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Recap Chapter 10.1 and 10.2
Lecture Chapter 10.3
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Recap Chapter 10.1 and 10.2
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

We form a paired difference from the data

Paired Difference
d=x—X, (10.1)

This means that we are subtracting the sample value from

population 2 from the sample value from population 1.
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

So if the di's are approximately normally distributed
with a mean of 4#; and a standard deviation of o, , then
l n
n“

d = Z is normally distributed (recall CLT)

o)
with a mean y; =4, , and standard deviation 0; =T;’] .
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

This would allow us to form a z statistic for the mean of

. _ d-
differences d , z= at
o /\n
S~__— assuming known »
We can then look up probabilities in the table, -~ B

— Z(x/2) (0] Z(x /2) z

with a standard normal distribution.

find critical values z(a/2), construct confidence intervals
d+2(a/2) 2L

a_,UOd \/ﬁ

and test hypotheses using 7*=—-% .
0, /\n

Figure from Johnson & Kuby, 2012.
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

However, as in Inferences for One Population, we never

know the true value of g, . So we estimate it with sample

L | q-—
standard deviation sy. This changes z = a
o,

d -,

to t=
s, //n

1 ¢ —
to Student t with df=n-1 where s; = (d —d)°.
R

and the distribution from standard normal



Marquette University MATH 1700

10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples
Confidence Interval Procedure

With o, unknown, a 1-a confidence interval for 4 is:

Confidence Interval for Mean Difference (Dependent

Samples)
S
d —t(df e/ 2) > 1o t(df ,a/2)—~  where df=n-1
\/_ */ﬁ (10.2)
1 1 < _
=) d st =——Y (d —-d)
an . (103) : n_lé( —d)" (0.4
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples

Car 1 y 3 4 5 6
Brand A 125 b4 Q4 38 Q0 106
Brand B 133 65 103 37 102 115
Example:
Construct a 95% CI for mean difference in Brand B — A tire wear.
di’SZB, 1, 9, —1, 12, 9 1id
n==6 _ ns'
! =5 {(df,al2)=257 Lo
d =6.3 a=0.05 S§=—Z(di—d)2
51 -1

d +t(df o/ 2)2

Vi
Figure from Johnson & Kuby, 2012.

—> (0.090,11.7)
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10: Inferences Involving Two Populations

10.2 Inference for Mean Difference Two Dependent Samples
Hypothesis Testing Procedure

We can test for differences in the population means:
Ho: ta2p, VS Hyl py<u,  — Ho: ty-115 20 V8. Hyl g1, <0
Ho: pySup V8. Hyl >, — Ho: 115 <0 vs. Hyl g1, >0
Ho: ta=p, vs. Hy py#p,  — Ho: -1 =0 vs. Hy! 1=, 70
Ha=HiHp = Ho: 11g20 vs. Hyl 4<0
(g™ Moeore™ Hatier)  Ho® g =0 vS. Hyi pg>0

Ho: 14=0 vs. H.: u,#0

Rowe, D.B.
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10: Inferences Involving Two Populations
10.2 Inference for Mean Difference Two Dependent Samples
Hypothesis Testing Procedure

With o, unknown, the test statistic for 4, is:

Test Statistic for Mean Difference (Dependent Samples)

q—
%= leﬁ where df=n-1
d

(10.5)

Go through the same five hypothesis testing steps.

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In
means. R T

Ho: g 2 tgo VS- Ho: 1y < g0 - Critical Non-Critical
Region Region
Reject H, If less than
. a_ludo Reject Fail to Reject |
tr=— L0 _t(df, )

_sd/\ﬁ

data indicates puy < 1y

because d is “a lot” ' /

smaller than g, t* oy 0 ~ 2

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In
means. T T

Ho: ttg S ttgo VS- Hyi g > g - Non-Critical Critical
_ Region Region
Reject H, If greater then
. a_ludo ' Fail to Reject Reject
tr=—r%0 t(df , )

_sd/\ﬁ

data indicates puy > 1y
because d is “a lot”
smaller than g, | 0

N

cv [t~

13

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In

means.
Ho: g = Ugo VS. H.: Ug * Hdo - Critical Non-Critical Critical -
e ' Region Region
Reject H, If less than
1 Rej Fail to Reject Reject
t*: d _/udO —t(df a / 2) _ eject Il 10 R€eje ejec
s, //n |
or If IS greater thar |
d—
tr=— M0 t(df a0/ 2)
Sd/\/ﬁ LT ! ! | ! P e S
data indicates uy #ugo,d far from py, t* cv 0 cv t*

Rowe, D.B.
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Marquette University

10: Inferences Involving Two Populations

10.2 Inference for Mean Difference Two Dependent Samples
n=6 819 -112 9

Brond A 04

Example: Brand B 133 65 103 37 02 1 15
Test mean difference of Brand B minus Brand A Is zero.

Step 1 Hy: 14=0 vs. H,: u#0 Step5 Since t*>t(df,a/2), reject H,
Step 2 different same different
df :5 t*: d _/udO *

a =.05 Sy / \/ﬁ

Step 3 6.3-0 257 0 2.57 | ‘

PII-03 v ang o0 2,
51/ \/7 Conclusion: Significant difference in
tread wear at .05 level.
Step 4 t(df y O / 2) = 257 Figures from Johnson & Kuby, 2012.

15

Rowe, D.B.
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Chapter 10: Inferences Involving Two Populations

Questions?

Homework:Read Chapter 10.1-10.2
WebAssign
Chapter 10 #13, 15, 23, 25, 29, 31, 35

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Background 2

We said from SDSM that mean(X) =z and variance(i):% .

We are often interested in comparisons between means X, — X,.

There’s a rule that says that if X, and X, have means , and &, ,

and variances o; and o,
thenmean(X, — X,) = 14 — 1,

2 2 2 2

) . . O O O. O

and varlance(xl—xz): L2 — o, :\/ I
L n n

nl r]2 1 2

if X, & X, independent
Variances add not standard deviations.

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples
Means Using Two Independent Samples

If two populations are independent we can construct confidence
Intervals and test hypotheses for the difference in their means.

If iIndependent samples of sizes n, and n, are drawn ... with
means u, and u, and variances o, and o, , then the sampling
distribution of X —X, ... has

1. mean Ky =i —H, and

2 2
2. standard error o, = [ 22|+ 22
1 2 nl n2

If both pops. are normal, then X -X, is normal . (10.6)

Rowe, D.B. Actually the CLT works here for X's. 19
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

However, the true population variances are never truly known

so we estimatecs. and o; by s’ and s; and the

standard error 2 2
GY 5 — ﬁ _|_ 2 (106)
1 "2 nl n2

by
s (s’
s = || L |4] 2%
XX, \/( nl) [nzj : (10.7)

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples
Confidence Interval Procedure

With o, ando, unknown, a 1-a confidence interval for /- 4, Is:
Confidence Interval for Mean Difference (Independent

Samples) > » » >
(Yl—iz)—t(df,aIZ)\/[;—l){;—Z] - (¥1—¥2)+t(df,a/2)\/(2—1j+[2—2]

where df is either calculated or smaller of df,, or df, (10.8)

Actually, this is for 6, # o,. ’\
If using a computer If not using a computer
program. program.

Need normal populations to use t critical values.

21

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference Mean Difference

_ Sample Number Mean Standard Deviation
Confidence Interval Female (ff M=120 X, =638 s =218
Made(m  n,=30 X =698 S, = 192

Example:

Interested in difference in mean heights between men and
women. The heights of 20 females and 30 males is measured.
Construct a 95% confidence interval foru. - u, , o0, & 0y unknown

2 S? a=0.05
(X, = X;) £ t(df e/ 2) [n—} - t(19,.025) =
f

m

Figure from Johnson & Kuby, 2012.
22

Rowe, D.B.
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10: Inferences Involving Two Populations

10.3 Interence Mean Ditterence Sample Number Mean Standard Deviation

Confidence Interval o] M= 20 T |
Made(m  n,=30 X =698 S, = 192

Example:
Interested in difference in mean heights between men and

women. The heights of 20 females and 30 males is measured.
Construct a 95% confidence interval foru. - u, , o0, & 0y unknown

\/ 2 S? a=0.05
(X, = X; ) £t(df a1 2) [—”‘H—} t(19,.025) = 2.09

m
n n,

m

2 2
(69.8—63.8)i2.09\/((1'§§) )+((2'18) ] therefore 4.75 to 7.25

20

Figure from Johnson & Kuby, 2012.
23

Rowe, D.B.
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10: Inferences Involving Two Populations

10.3 Inference for Mean Difference Two Independent Samples
Hypothesis Testing Procedure

We can test for differences in the population means:

Ho: ta2p, VS Hyl py<u,  — Ho: ty-115 20 V8. Hyl g1, <0
Ho: pySup V8. Hyl >, — Ho: 115 <0 vs. Hyl g1, >0
Ho: ta=p, vs. Hy py#p,  — Ho: -1 =0 vs. Hy! 1=, 70

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples
Hypothesis Testing Procedure

With o, and o, unknown, the test statistic for 14 — 4, is:
Test Statistic for Mean Difference (Independent Samples)
= (X, - 2)‘(:”0,1_/”0,2)

2 2
S S
1 + 2
nl nZ :
L If not using a computer program.

where df is either calculated or smaller of df;, or df, (10.9)

Actually, this is for o, # o,. If using a computer program.

>

Go through the same five hypothesis testing steps.

Need normal populations to use t critical values.

25

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In
means. R T

Ho: 4=t 2 0 vs. Hy: py-11,< 0 Critical Non-Critical
Region Region
Reject H, if less than
r (X, -%,)-0 Reject Fail to Reject

_t(df )

\/(sf/n1)+(;§/n2)

data indicates u,-u, <0

because X, - X, is “a lot” ' /

smaller than 0. t* oy 0 ~ 2

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In
means. T T

Ho: =1 <0vs. Ha; Uyl > 0 - Non-Critical Critical
~ Region Region
Reject H, If greater then
(71 _¥ ) 0 Fail to Reject Reject
2 I

t*=

t(df , )

\/(sf/n1)+(;§/n2)

data indicates u,-u, > 0
because X, — X, is “a lot”
smaller than O. | 0

N

cv [t~

27

Rowe, D.B.
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9: Inferences Involving One Population
9.2 Inference about the Binomial Probability of Success

There are three possible hypothesis pairs for the difference In

Non-Critical

Fall to Reject

Critical -
Region

Reject

means.
Ho: w11, = 0 vs. H ! py-u, # 0 - Critical
_Reglon
Reject H, If less than
(71 y) 0 Reject
= —t(df ,a / 2)
J(sin)¢[si/n) |
or if IS greater that
S T
2 : (df,a/2)
st )+ (s2/m,)
data indicates u,-u, # 0, X, =X, T trev

far from O.

Rowe, D.B.
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10: Inferences Involving Two Populations

10.3 Inference for Mean Difference Two Independent Samples

X

males and females

5 77 79

Hypothesis Testing Procedure 27 values
L Height vs. Weight
From a previous class St
200 - —_—
[ ] : 4
180 | L] L ]
:.° %
= 160 o0 3+
z S,
140 | o L J o
° o ® 2r
120 ° ®% °
° ( ] 1+t
100 |
0
80 P p - s 55 57 59 61 63 65 67 69 71 73 7
ei Height
N=27 values et e

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
S 1570 I Males
Xm

B Females
4 4 X, .
3t I3l
2t Iyl
1+ Il
0 g —— .
55 57 59 61 63 65 67 69 71 73 75 77 79 55 57 59 61 63 65 67 69 71 73 75 77 79

Height Height

Is the height of males = height of females at a=.05?

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 S _nm =6 I-I M_alles |
S Xm
Step 5 s _nf =21 -Ft;_(males |
7

Step 3

Step 4 55 57 59 61 63 65 67 69 71 73 75 77 1719
Height

Step 5

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 sl e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
Step 2 4 _nf =21 -Ft;_(males |

7

Step 3

Step 4 55 57 59 61 63 65 67 69 71 73 75 77 1719
Height

Step 5

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 <l e
. — . = =0 B Males

Ho: 4=t VS. Hyl iy, :m ’ ;MK:
— — = Females
Step g*_(xm—xf)—(ﬂm—uf) 4 ]
= : X =1
2 S
df =5 £5j+ o
a:os nm nf
Step 3
Step 4 S5 57 59 61 63 65 67 69 71 73 75 77 79
Height
Step 5

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 T T e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
St 2 X X 4 _nf =21 -Fe_males |

ept*:(xm_xf)_(:um_:uf) . X,

df =5 (S’ij+ i i
a =.05 n, n, _

Step 3
P> (120-656)-(0) ..

0E *
Step 4 6 2l s 57 59 61 63 65 67 69 71 73 75 77 79

Height

[—

Step 5

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 T T e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
St 2 X X 4 _nf =21 -Fe_males |

ept*:(xm_xf)_(:um_:uf) . X,

2 2
df =5 £5j+ S 3
a=.05 n, N _
Step 3 B B
e (120-656)-(0) _, .

. *
%‘%Sesig"Af 6 21 S 57 59 61 63 65 67 69 71 73 75 77 79

Classical Height
t(df ,a/2) =257 Steps

[—

=]

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 T T e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
St 2 X X 4 _nf =21 -Fe_males |

ept*:(xm_xf)_(:um_:uf) . X,

2 2
df =5 £5j+ S 3
a=.05 n, N _
Step 3 B B
e (120-656)-(0) _, .

[
%‘%Sesig"Af 6 21 S 57 59 61 63 65 67 69 71 73 75 77 79

Classical Helght

t(df,a/2)=2.57 Steps Reject H,6.17 > 2.57, height males#height females

[—
T

=]

Rowe, D.B.
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 T T e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
St 2 X X 4 _nf =21 -Fe_males |

ept*:(xm_xf)_(:um_:uf) . X,

df =5 (S’ij+ i i
a =.05 n, n, _

Step 3
P> (120-656)-(0) ..

(R *
%?364 6 21 55§ 57 59 61 63 65 67 69 71 73 7IS 7I7 7I9

value Height
P(|t*|>6.17) =.0016 Step 5

Rowe, D.B.
o4 o] b

[—

=]
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10: Inferences Involving Two Populations
10.3 Inference for Mean Difference Two Independent Samples

Hypothesis Testing Procedure 27 values
Step 1 T T e
HO: U—tm VS. Ha: :uf#:um Ny =0 !Mfr:es
St 2 X X 4 _nf =21 -Fe_males |

ept*:(xm_xf)_(:um_:uf) . X,

) 2
df =5 £5j+ > d
a=.05 n, N _
Step 3 B B
e (120-656)-(0) _, .

(R *
%?364 6 21 55§ 57 59 61 63 65 67 69 71 73 7IS 7I7 7I9

o-value Height
P(|t*[>6.17)=.0016 Step5 Reject H, .002<.05 , height males#height females

Rowe, D.B.
e o] b

[—

=]
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Chapter 10: Inferences Involving Two Populations

Questions?

Homework: Read Chapter 10.3
WebAssign
Chapter 10 # 41, 45, 53, 57, 58, 59, 63

Rowe, D.B.
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