

Example: Strength y and water/cement ratio x for n=18 concrete batches.

Piecewise model: 
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Special Topics in Regression 
Piecewise Linear Regression

Example: Strength y and water/cement ratio x for n=18 concrete batches.

Piecewise model: 
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s                       R-squared   adj R-squared
0.3286232      0.9384950  0.9302943



Special Topics in Regression 
Piecewise Linear Regression
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# read data

mydata <- read.delim("CEMENT.txt",header=TRUE)

# Parse out variables
n     <- nrow(mydata)
k     <- 2
y     <- c(mydata[,2])   #Strength
x1    <- c(mydata[,3])  #Ratio
x2    <- c(mydata[,4])  #x2
x2ast <- c(mydata[,5])#x2ast
c     <- 70

# Fit x1, x2ast model
mymodel=lm(y~x1+x2ast)
summary(mymodel)$coefficients[,]

# plot points and fitted lines
bhat<-mymodel$coefficients
c   <- rep(1,n)      #Ones
data<- cbind(y,c,x1,x2ast) #design matrix
datasort<-data[order(data[,3]),]
Xsort   <-datasort[,2:4]
x1sort  <-datasort[,3]
ysort   <-datasort[,1]

yhatsort<-Xsort%*%bhat
plot(x1sort,ysort,xlab='x1',ylab='y',pch=19,col="blue")
points(x1sort,yhatsort,col='red',type="l") 

# ANOVA table for x1, x2ast model 
temp<-anova(mymodel)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,m-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out

# print s, Rsq and adjRsq
print('s,R-squared,adj R-squared')
c(summary(mymodel)$s,summary(mymodel)$r.squared,
  summary(mymodel)$adj.r.squared)



Special Topics in Regression 
Piecewise Linear Regression

Three straight lines are also possible, 

and a continuous three-line or changepoint model is

c1 and c2 are the knot values.
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Special Topics in Regression 
Piecewise Linear Regression

Occasionally a single line model

                         is not sufficient for our data,

and a discontinuous two-line model 

                                                       is appropriate

c is called the knot (discontinuity) value.
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Special Topics in Regression 
Piecewise Linear Regression

Example: Data on age x and reading scores y for n=130 children. 

Consider the straight-line model  

a. Fit the straight-line model and assess model adequacy.

              

b. Fit a quadratic model and assess the fit of this model.

c. Use the graph in part a to estimate a piecewise knot value.

d. Fit a piecewise two-line model and assess the fit.

   Compare the results to the straight-line, part a, and the quadratic model, part b.
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READSCORES.txt

0 1 1( )E y x = +

Age ReadScore x2 Age14

5 9 0 -9

5 12 0 -9

5 17 0 -9

5 20 0 -9

6 4 0 -8

6 9 0 -8

6 14 0 -8

6 20 0 -8

7 4 0 -7

7 5 0 -7

⁞



Special Topics in Regression 
Piecewise Linear Regression

Example: Data on age x and reading scores y for n=130 children. 

a. Fit the straight-line model and assess model adequacy.
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READSCORES.txt

0 1 1( )E y x = +

s                       R-squared   adj R-squared
10.0554910   0.6890844   0.6866553

x1



Special Topics in Regression 
Piecewise Linear Regression

Example: Data on age x and reading scores y for n=130 children. 

b. Fit a quadratic model and assess the fit of this model.
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s                       R-squared   adj R-squared
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Special Topics in Regression 
Piecewise Linear Regression

Example: Data on age x and reading scores y for n=130 children. 

d. Fit a piecewise two-line model and assess the fit.

                                               ,  
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s                       R-squared   adj R-squared
8.8131600     0.7648961   0.7592984
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Special Topics in Regression 
Piecewise Linear Regression
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# read data

mydata <- read.delim("READSCORES.txt",header=TRUE)

# Parse out variables
n      <- nrow(mydata)
x1     <- c(mydata[,1])#Age
y      <- c(mydata[,2])#Read
x2     <- c(mydata[,3])#x2
Age14  <- c(mydata[,5])#Age14
Age14x2<- c(mydata[,5])#Age14x2

#a. Fit y=b0+b1x1 model
mymodel=lm(y~x1)
summary(mymodel)$coefficients[,]

# plot the single line results
plot(x1,y,xlab='x1',ylab='y',pch=19,col="blue",
     xlim=c(min(x1),max(x1)),ylim=c(min(y),max(y)))
points(x1,mymodel$fitted.values,col='red',type="l") 

# ANOVA table for x1 model 
temp<-anova(mymodel)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,m-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out

# print s, Rsq and adjRsq for x1 model
print('s,R-squared,adj R-squared')
c(summary(mymodel)$s,summary(mymodel)$r.squared,
  summary(mymodel)$adj.r.squared)



Special Topics in Regression 
Piecewise Linear Regression
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#b. Fit y=b0+b1x1+b2x1^2 model
x1sq<-x1*x1
mymodel2=lm(y~x1+x1sq)
summary(mymodel2)$coefficients[,]
# plot the single quadratic results
plot(x1,y,xlab='x1',ylab='y',pch=19,col="blue",
     xlim=c(min(x1),max(x1)),ylim=c(min(y),max(y)))
points(x1,mymodel2$fitted.values,col='red',type="l") 
# ANOVA table for x1 & x1^2 model 
temp<-anova(mymodel2)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean 
Sq`[2],rep(NA_real_,m-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out

# print s, Rsq and adjRsq for x1&x1^2 model
print('s,R-squared,adj R-squared')
c(summary(mymodel2)$s,summary(mymodel2)$r.squared,
  summary(mymodel2)$adj.r.squared)
#c. c=14
c      <- 14
#d. Fit y=b0+b1x1+b2x2*+b3X2 model
x2ast<-Age14x2 #(x1-c)*x2
mymodel3=lm(y~x1+x2ast+x2)
summary(mymodel3)$coefficients[,]
# plot the two broken lines results
bhat3<-mymodel3$coefficients
c   <- rep(1,n)                           #Ones
data<- cbind(y,c,x1,x2ast,x2) #design matrix
datasort<-data[order(data[,3]),]
Xsort   <-datasort[,2:5]
x1sort  <-datasort[,3]
ysort   <-datasort[,1]
yhat3sort<-Xsort%*%bhat3
plot(x1sort,ysort,xlab='x1',ylab='y',pch=19,col="blue",
     xlim=c(min(x1),max(x1)),ylim=c(min(y),max(y)))
points(x1sort[1:56],yhat3sort[1:56],col='red',type="l")
points(x1sort[57:n],yhat3sort[57:n],col='red',type="l")



Special Topics in Regression 
Piecewise Linear Regression
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# ANOVA table for x1,x2*,&x2 model 
temp<-anova(mymodel3)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean 
Sq`[2],rep(NA_real_,m-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out

# print s, Rsq and adjRsq for x1,x2*,&x2 model
print('s,R-squared,adj R-squared')
c(summary(mymodel3)$s,summary(mymodel3)$r.squared,
  summary(mymodel3)$adj.r.squared)



Special Topics in Regression 
Weighted Least Squares

Let’s reconsider the problem of heteroscedastic errors, nonconstant variance.

Many times, transformations (√y, log(y), 1/y and 1/√y) are not effective in stabilizing 

the error variance so we use weighted least squares.

Weighted Least Squares Properties

1. Stabilizing the variance of  to satisfy the standard regression assumption of 

homoscedasticity.

              

2. Limiting the influence of outlying observations in the regression analysis.

              

3. Giving greater weight to more recent observations in time series analysis.
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Special Topics in Regression 
Weighted Least Squares

Consider the general linear model 

we obtain least squares estimates of our regression coefficients by minimizing

With weighted least squares we weigh some observations more than others

Note that ordinary least squares procedure assigns wi=1 to each observation.
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Special Topics in Regression 
Weighted Least Squares

For weighted least squares, the residuals are

Generally weights are determined by 

The variance at observation i is unknown and often modeled as proportional to x, 

            , and the weight becomes              , but it has been shown that can use c=1. 
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Special Topics in Regression 
Weighted Least Squares

Determining the Weights in Weighted Simple Least Squares Regression

1. Divide the data into several groups according to the values of the independent 

variable, x. The groups should have approximately equal sample sizes.

  a. If the data is replicated and balanced, then create one group for each value of x.

  b. If the data is not replicated, group the data according into ranges of x 

2. Determine the sample mean    and variance s2 of the residuals in each group.

3. For each group, compare the residual variance s2 to different functions of    by 

calculating the ratio s2/f(  ) 

4. Find the function of    for which the ratio is nearly constant across groups.

5. The appropriate weights for the groups are 1/f(  ).
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Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

a. Use the method of least squares to fit the straight-line model

b. Calculate and plot the regression residuals against x. Any heteroscedasticity?

c. Use the method described in the preceding paragraph to find the approximate 

   weights necessary to stabilize the error variances with weighted least squares.

d. Carry out the weighted least squares analysis using the weights in part c.

e. Plot weighted least squares residuals against x to determine variance stabilization.
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DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3



Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

a. Use the method of least squares to fit the straight-line model

20D.B. Rowe

Intro to Regression & Classification

DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3

s                       R-squared   adj R-squared
5.3736664      0.9895282  0.9883647

0 1 1y x  = + +



Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

b. Calculate and plot the regression residuals against x. Any heteroscedasticity?

Yes heterscedasticity!

21D.B. Rowe

Intro to Regression & Classification

DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3
0 1 1y x  = + +



Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

c. Use the method described in the preceding paragraph to find the approximate 

   weights necessary to stabilize the error variances with weighted least squares.

Note                     for each of the three groups. 

This suggests                  .
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DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3

2 2/ 0.5j js x 

21/j jw x=

XBAR WEIGHT XBARSQ

2.75 0.132231 7.5625

2.75 0.132231 7.5625

2.75 0.132231 7.5625

2.75 0.132231 7.5625

6.5 0.023669 42.25

6.5 0.023669 42.25

6.5 0.023669 42.25

11.8 0.007182 139.24

11.8 0.007182 139.24

11.8 0.007182 139.24

11.8 0.007182 139.24



Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

d. Carry out the weighted least squares analysis using the weights in part c.
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DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3

s                       R-squared   adj R-squared
0.6691259     0.9912687   0.9902985



Special Topics in Regression 
Weighted Least Squares

Example: DOT bid price y on a job with the length x of new road.

e. Plot weighted residuals against x to determine variance stabilization.

Yes homoscedasticity!
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DOT11.txt LENGTH BIDPRICE GROUP

2 10.1 1

2.4 11.4 1

3.1 24.2 1

3.5 26.5 1

6.4 66.8 2

6.1 53.8 2

7 71.1 2

11.5 132.7 3

10.9 108 3

12.2 126.2 3

12.6 140.7 3



Special Topics in Regression 
Weighted Least Squares
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# read data
mydata <- read.delim("DOT11.txt",header=TRUE)
# Parse out variables
n      <- nrow(mydata)
x      <- c(mydata[,1])#Length x
y      <- c(mydata[,2])#Bid Price y
g      <- c(mydata[,3])#Group
gxbar  <- c(mydata[,4])#Group Xbar
wt     <- c(mydata[,5])#Weight
gxbar2 <- c(mydata[,6])#Group Xbar^2
#a. Fit y=b0+b1x model unweighted
mymodel=lm(y~x)
summary(mymodel)$coefficients[,]
# ANOVA table for x model 
temp<-anova(mymodel)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,m-1))

out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out
# print s, Rsq and adjRsq for x model
print('s,R-squared,adj R-squared')
c(summary(mymodel)$s,summary(mymodel)$r.squared,
  summary(mymodel)$adj.r.squared)
# b. Calculate and plot the residuals 
# plot the single line results
plot(x,y,xlab='Length',ylab='Price',pch=19,col="blue",
     xlim=c(min(x),max(x)),ylim=c(min(y),max(y)))
points(x,mymodel$fitted.values,col='red',type="l") 
# plot the unweighted residuals
plot(x,mymodel$residuals,xlab='Length',ylab='Residual',pch=19,
     col="blue",xlim=c(min(x),max(x)),ylim=c(-10,10))
points(x,rep(0,n),col='red',type="l")
# hypothesis test for heteroscedasticity
# https://en.wikipedia.org/wiki/Breusch%E2%80%93Pagan_test
library(lmtest)
#perform Breusch-Pagan test
bptest(mymodel)



Special Topics in Regression 
Weighted Least Squares
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#c.Find the approximate weights
# The data are partitioned into 3 groups in variable g
# for each group, calculate the mean.
# It was determined that weight for each group is 1/xbar^2
# The weights are in the variable gxbar
# perform weighted least squares regression
wls_mymodel <- lm(y~x,weights=wt)
# view summary of model
summary(wls_mymodel)$coefficients[,]
# ANOVA table for WLS model 
temp<-anova(wls_mymodel)
out <- temp
m   <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(m-1)]),Df[m],rep(NA_real_,m-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(m-1)]),
                            `Sum Sq`[m],rep(NA_real_,m-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,m-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,m-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out

# print s, Rsq and adjRsq for WLS model
print('s,R-squared,adj R-squared')
c(summary(wls_mymodel)$s,summary(wls_mymodel)$r.squared,
  summary(wls_mymodel)$adj.r.squared)

# plot the WLS single line results
plot(x,y,xlab='Length',ylab='Price',pch=19,col="blue",
     xlim=c(min(x),max(x)),ylim=c(min(y),max(y)))
points(x,mymodel$fitted.values,col='red',type="l")
points(x,wls_mymodel$fitted.values,col='green',type="l") 

# plot the weighted residuals
east<-sqrt(wt)*wls_mymodel$residuals
plot(x,east,xlab='Length',ylab='Wt Residual',pch=19,
     col="blue",xlim=c(min(x),max(x)),ylim=c(-2.0,2.0))
points(x,rep(0,n),col='red',type="l")
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Homework:

Read Chapter 9

Problems #: 6 (GROWTH), 9 (PLASMA), 18 (SOCWORK) 

Submit at minimum one file with all your answers and another with your code.
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Special Topics in Regression  

 Questions?
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