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Residual Analysis 
Introduction

When we test a hypothesis about a regression coefficient or a set of regression 

coefficients, or when we form a prediction interval for a future value of y, we must

assume that 

(0) need to get E(y) correct or we have lack of fit

(2) ε has a mean of 0, E(ε)=0

(3) the variance of ε is σ2 is constant, var(ε)= σ2 and 

(4) all pairs of error terms are uncorrelated cor(εi,εj)=0

(1) ε is normally distributed (for CIs and HTs) 

Graphical tools and statistical tests that will aid in identifying significant departures 

from the assumptions.
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Residual Analysis 
Introduction

The probability distribution of ε determines how well the model describes the true 

relationship between the dependent variable y and the independent variable x.

The assumptions make it possible to develop measures of reliability for the least 

squares estimators and to develop hypothesis tests for examining the utility of the 

least squares line. 

Various diagnostic techniques exist for checking the validity of these assumptions, 

and these diagnostics suggest remedies to be applied when the assumptions appear 

to be invalid.

It is essential that we apply these diagnostic tools in every regression analysis. 
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Residual Analysis 
Regression Residuals

The regression residual is the observed value of the 

dependent variable minus the predicted value, or

1. The mean of the residuals is equal to 0.

2. The standard deviation of the residuals is equal to the 

standard deviation of the fitted regression model, s.
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Residual Analysis 
Regression Residuals

Example: Cholesterol level y and fat intake x for n=20 Olympic athletes.

Calculate the residuals for a. the straight-line and b. the quadratic models.

For both show that the sum of the residuals is 0.
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Residual Analysis 
Detecting Lack of Fit

Detecting Model Lack of Fit with Residuals

Plot the residuals,   , on the vertical axis against each of the independent variables, 

x1,…,xn  on the horizontal axis.

              

Plot the residuals,   , on the vertical axis against the predicted value,    on the 

horizontal axis.

              

In each plot, look for trends, dramatic changes in variability, and/or more than 5% 

of residuals that lie outside 1.96s of 0. Any of these patterns indicates a problem with 

model fit.
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Residual Analysis 
Detecting Lack of Fit
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Residual Analysis 
Detecting Lack of Fit
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# read data

mydata <- read.delim("OLYMPIC.txt",header=TRUE)
# parse out variables
n   <- nrow(mydata)
x   <- c(mydata[,1])#Fat
xsq <- c(mydata[,3])#Fat^2
y   <- c(mydata[,2])#Cholesterol 
# Fit linear model

mymodel1=lm(y~poly(x,1,raw=TRUE),mydata)
summary(mymodel1)$coefficients[,]
res1=summary(mymodel1)$residuals
sum(res1)
plot(y~x,mydata,xlab='Fat',ylab='Cholesterol',pch=19,col="blue")
curve(predict(mymodel1,newdata=data.frame(x=x)),add=T,col='red')
e1 <- mymodel1$residuals
mean(e1)
se1<-sd(e1)
plot(e1~x,mydata,xlab='Fat',ylab='Residual 1',pch=19,col="blue",        
     ylim = c(-2*se1,2*se1))
abline(h=c(-1.96*se1,0,1.96*se1),col=c("green","black","green"))
# Fit quadratic model

mymodel2=lm(y~poly(x,2,raw=TRUE),mydata)
summary(mymodel2)$coefficients[,]

res2=summary(mymodel2)$residuals
sum(res2)
plot(y~x,mydata,xlab='Fat',ylab='Cholesterol',pch=19,col="blue")
curve(predict(mymodel2,newdata=data.frame(x=x)),add=T,col='red')
e2 <- mymodel2$residuals
mean(e2)
se2<-sd(e2)
plot(e2~x,mydata,xlab='Fat',ylab='Residual 2',pch=19,col="blue",
     ylim=c(-2*se1,2*se1))
abline(h=c(-1.96*se2,0,1.96*se2),col=c("green","black","green")) 
# Fit 10th order model for fun

mymodel10=lm(y~poly(x,10,raw=TRUE),mydata)
summary(mymodel10)$coefficients[,]
res10=summary(mymodel10)$residuals
sum(res10)
plot(y~x,mydata,xlab='Fat',ylab='Cholesterol',pch=19,col="blue")
curve(predict(mymodel10,newdata=data.frame(x=x)),add=T,col='red')
e10 <- mymodel10$residuals
mean(e10)
se10<-sd(e10)
plot(e10~x,mydata,xlab='Fat',ylab='Residual 10',pch=19,col="blue",
     ylim = c(-2*se1,2*se1))
abline(h = c(-1.96*se10,0,1.96*se10),col=c("green","black","green")) 



Residual Analysis 
Detecting Lack of Fit

An alternative method of detecting lack of fit in models with more than one 

independent variable is to construct a partial residual plot.

The set of partial regression residuals for the jth independent variable xj is 

calculated as follows:

where               is the usual regression residual. 
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Residual Analysis 
Detecting Lack of Fit

A supermarket investigates the effect of price p on the weekly demand y for 

a house brand of coffee. Eleven prices were assigned to the stores and 

advertised. Later, repeated using no advertisements. 

a. Fit the model to the data. Is the model adequate for predicting weekly demand y?

b. Plot the residuals versus p. Do you detect any trends?

c. Construct a partial residual plot with independent variable p. What does the plot show?

d. Fit the model E(y)=β0+ β1x1+β1x2 where x1=1/p. Has prediction improved?
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Residual Analysis 
Detecting Lack of Fit

Supermarket price p and advertising x2 on the weekly coffee demand y. 

a. Fit the model to the data. Is the model adequate for demand y?

  The F-test for testing model adequacy 

  (H0: β1=β2=0)

  F=373.71 > F0.01,2,19=5.925879 

  p-value= 5.568362×10-16 < α=0.01.

  R2=0.9752, Ra
2=0.9726 model explains 

  97.5% of the variability
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Residual Analysis 
Detecting Lack of Fit

Supermarket price p and advertising x2 on the weekly coffee demand y. 

b. Plot the residuals versus p. Do you detect any trends?

See a quadratic unmodeled signal in the residuals. 1/p transformation not evident.
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Residual Analysis 
Detecting Lack of Fit

Supermarket price p and advertising x2 on the weekly coffee demand y. 

c. Construct a partial residual plot with independent variable p. 

 This suggests a transformation on price is either 1/p or e-p.
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Residual Analysis 
Detecting Lack of Fit

Supermarket price p and advertising x2 on the weekly coffee demand y. 

d. Fit the model E(y)=β0+ β1x1+β1x2 where x1=1/p.  

  The F-test for testing model adequacy 

  (H0: β1=β2=0)

  F=7731.145 > F0.01,2,19=5.925879 

  p-value= 2.213052×10-28 < α=0.01.

  R2=0.9988, Ra
2=0.9986 model explains 

  99.9% of the variability
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Residual Analysis 
Detecting Lack of Fit
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# read data and parse out variables
mydata <- read.delim("COFFEE2.txt",header=TRUE)
alph<-0.01
n  <- nrow(mydata)
k  <- 2
y  <- c(mydata[,1])#Demand
p  <- c(mydata[,2])#Price  
x2 <- c(mydata[,3])#Advertisement
# a. Fit linear model
mymodel1=lm(y~p+x2)
summary(mymodel1)$coefficients[,]
res1=summary(mymodel1)$residuals
sum(res1)
# make ANOVA table
temp<-anova(mymodel1)
out <- temp
n <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(n-1)]),Df[n],rep(NA_real_,n-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(n-1)]),
                            `Sum Sq`[n],rep(NA_real_,n-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean 
Sq`[2],rep(NA_real_,n-1))

out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,n-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out
# model hypothesis test
n  <- nrow(mydata)
Fstat1<-summary(mymodel1)$fstatistic[1]
Fcrit1<-qf(alph  ,k,n-k-1,lower.tail=FALSE)
pval1 <-pf(Fstat1,k,n-k-1,lower.tail=FALSE)
Fstat1
Fcrit1
pval1
# get coefficients
b0<-summary(mymodel1)$coefficients[1,1]
b1<-summary(mymodel1)$coefficients[2,1]
b2<-summary(mymodel1)$coefficients[3,1]
# Define a simple curve function
curve_func <- function(x,y){ 
  return(b0+b1*x+b2*y)
}
# Create the plot
plot3d(p,x2,y,type="s",col="blue",lwd=2,size=1)



Residual Analysis 
Detecting Lack of Fit
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# Add the x2=0 curve
x_curve <- seq(min(p),max(p),length.out=100)
y_curve <- rep(0,100)
z_curve <- curve_func(x_curve,y_curve)
lines3d(x_curve, y_curve, z_curve, col="red")
# Add the x2=1 curve
y_curve <- rep(1,100)
z_curve <- curve_func(x_curve,y_curve)
lines3d(x_curve, y_curve, z_curve, col="red")
# b. residuals
e1 <- mymodel1$residuals
mean(e1)
sd(e1)
plot(e1~p,mydata,xlab='Price',ylab='Residual',pch=19,col="blue")
hist(e1,col="blue",freq=FALSE)
# c. partial residual plot with independent variable p
b1<-summary(mymodel1)$coefficients[2,1]
b2<-summary(mymodel1)$coefficients[3,1]
e1ast=e1+b1*p
plot(e1ast~p,mydata,xlab='Price',ylab='Partial 
Residual',pch=19,col="blue")
hist(e1ast,col="blue",freq=FALSE)

#create partial residual plots
library(car)
crPlots(mymodel1)
# d. Fit linear model
x1 <- 1/p
mymodel2=lm(y~x1+x2)
summary(mymodel2)$coefficients[,]
res2=summary(mymodel2)$residuals
sum(res2)
# make ANOVA table
temp<-anova(mymodel2)
out <- temp
n <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(n-1)]),Df[n],rep(NA_real_,n-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(n-1)]),
                            `Sum Sq`[n],rep(NA_real_,n-2)))
out$`Mean Sq` <- with(out,out$`Sum Sq`/out$Df)
out$`F value` <- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,n-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,n-1))
out <- out[1:2,]
rownames(out) <- c("Model","Residuals")
out



Residual Analysis 
Detecting Lack of Fit
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# model hypothesis test
n  <- nrow(mydata)
Fstat2<-summary(mymodel2)$fstatistic[1]
Fcrit2<-qf(alph  ,k,n-k-1,lower.tail=FALSE)
pval2 <-pf(Fstat2,k,n-k-1,lower.tail=FALSE)
Fstat2
Fcrit2
pval2
# get coefficients
b0<-summary(mymodel2)$coefficients[1,1]
b1<-summary(mymodel2)$coefficients[2,1]
b2<-summary(mymodel2)$coefficients[3,1]
# Define a simple curve function
curve_func <- function(x,y){ 
  return(b0+b1*x+b2*y)
}
# Create the plot
plot3d(x1,x2,y,type="s",col="blue",lwd=2,size=1)
# Add the x2=0 curve
x_curve <- seq(min(x1),max(x1),length.out=100)
y_curve <- rep(0,100)
z_curve <- curve_func(x_curve,y_curve)
lines3d(x_curve, y_curve, z_curve, col="red")

# Add the x2=1 curve
y_curve <- rep(1,100)
z_curve <- curve_func(x_curve,y_curve)
lines3d(x_curve, y_curve, z_curve, col="red")
# residuals
e2 <- mymodel2$residuals
mean(e2)
sd(e2)
plot(e2~x1,mydata,xlab='1/Price',ylab='Residual',pch=19,col="blue")
hist(e2,col="blue",freq=FALSE)
# partial residual plot with independent variable p
b1<-summary(mymodel2)$coefficients[2,1]
b2<-summary(mymodel2)$coefficients[3,1]
e2ast=e2+b1*x1
plot(e2ast~x1,mydata,xlab='1/Price',ylab='Partial Residual',pch=19,col="blue")
hist(e2ast,col="blue",freq=FALSE)

#create partial residual plots
library(car)
crPlots(mymodel2)



Residual Analysis 
Detecting Unequal Variances

One of the regression assumptions is that the variance σ2 is constant, var(ε)= σ2.

When var(εi)= σ2, i=1,…,n, the errors are called homoscedastic. 

When var(εi)= σi
2, i=1,…,n, the errors are called heteroscedastic.

When data fail to be homoscedastic, the reason is often that the variance of 

the response y is a function of its mean E(y). 

i.e. Unmodeled signal gets put into the variance.
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Residual Analysis 
Detecting Unequal Variances

Example1 : If y is a count that has a Poisson distribution, Var(y)=E(y) or 

in a more general way, Var(y) ∝ E(y). 

The plot of residuals vs.    has a pattern
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Residual Analysis 
Detecting Unequal Variances

Example 2: Many responses are proportions (or percentages) generated by 

binomial experiments. 

The plot of residuals vs.    has a pattern
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Residual Analysis 
Detecting Unequal Variances

Example 3: The random error is not additive, instead, the response is the product 

of its mean and the random error component, that is, 

y=[E(y)]ε → Var(y)=[E(y)]2σ2. var(ε)= σ2

The plot of residuals vs.    has a pattern
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Residual Analysis 
Detecting Unequal Variances

When the variance of y is a function of its mean, we can often satisfy the 

least squares assumption of homoscedasticity by transforming the response 

to some new response that has a constant variance. 

These are called variance-stabilizing transformations.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances

Example: Salaries y and experience years x for n=50 workers.
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Residual Analysis 
Detecting Unequal Variances
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# read data
mydata <- read.delim("SOCWORK.txt",header=TRUE)
# parse out variables
n  <- nrow(mydata)
k  <- 2
y  <- c(mydata[,2])#Salary
x1 <- c(mydata[,1])#Experience  
x2 <- c(mydata[,4])#Experience Square
y2 <- c(mydata[,3])#Ln Salary
# Fit linear model
mymodel1=lm(y~x1+x2)
# make ANOVA table
temp<-anova(mymodel1)
out <- temp
n <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(n-1)]),Df[n],rep(NA_real_,n-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(n-1)]),`Sum Sq`[n],rep(NA_real_,n-2)))
out$`Mean Sq`<- with(out,out$`Sum Sq`/out$Df)
out$`F value`<- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,n-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],lower.tail=FALSE),
rep(NA_real_,n-1))
out <- out[1:2,]
rownames(out)<- c("Model","Residuals")

out
summary(mymodel1)$coefficients[,]
c(summary(mymodel1)$s,summary(mymodel1)$r.squared,
  summary(mymodel1)$adj.r.squared)
res1=summary(mymodel1)$residuals
# get coefficients
b0<-summary(mymodel1)$coefficients[1,1]
b1<-summary(mymodel1)$coefficients[2,1]
b2<-summary(mymodel1)$coefficients[3,1]
b <-c(b0,b1,b2)
#scatter plot with line
plot(x1,y,xlab='Years',ylab='Salary',pch=19,col="blue")
len <-10
x00 <-rep(1,len)
x01 <-seq(min(x1),  max(x1),  length.out=len)
x02 <-seq(min(x1^2),max(x1^2),length.out=len)
x0  <-cbind(x00,x01,x02)
yfit<- x0%*%b
points(x01,yfit,col='red',type="l") 
#scatter plot with line
e1 <- mymodel1$residuals
plot(x1,e1,xlab='Years',ylab='Residual',pch=19,col="blue")
points(x1,rep(0,length(x1)),col='red',type="l") 
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# Fit logarithmic model
mymodel2=lm(y2~x1+x2)

# make ANOVA table
temp<-anova(mymodel2)
out <- temp
n <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(n-1)]),Df[n],rep(NA_real_,n-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(n-1)]),
                            `Sum Sq`[n],rep(NA_real_,n-2)))
out$`Mean Sq`<- with(out,out$`Sum Sq`/out$Df)
out$`F value`<- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,n-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,n-1))
out <- out[1:2,]
rownames(out)<- c("Model","Residuals")
out

summary(mymodel2)$coefficients[,]
c(summary(mymodel2)$s,summary(mymodel1)$r.squared,
  summary(mymodel2)$adj.r.squared)
res2=summary(mymodel2)$residuals

# get coefficients
b0<-summary(mymodel2)$coefficients[1,1]
b1<-summary(mymodel2)$coefficients[2,1]
b2<-summary(mymodel2)$coefficients[3,1]
b <-c(b0,b1,b2)

#scatter plot with line
plot(x1,y2,xlab='Years',ylab='Ln Salary',pch=19,col="blue")
len <-10
x00 <-rep(1,len)
x01 <-seq(min(x1),  max(x1),  length.out=len)
x02 <-seq(min(x1^2),max(x1^2),length.out=len)
x0  <-cbind(x00,x01,x02)
y2fit<- x0%*%b
points(x01,y2fit,col='red',type="l") 

#scatter plot with line
e2 <- mymodel2$residuals
plot(x1,e2,xlab='Years',ylab='Residual',pch=19,col="blue")
points(x1,rep(0,length(x1)),col='red',type="l") 
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# Fit logarithmic model
mymodel3=lm(y2~x1)

# make ANOVA table
temp<-anova(mymodel3)
out <- temp
n <- nrow(temp)
out$Df <- with(temp,c(sum(Df[1:(n-1)]),Df[n],rep(NA_real_,n-2)))
out$`Sum Sq` <- with(temp,c(sum(`Sum Sq`[1:(n-1)]),
                            `Sum Sq`[n],rep(NA_real_,n-2)))
out$`Mean Sq`<- with(out,out$`Sum Sq`/out$Df)
out$`F value`<- c(out$`Mean Sq`[1]/out$`Mean Sq`[2],rep(NA_real_,n-1))
out$`Pr(>F)` <- c(pf(out$`F value`[1],out$Df[1],out$Df[2],
                     lower.tail = FALSE),rep(NA_real_,n-1))
out <- out[1:2,]
rownames(out)<- c("Model","Residuals")
out

summary(mymodel3)$coefficients[,]
c(summary(mymodel3)$s,summary(mymodel1)$r.squared,
  summary(mymodel3)$adj.r.squared)
res3=summary(mymodel3)$residuals

# get coefficients
b0<-summary(mymodel3)$coefficients[1,1]
b1<-summary(mymodel3)$coefficients[2,1]
b <-c(b0,b1)

#scatter plot with line
plot(x1,y2,xlab='Years',ylab='Ln Salary',pch=19,col="blue")
len <-10
x00 <-rep(1,len)
x01 <-seq(min(x1),  max(x1),  length.out=len)
x0  <-cbind(x00,x01)
y2fit2<- x0%*%b
points(x01,y2fit2,col='red',type="l") 

#scatter plot with line
e3 <- mymodel3$residuals
plot(x1,e3,xlab='Years',ylab='Residual',pch=19,col="blue")
points(x1,rep(0,length(x1)),col='red',type="l") 
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A more quantitative way to detect non-constant variance is to split

the data in two parts. Fit the regression model to each part.

Perform a hypothesis test for non-equality of variances.
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Homework:

Read Chapter 8

Problems #: 3 (TIRES), 13 (GASTURBINE), 14 (HAWAII)
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 Questions?
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