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Recap Chapter 9
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9: Inferences Involving One Population
9.1 Inference about the Mean u (6 Unknown)

In Chapter 8, we performed hypothesis tests on the mean by
1) assuming that X was normally distributed (n “large”),
2) assuming the hypothesized mean p, were true,

3) assuming that c was known, so that we could form

_ X — Hy
o /+/n Which with 1) — 3) has standard normal dist.

Z*
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9: Inferences Involving One Population
9.1 Inference about the Mean u (6 Unknown)

However, in real life, we never know o for

7% — X_IUO

—Glx/ﬁ

so we would like to estimate ¢ by s, then use

=Xt
s/+/n

But t* does not have a standard normal distribution.

It has what is called a Student t-distribution.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (6 Unknown)
Using the t-Distribution Table

Finding critical value from a Student t-distribution, df=n-1

t(df,a), tvalue with a area larger than it

with df degrees
of freedom

Table 6
Appendix B !

Page 719. 0 t(df, o) t

Figure from Johnson & Kuby, 2012.
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9: Inferences Involving One Population

9.1 Inference about the Mean u (¢ Unknown)

Example: Find the value of t(10,0.05),
df=10, a=0.05. '

1 ; 0 t(df, o) t
Area in One Tail

. 6
Area in Two Tails Table 6 _
I Appendix B
3 0.765 1.64 2.35 3.18 4.54 5.84
4 0.74]1 1.53 913 2.78 3 75 4.650 Page 719.
5 0.727 1.48 2.02 2.57 3.36 4.03
6 0.718 1.44 1.94 .45 3.14 3.71
7 0.711 1.41 1.89 2.36 3.00 3.50 Go 10 0.05
8 0.706 1.40 1.86 2.31 2 .90 3.36 i
! 0.703 738 83 2.26 2.82 3.25 One Tail
10 0.700 187 93 9.7 5 column and
down to 10
35 0.682 .37 1.69 2.03 2 .44 2.72
40 0.68] 1.30 1.68 2.02 2.42 2.70 df row.
50 0.679 1.30 1.68 201 2.40 2.68
70 0.678 1.29 1.67 1.99 2.38 2.65
100 0.677 1 .20 1.66 1.98 2.36 2.63 Figures from
df> 100 0.675 1.28 1.65 1.96 233 2.58 Johnson & Kuby, 2012.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (6 Unknown)

Recap 9.1:
Essentially have new critical value, t(df,«) to look up

INn a table when o iIs unknown. Used same as before.

c assumed known c assumed unknown

2 X +t(df, o | 2)—

Jn —— Jn

:Y_/’lo t*_Y_ILlO

o/n s/

Rowe, D.B. 8

Xtz(al?2)

Z*
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

We talked about a Binomial experiment with two outcomes.
n=12.3,..

n!
P(x) = X(1— p)"* _ 0<p<l

n = # of trials, x = # of successes, p = prob. of success

Sample Binomial Probability 6. number of H out of n flips

. X -
p=- (9.3)

where x Is the number of successes In n trials.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

Background
In Statistics, mean(cx) =cx and variance(cx) =c*c”.

. . X 1
With|p :H the constant is C_ﬁ

(S meanco=(S o=
mean| — |=| — |[mean(x) = P=p=pu,
n n n

X 2 _
and the variance of p'=— is varlance(xj o p(l p)

. and

N

X
standard error of P'= =~ is|o / \/p(l P)
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

That is where 1. and 2. in the green box below come from

If a random sample of size n is selected from a large
population with p= P(success), then the sampling distribution
of p' has:

1. Amean p . equal to p

p(L-p)
N

2. A standard error 0, equal to \/

3. An approximately normal distribution if n is sufficiently
“large.”
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

For a confidence interval, we would use

Confidence Interval for a Proportion

o' — 2(cr 1 2) pnq o P +2(al?2) pnq
(9.6)

where p'=% and 4'=00-p’) .

Since we didn’t know the true value for p, we estimate it by p'.

This is of the form point estimate + some amount .

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success
Determining the Sample Size

Using the error part of the CI, we determine the sample size n.

Maximum Error of Estimate for a Proportion

1 1_ 1
E:z(a/2)\/p(n ) (9.7)
Sample Size for 1- a Confidence Interval of p q*=1-p*
n—= [Z(O( / 2)]2 P *(1_ p*) From prior data, experience,
- E2 / gut feelings, séance. Or use 1/2. (9.8)

where p* and g* are provisional values used for planning.

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success
Hypothesis Testing Procedure

We can perform hypothesis tests on the proportion
Ho: P2 Pg vs. Hyip <pg
Ho: P =PgVs. Hyip >
Ho:p=pyVsS. H: P # Py
Test Statistic for a Proportion p
p'_ po

o X
\/po(l_ po) with P = 1
N

Z* =

(9.9)

Assume n large for CLT and z.
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9: Inferences Involving One Population
9.3 Inference about the Variance and Standard Deviation

We can perform hypothesis tests on the variance.

Hy: 6% 2 642 vS. H,: 62 < 6°
Hy: 6% < 642 VS. H,: 62 > 6,°
Hy: 6% = 642 VS. H,: 6° # 6,°

For this hypothesis test, use
the 2 distribution >

df=4

1. ;( IS nonnegative
2. ¥? is not symmetric,

3. 2

df =10

skewed to right
IS distributed to form a

family each determined by
df=n-1.

Figure from Johnson & Kuby, 2012.
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9: Inferences Involving One Population
9.3 Inference about the Variance and Standard Deviation

Test Statistic for Variance (and Standard Deviation)

sample variance

n—1)s°
7=t 2) , with df=n-1. (9.10)
O-O <—— hypothesized population variance
Wil also need critical values.
P(;(Z > v (df ,a))za
Table 8 <
Appendix B 0 > p
(df, @)

Page 721 X ™ 421 X

Figure from Johnson & Kuby, 2012.

Rowe, D.B. 16
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9: Inferences Involving One Pop.
Example: Find »%(20,0.05).
Table 8, Appendix B, Page 721.
0 X2 df,a) X2

a) Area to the Right S
0.99 0.95

(44

b) Area to the Left (the Cumulative Area) Median

0.2
1| 0.0000393 0.000157 0.000982 0.00393 0.0158| 0.102 0.455 132 2.71] 3.84 8.02 6.63 7.88
2| 0.0100 0.0201 0.0506 0.103 0.211 0.575 1.39 2747 46] 5.99 7.38 Q.21 10.6
3| 0.0717 011D 0.216 0.352 0.584 1.21 2.37 411  6.25 /.81 ?.35 11.3 12.8
4| 0.207 0.297 0.484 0.711 1.06 1.92 3.36 5.39 Z.78 Q.49 11.1 18.8 14.9
51 0412 0.554 0.831 1.13 1.61 267 4.35 6.63 9.24 Tl 12.8 18,1 16.7
6| 0.676 0.872 1.24 1.64 2.20 3db F0 30 7845 10,0 2.6 14.4 16.8 18.5
7| 0.989 1.24 1.69 20 2.88 495 H6i35 Q4 120 14.1 16.0 18.5 20.3
8l 1.34 1.65 2.18 243 3.49 5.Q7 - 784 19.2° i34 195 175 20.1 22:0
9 1.73 2.09 2.70 8.88 4.17 5908 18:37 (A A 16.9 19.0 2.7 28.6
1@ 2.16 2.56 8:26 3.94 4.87 G4 S9RAL 2 5 60 18.3 20.5 238:2 25.2
11 2.60 3.05 3.82 4.57 5.58 7.58 10.34 137 1Z.8 19.7 2.5 24.7 26.8
il 3.07 3.57 4.40 5.23 6.30 8.44 11.34 14.8 185 21.0 28.3 26.2 28.3
sl 3.5/ 411 5.01 5.89 7.04 2.30 12.34 160 19.8 22.4 24.7 27 20.8
14| 4.07 4.66 503 0.57 7.79 10.2 1804 17:] 2l ) 28L7 26.1 20.1 3.1.8
15| 4.60 3,28 6.26 7.26 8.55 1140 14.34 18.2 223 25.0 275 30.6 82.8
16| 5.14 5.81 6.91 7.96 Q.31 11.9 1:5:34 " 9A D85 26:8 28.8 32.0 34.8
17 5.70 6.41 7.56 8.67 10.1 12.8 1:6:34 20.5: 7 124:8 27.6 302 3814 387
18l 6.26 7.01 8.23 Q.39 10.9 187 1784 5006052610 =28/ 8.5 34.8 37 2
191 6.84 7.63 8.91 10.1 117 14.6 1:8.84 =227 = 27 2 Ao 32.9 36.2 38.6
20 7.43 8.26 Q.59 10.9 12,4 158 19.84 7238 1284 3.2 870 40.0

Figures from Johnson & Kuby, 2012.
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Recap Chapter 10
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples
Confidence Interval Procedure

Paired Difference d=x—X, (10.1)
- 1 1 & _ o

With o unknown, a 1-o confidence interval for u=(u,-u,) IS:

Confidence Interval for Mean Difference (Dependent
Samples)

d -t(df ,a/2) Td t(af,a/2) Td where df=n-1  (10.2)
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

Car 1 2 3 4 5 6
Brand A 125 H4 Q4 38 Q0 106
Brand B 133 65 103 37 102 115

Example:
Construct a 95% CI for mean difference in Brand B — A tire wear.

d’s:8 19, -1 12, 9

=0 _ i

" 0f =5 {(4f o/2)=257 L

d=63 =005 =1 3(d,-d)
d n—li:1 |

s, =9.1

d +t(df o/ 2)2 —> (0.090,11.7)

Jn

Figure from Johnson & Kuby, 2012.

20
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Marquette University

10: Inferences Involving Two Populations

10.2 Inference for Mean Difference Two Dependent Samples
n=6 819 -112 9

Brond A Q4
Brand B 133 65 103 37 02 1 15

Example:
Test mean difference of Brand B minus Brand A Is zero.
Step 1 Hy: 1g=0vs. H_: 11,#0 Step 5 Since t*>t(df,a/2), reject H,

Step 2 different same different
df =5 o 0~ Ho :
a=.05 Sy / \/ﬁ

Step 3 6.3-0 257 0 2.57 | P

3 d- 5] v =30 o0 T,
51/ f Conclusion: Significant difference in
tread wear at .05 level.
Step 4 t(df X / 2) — 257 Figures from Johnson & Kuby, 2012.

21

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples
Confidence Interval Procedure

With o, ando, unknown, a 1-a confidence interval for 4, — 4, Is:
Confidence Interval for Mean Difference (Independent

Samples) ; ) > ;
(E—YZ)—t(df,aIZ)\/(i—l]+(z—2j - (¥1—¥2)+t(df,a/2)\/(2—1j+[2—2)

where df is either calculated or smaller of df;, or df, (10.8)

Actually, this is for 6, # o,. \ \

If using a computer If not using a computer
program. program.
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10: Inferences Involving Two Populations

10.3 Inference Mean Ditference Sample Number Mean Standard Deviation

Confidence Interval roncle (1 Ny = 20 38
Mde(m n =30 X =698 S, = 192

Example:
Interested in difference in mean heights between men and

women. The heights of 20 females and 30 males is measured.
Construct a 95% confidence interval for u. - u, , 0, & o0; unknown

2 S? a=0.05
(X, —X; ) £t(df,a 1 2) (—mH—] t(19,.025) = 2.09

m
n n,

m

2 2
(69.8—63.8)i2.09\/((1'§§) j+((2'18) ] therefore 4.75 to 7.25

20

Figure from Johnson & Kuby, 2012,
23

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure

Step 1

Ho: u=pm VS. Hyl iy,
Step t2*— (X =X ) = (et = )

df =5
a=.05

|

y) 2
S S
_m + _f
nm nf

SteFt’*?’ (72.0 - 65.6) — (0)

=6.17

A

t(df,a/2)=2.57 step5 Reject H,6.17 > 2.57, height males#height females

[—
T

=]

55 57 59 61 63

27 values
_nm =6 -anles
n, = 21 -Fte_1r21ales
- X, |
X =720
%, =65.6
5. =24
st =14.0

73 75 77 79

65 67 69 71

Height

24

Rowe, D.B.
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10: Inferences Involving Two Populations
10.4 Inference for Difference between Two Proportions

— Explained
Fhatts where 1. and 2. in the green box below come from

If iIndependent samples of size n; and n, are drawn ... with
p,=P;(success) and p,=P,(success) , then the sampling
distribution of p; — p, has these properties:

1. mean My p, =P =D
S :Jp1q1+pzq2
—P

2. standard error Oy_y (10.10)

nl r]2
3. approximately normal dist if n, and n, are sufficiently large.
ie 1 n;,n,>20 Il nyp,, N;04, NP5, N,0,>5 T sample<10% of pop
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10: Inferences Involving Two Populations

10.4 Inference for Difference between Two Proportions
Confidence Interval Procedure

Assumptions for ... difference between two proportions
P,-p>: The n,; ... and n, random observations ... are selected
Independently from two populations that are not changing

Confidence Interval for the Difference between Two
Proportions p,— P,

(0}~ py)-2(a12), [P+ B2 o (- pi) +2(ar/2) [P 4 P2
1 2 1 2
nl n2 nl n2

X %
where P, = " and P, =— . (10.11)

1 n2
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10: Inferences Involving Two Populations

10.4 Inference for Difference between Two Proportions
Confidence Interval Procedure

Example: Another Semester
Construct a 99% CI for proportion of female A's minus male A’s
difference Ps — P, .

120values  7(¢1/2)=258  (pl-pl)t2(al2) \/ P 4 Pl

nm:52 13 nf Ir]m
,——f:—:

. =68 D! "0 " 62 (62— 40)+ 258 \/(.62)(.38)+(.40)(.60)

Xn =21 X, 21 b8 02

' = _m = —= .40 _
X, =43 Pn =T 5 003 to .460

m




Marquette University MATH 1700

10: Inferences Involving Two Populations
10.4 Inference for Difference between Two Proportions
Hypothesis Testing Procedure

We can perform hypothesis tests on the proportion

Ho: P12 P2 VS. Hal P < Py P.Y% n P2l 0q £+£
Ho: Py = P2 VS. Hyi P> P, noon N,
Hy: pL=p, vS. H: p 7 ps when P, =P, =P .

Test Statistic for the Difference between two Proportions-
A (L 0  Population Proportions Known
(P = P;) = (P — Py

1 1
i1 XX
\/pq{nfnj P pZ‘n_i (10.12)

I* =

Rowe, D.B.
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10: Inferences Involving Two Populations
10.4 Inference for Difference between Two Proportions

Hypothesis Testing Procedure

Test Statistic for the Difference between two Proportions-

Population Proportions UnKnown

«~—0
e (Pr=P2) = (P~ o)

AR
P\p n1 n2

p, estimated

(10.15)

where we assume p,=p, and use pooled

1 1
i
nl n2

R T
pl__ pz__
n1 nz

PG
M,

estimate of proportion

y =tk 0, =1-p;

) =
n +n,
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10: Inferences Involving Two Populations
10.4 Inference for Difference between Two Proportions
Hypothesis Testing Procedure

Step 1

Hs!ops-pcso vs. H: po-p>0 Ll Number Defective Number Checked

Step 2 '—_n')— _ Salespersons X, = 15 N, =150
Z*: (pS pC) (pOS pOC) Compem()(’s XC — 6 nc _ LSO

p,d; L
o =.05 "P*In, n, . X 15 , X 6
Sep3  (10-049-0) ., " n 150 " n 150
\/(.07)(.93){ 1 1 } . _X+X _ 1546
Step 4 150 150 " n.+n, 1504150

Step > Reject H, - <.05

Z(&) =1.65 02<p-value<.023 or 2.04>1.65 Figure from Johnson & Kuby, 2012.
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10: Inferences Involving Two Populations

10.5 Inference for Ratio of Two Variances Two Ind. Samples
Hypothesis Testing Procedure

We can perform hypothesis tests on two variances

Ho: 01 62 vs. H 01 ‘<0, Assumptions: Independent

: S
Hy: 07 < 02 vs. H, 0! >0 samples from normal distribution

H,: 0, =0, vs. H 0, #0,
Test Statistic for Equality of Variances

SZ

F*:S_g with df, =n, -1 and df, =n, -1
d

(10.16)

Use new table to find areas for new statistic.

Rowe, D.B.
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10: Inferences Involving Two Pops.

10.5 Inference Ratio of Two Variances

Example: Find F(fS,SR,O.OS).

df =n -1 df, =n, -1 0 Fdt,, dfy, ) F
Table 9, Appendix B, Page 722.
o =0.05 Degrees of Freedom for Numerator df,

dfy 4

s 1| 161 200, 216, 225
2185 190 192 192
E[ 3| 101 955 928 912
§l 4| 771 694 659 639
5[ 5] 661 579 541 519
E

| 6| 599 514 476 4.53
Bl 550 474 435 412
5|8 | 532 446 407 3.84
8| 9 | 512 426 386 3.63
210 | 496 410 371 3.48
(o

w N

o Co

Lo

g)wO\\O—‘s\)

0w OMOCKH
N0 GO =wOH

(0%

234.
19.3
8.94

O
\O—J
O

_co_w_wwh
N o (L 00 N
N ] 00 ] O

e

41. 242

237, 239 2

124 194 194 194
8.89 885 8.81] 8./9
609 604 600 596
488 482 477 474
427 dels 410 486
3./9 3.3 368 364
3.50 Jd4 389 3385
329 23 318 314
314 307 302 298

Figures from Johnson & Kuby, 2012.
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10: Inferences Involving Two Populations
10.5 Inference for Ratio of Two Variances Two Ind. Samples
Hypothesis Testing Procedure

*

One tailed tests: Arrange H, & H, so H, is always “greater than”

Hp: 01>02 vs. H,: 0'1<02 — Hy: o, 6/ <lvs. Hy: o, [0/ >1 F*= %
Ho:o2<o? vs. Hio?>0?  Hy ollo?<lvs. Hy o2 lo2>1 px_S
Reject H, if F*=s’/s; > F(df.,dfy,0).

H
w
N PO

Two tailed tests: put larger sample variance s? in numerator
Hy: o, =0, vs. H .0, #0, —Hy 0.l0;=1vs.H_o./lo;#1

0, =0, ifS, >S, 0,=0, if$;>S
Reject H, if F*=s’ /s’ > F(df,,df,,a/2).

Rowe, D.B.
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10: Inferences Involving Two Populations
10.5 Inference for Ratio of Two Variances Two Ind. Samples

Is variance of female heights greater than that of males? & =.01 27 values
Step 1

. 2 2 St = B Viales
Hy:0; <o, vs.H .o} >0, Ny =0 el
2 9 <1 . 9 1 s Ny =21 -Ferales |
Ho:ot /o <lvs. H 07 [on > . f

Step 2 2 df =5
Fr="/a  df =20 |
i a=.01
Step 3 1t
F*=14.0/2.4=5.83
Step4 0 ) ) ) ) ) I I I
F(20,5’01):955 55 57 59 61 63 6SH(;7iglft9 71 73 75 77 79
Step5 Do not reject H, since 5.83<9.55 and conclude o; not >ay,.

34

Rowe, D.B.
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Recap Chapter 11
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Putting Out The Fire

11: Applications of Chi-Square
11.1 Chi-Square Statistic Cooling a Great Hot Taste " & &

Quite often we have qualitative data in categories.

Example: Cooling mouth after hot spicy food.

Method Water Bread Milk Beer Soda Nothing Other

Number 73 29 35 19 20 13 11
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11: Applications of Chi-Square
11.1 Chi-Square Statistic Data Setup

Example: Cooling mouth after hot spicy food.
Method Water Bread Milk Beer Soda Nothing Other

Number 73 29 35 19 20 13 11
Data set up: k cells C,,...,C, that n observations sorted into
Observed frequencies in each cell Og,...,0,. O;+...+0,=n
Expected frequencies in each cell E,,...,E,. E,+...+E=n
Cell C, C, : . . Cy
Observed O, O, . . . O,
Expected E, E, . . . E,

Rowe, D.B.
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11: Applications of Chi-Square
11.1 Chi-Square Statistic Data Setup

Example: Cooling mouth after hot spicy food.
Method Water Bread Milk Beer Soda Nothing Other

Number 73 29 35 19 20 13 11
Data set up: k cells C,,...,C, that n observations sorted into
Observed frequencies in each cell Og,...,0,. O;+...+0,=n
Expected frequencies in each cell E,,...,E,. E,+...+E=n
Cell C, C, : . . Cy
Observed O, O, . . . O,
Expected E, E, . . . E,

Rowe, D.B.
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11: Applications of Chi-Square
11.2 Inferences Concerning Multinomial Experiments g .|

Example: We work for Las Vegas Gaming Commission.
We have received many complaints that dice at particular
casino are loaded (weighted, not fair). We confiscate all dice
and test one. We roll it n=60 times. We get following data.

Cell, i 1 2 3 4 5 6
Observed, O; 7 12 10 12 8 11
Expected, E;, 10 10 10 10 10 10

Expected Value for Multinomial Experiment:
E, =np, (11.3)
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11: Applications of Chi-Square
11.2 Inferences Concerning Multinomial Experiments g .|

Example: We work for Las Vegas Gaming Commission.
We have received many complaints that dice at particular
casino are loaded (weighted, not fair). We confiscate all dice
and test one. We roll it n=60 times. We get following data.

Cell, i 1 2 3 4 5 6
Observed, O; 7 12 10 12 8 11
Expected, E;, 10 10 10 10 10 10

Expected Value for Multinomial Experiment:
E, =np, (11.3)
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11: Applications of Chi-Square
11.3 Inferences Concerning Contingency Tables
Test of Independence

Is “Preference for math-science, social science, or humanities”
... "independent of the gender of a college student?”

Sample Results for Gender and Subject Preference

Favorite Subject Area

Gender Math-Science (M$) Social Science (SS) Humanities (H) Total

Male (M| 37 4] 44 122
Female (F) 35 . /] 1/8
Total /7 113 115 300

Figure from Johnson & Kuby, 2012.
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11: Applications of Chi-Square
11.3 Inferences Concerning Contingency Tables
Test of Independence

Is “Preference for math-science, social science, or humanities”
... "independent of the gender of a college student?”

There is a Hypothesis test (of independence) to determine this.

Is Favorite Subject independent of Gender.

Similar to Example with the Die, now have rows i and columns j.
Observed values, O;'s.

Favorite Subject Area

(Oij B Eij)2

=)

all cells Eij

What are E;;'s?

Rowe, D.B.

Gender Math-Science (MS) Social Science (SS) Humanities (H) Total
Male (M) 37 41 44 122
Female (F) 35 72 e 178
Total /2 113 115 300

Figure from Johnson & Kuby, 2012.

42
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11: Applications of Chi-Square

11.3 Inferences Concerning Contingency Tables (0. —E.)
Test of Independence XD, e
all cells ij
D of F for Contingency Tables:
df =(r-1)(c-1) (11.4)
r>1,c>1

Expected Frequencies for Contingency Tables
¢ _ rowtotal xcolumn total _ RC, (11.5)

L grand total . n

Where does this formula for E;'s come from?
rows i and columns j

43
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11: Applications of Chi-Square
11.3 Inferences Concerning Contingency Tables
Test of Independence e _ R

Where does this formula for E;'s come from?

Favorite Subject Area

Gender MS SS H Total
Male 37 (29.28) 41 (45.95) A4 (46.77) 122 r=2
Female 35 (42.72) 72 67.05) 71 (68.23) 178 c=3
Total /2 113 115 300

If Favorite Subject is independent of Gender, then

O. —E.)?
ZZ*: Z ( 1j u)

all cells Eij

2°(2,0.05) 0=0.05
df = (r—1)(c—1) = (2—1)(3—1)

2 _ < #%(2,0.05)=5.99
Y4 4.604 4 ( ) Figure from Johnson & Kuby, 2012.

44
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11: Applications of Chi-Square

11.3 Inferences Concerning Contingency Tables
Test of Independence RC;

Expected Frequencies for an rxc Contingency Table n

ith row i >;Cw R,—?C,— R.

Total C C, C n
O. —E.)? 2

=) O —5) <z ((r-1)(c-1),a)

E.
all cells ij Figure from Johnson & Kuby, 2012.
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11: Applications of Chi-Square

11.3 Inferences Concerning Contingency Tables

Test of Homogeneity E — R,
n

1)

Is the distribution within all rows the same for all rows?

Governor's Proposal

Residence Favor Oppose r=3

Urban 143 57 200 c=2

Suburban Q8 102 200

Rural 13 8/ 100

Total 254 246 500

0=0.05
(Oi- - Ei-)2 ? — _ — = — -
ZZ*: Z J = J <ZZ ((r —l)(C —1),6!) df (I’ l)(C 1) (3 1)(2 1)
all cells ij

Rowe, D.B.
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Recap Chapter 12
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Previously we learned about hypothesis testing for:
One Population: u, p, and o?.
Two Populations: uy=u—,, t1—tt,, P1—P,, and of/os.

(We also learned about hypothesis testing for contingency tables.)

Now we are going to study hypothesis testing for three or more
populations.

Three Populations: at least two of u,u,,us,... different.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

If we are testing for differences in means,
...why are we analyzing variance?

As It turns out, we calculate two variances and take the ratio.

If all the means are truly the same, the two variances will be
the same and the ratio will be 1.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Temperature Levels

HypOtheS|S TeStIng Procedure Sample from 68°F (i= 1) Sample from 72°F (i=2) Sample from 76°F (i = 3)
10 7 3
Step 1 Hy:u,=u,=us3 VS. 6 2 ;
- ) * 7
H_: at least two u s different — — —
Step 2 % = 10.25 %, =7.0 %3 =375
Sum of Squares Due to Factor
CINGE NG (2] _ SSlfactor)
SS(factor) = (k_]] + k_j + k_j L ) I df(factor) = ¢ — 1 MSliadiod =G e
MS(factor)
Sum of Squares Due to Error *=—
2 2 SS{erron MS(error)
SS =2 2\ _]+_2+_3+... _ error
1ol () <k1 ko ks ) df(error) = n — ¢ oiste] df(error)

a=.05

Shortcut for Total Sum of Squares

SS(total) = 3 (x?) —

(2x)? df(total) = n — 1
n
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12: Analysis of Variance

12.1 Introduction to the Analysis of Variance
Hypothesis Testing Procedure

2
SS(temperature) = [“i+35 15 j 92° _

Step 3
42.25
F*=——=44.47
0.95
Step 4
0 I

Degrees of Freedom for Denominator

SS(error):731.0—(T+?+T]:9.5 Total

5

Degrees of Freedom for Denominato

00<p _value < 01 |

Rowe, D.B.

Temperature 2 84.5 42.25
2 )13 %% Eror 10 Q.5 0.95
¥ 12 94.0 F*=44.47
Step 5
Decision: Reject H,
p-value<a
00< p-value<.01
D of Freedom f a:0.0S
*
F*> Fcrlt
e F*=44.47
) FCI’It:4'1O

F(2,10,0.05)=4.10
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Statistical Inference
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Statistical Inference:

Number of Populations

M t \%O Ne

Parameter Parameters Parameters
RN e A BN
7 Pl |4t Pu Pl Myt || Pureens P

2 2 2 2 2
o o, ,0, Oy 1oy Oy
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Statistical Inference: Procedures for u

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

o’ known? n large?
yy\o y‘mo
v v 7 ign-test
X — 1 X — 1 X — 1 . sign
* _ 0 * _ 0 * _ 0
ST TN TTIT omnC)
o (nonparametric median)
standard Student-t standard custom
normal distribution normal distribution

distribution df=n-1 distribution and table
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Statistical Inference: Procedures for u,-u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

ye S no
Independent Populations Dependent Populations Independent Populations
) ) ) ) Mann—Whitney U test
o, &o, known . &0, unknown N large n small m
o :ZZS(Xi’yj)
Z*z(xl-xz)z—(mz-uz) F test i 7_ el el TR >y,
\/C;wi? = Hq Hq S(x,y,)=41/2, x =y,
v Sy /\/H 0, X<V,

normal

custom distribution and
table or large n normal

0, = (722
nﬂge/msmall
n small Dependent

(%= %)~ (g — p,) =B =R (s~ t55) e (K= %) (M #) | Populations

o r1 - (%~ 72) (ﬂl ts) x .
1 1 = 71 72 _sign-test
S o, ‘\/n n, s +rT2 n o n, min(n(-),n(+))
2

1 . .
normal Student-t normal Student-t (nonparametric median)

55
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Statistical Inference: Procedures for pu,...,u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

yes o

Kruskal-Wallis Test

Equal variances

(Levene or Bartlet Test)
> (F-T)
yes ho H* =D
Zilej:l(rij —-T)
ANOVA Test Welch’s Test _ . :
r;=rank of obs j in pop I
F*:i F*:i T—izni r
S; S5 Ty e
F-distribution F-distribution _ %(n +1)

2 —
df,=1/A S w
‘ - Special distribution and table.
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Statistical Inference: Procedures for p

n-Large
»5/\0\
7% — pl_ Po . X
po(L— Py) -
n Binomial Distribution
Normal n!
distribution P(x) = X! po( — po)

| .
p-value—z |(nn I)' po( p )n I

X>i
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Statistical Inference: Procedures for p,-p,

n-Large
yes 0
Fisher’s exact test
oo (P P) = (Poy = Poo) = =Y 0,-E)* Pi=P;
1 1 _ _
A N J X +X (=X +n, =X,
\/pp(l pp){” +”} ( X }L n—% j
1 2 Chi-Square distribution P(X,X,) = 1
o df=k-1 (nl—i_nZ]
Normal distribution
n,
’ X1 / X2
P, =— P, =— s -~
nl n2 um probabilities of more

extreme values to get p-value
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Statistical Inference: Procedures for ¢2

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

2
2 (N=D)s
X = T o2 Bootstrap
0 Resampling
Chi-Square
distribution Select many samples
df=n-1 of size n fromx,, ...,x,

with replacement.
Calculate s? from each.
Calculate sample variance of s%’s.
Look at percentiles.
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Statistical Inference: Procedures for a2, ¢2

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

e e

Levene test

e (K> (A -A)

Fr=

%8 | %)
\i

F-distribution

o k n; —
df= -1 _ Z Z i L 2
df;=2;-1 (k 1) i=1 j:(Aﬁ Ai)
F-distribution Aﬁj :| yij — yi |
df,=n,-1 :
dfzzzz-l Pop i Obs j

“.”=sum over

Bartlet test

(n—k)ns2 =" (0 ~1)Ins;

L @/ Bk - L/ (0, ~1) -1/ (n—K)

Chi-Square distribution
df=k-1

60
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Statistical Inference: Procedures for 42,...,67

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

e e

Levene test

e (K> (A -A)

Fr=

%8 | %)
\i

F-distribution

o k n; —
df= -1 _ Z Z i L 2
df;=2;-1 (k 1) i=1 j:(Aﬁ Ai)
F-distribution Aﬁj :| yij — yi |
df,=n,-1 :
dfzzzz-l Pop i Obs j

“.”=sum over

Bartlet test

(n—k)ns2 =" (0 ~1)Ins;

L @/ Bk - L/ (0, ~1) -1/ (n—K)

Chi-Square distribution
df=k-1
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Final Exam

Tuesday 12/9/25
5:45pm - 7:45pm
Cudahy Hall 001
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