
Class 26

Daniel B. Rowe, Ph.D.

Department of Mathematical and Statistical Sciences

Copyright by D.B. Rowe
1

Marquette University                                      MATH 1700



Agenda:

Recap Chapter 12.1

Statistical Inference
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Recap Chapter 12.1
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Previously we learned about hypothesis testing for:

One Population: μ, p, and σ2.

Two Populations: μd=μ1‒μ2, μ1‒μ2, p1‒p2, and σ2/σ2.

(We also learned about hypothesis testing for contingency tables.)

Now we are going to study hypothesis testing for three or more 

populations.

Three Populations: at least two of μ1,μ2,μ3,… different.

Rowe, D.B.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

If we are testing for differences in means, 

…why are we analyzing variance?

As it turns out, we calculate two variances and take the ratio.

If all the means are truly the same, the two variances will be 

the same and the ratio will be 1.

Rowe, D.B.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Example: Hypothesis Test for Three Means, μ1, μ2, and μ3. 

It is believed that manufacturing plant temperature affects 

production rate.

Rowe, D.B.
6

1 4=k
2 5=k 3 4=k

μ1 μ2 μ3
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Hypothesis Testing Procedure

 H0:μ1=μ2=μ3 vs. 

 Ha: at least two μ’s different
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Step 1

Step 2

.05 =

Marquette University                                      MATH 1700



12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Hypothesis Testing Procedure
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Step 3

Step 4 Step 5

* critF F

.00 .01 − p value

− p value 

42.25
* 44.47

0.95
= =F

α=0.05

Decision: Reject H0

0.01=

* 44.47=F

Classical approach

0.05=

F(2,10,0.05)=4.10

* 44.47=F
Fcrit=4.10

.00 .01 − p value

2 2 2 241 35 15 (91)
( ) 84.5

4 5 4 13

 
= + + − = 
 

SS temperature

2 2 241 35 15
( ) 731.0 9.5

4 5 4

 
= − + + = 

 
SS error

p-value approach
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Statistical Inference
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Statistical Inference
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Statistical Inference: 
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one two three

Number of Populations

Parameter



2

p

Parameters Parameters

1 2, 

2 2

1 2, 

1 2,p p 1 ,..., k 

2 2

1 ,..., k 

1,..., kp p
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Statistical Inference: 1 Population 

 

12

one two three

Number of Populations

Parameter



2

p

Parameters Parameters

1 2, 

2 2

1 2, 

1 2,p p 1 ,..., k 

2 2

1 ,..., k 

1,..., kp p
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Statistical Inference

H0: μ ≥ μ0 vs. Ha: μ < μ0

H0: μ ≤ μ0 vs. Ha: μ > μ0

H0: μ = μ0 vs. Ha: μ ≠ μ0

H0: σ
2 ≥ σ0

2 vs. Ha: σ
2 < σ0

2

H0: σ
2 ≤ σ0

2 vs. Ha: σ
2 > σ0

2

H0: σ
2 = σ0

2 vs. Ha: σ
2 ≠ σ0

2

H0: p ≥ p0 vs. Ha: p < p0

H0: p ≤ p0 vs. Ha: p > p0

H0: p = p0 vs. Ha: p ≠ p0
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Statistical Inference: Procedures for μ

 

 

sign-test

(nonparametric median)
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yes

known?

yes no

Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

no

(Assume or Test for Independent Observations

min(n(-),n(+))0*
/

−
=

x
z

n





0*
/

−
=

x
t

s n



n large?

yes no

0*
/

−
=

x
z

s n



2

standard 

normal 

distribution

Student-t 

distribution

df=n-1

standard 

normal 

distribution

custom 

distribution 

and table
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Statistical Inference: Procedures for σ2
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Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

yes no
2

2

2

0

( 1)
*

−
=

n s




Chi-Square 

distribution

df=n-1

Bootstrap 

Resampling

Rowe, D.B.

Select many samples 

of size n from x1,…,xn 

with replacement. 

Calculate s2 from each.

Calculate sample variance of s2’s.

Look at percentiles.
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Statistical Inference: Procedures for p
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n-Large

yes no

0

0 0

'
*

(1 )

−
=

−

p p
z

p p

n

Normal 

distribution
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' =
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p
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Binomial Distribution
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!
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−= −
−

x n xn
P x p p

x n x

p-value= 0 0

!
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!( )!

−



−
−
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x i

n
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Statistical Inference: 2 Populations 
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one two three

Number of Populations

Parameter



2

p

Parameters Parameters

1 2, 

2 2

1 2, 

1 2,p p 1 ,..., k 

2 2

1 ,..., k 

1,..., kp p
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Statistical Inference

H0: μ1 - μ2 ≥ 0 vs. Ha: μ1 - μ2 < 0 

H0: μ1 - μ2 ≤ 0 vs. Ha: μ1 - μ2 > 0 

H0: μ1 - μ2 = 0 vs. Ha: μ1 - μ2 ≠ 0

H0: σ1
2 ≥ σ2

2 vs. Ha: σ1
2 < σ2

2

H0: σ1
2 ≤ σ2

2 vs. Ha: σ1
2 > σ2

2

H0: σ1
2 = σ2

2 vs. Ha: σ1
2 ≠ σ2

2

H0: p1 ≥ p2 vs. Ha: p1 < p2

H0: p1 ≤ p2 vs. Ha: p1 > p2

H0: p1 = p2 vs. Ha: p1 ≠ p2
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Statistical Inference: Procedures for μ 1-μ2
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yes

Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

Independent Populations

known unknown

1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
z

n n

 

 

normal

F test

2 2

1 2 =
2 2

1 2 

2 2

1 2&  2 2

1 2& 

1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
z

S
n n

  1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
t

S
n n

 

normal

Student-t 

1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
t

s s

n n

 
1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
z

s s

n n

 

n large
n large

n small
n small
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Statistical Inference: Procedures for μ 1-μ2
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yes

Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

Independent Populations Dependent Populations

*
/

−
= d

d

d
z

s n


*

/

−
= d

d

d
t

s n



n large n smallknown unknown
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*
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+

x x
z

n n

 

 

normal

2 2

1 2 =
2 2

1 2 

2 2

1 2&  2 2

1 2& 

1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
z

S
n n

  1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
t

S
n n

 

normal

Student-t 

1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
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+

x x
t

s s

n n

 
1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
z

s s

n n

 

n large
n large

n small
n small

yes
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F test
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Statistical Inference: Procedures for μ 1-μ2
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yes

Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

no

(Assume or Test for Independent Observations

Independent Populations Dependent Populations

*
/

−
= d

d

d
z

s n


*

/

−
= d

d

d
t

s n



n large n smallknown unknown

1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
z

n n

 

 

normal

2 2

1 2 =
2 2

1 2 

2 2

1 2&  2 2

1 2& 

1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
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S
n n

  1 2 1 2

1 2

( ) ( )
*

1 1

− − −
=

+p

x x
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S
n n
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1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
t

s s

n n

 
1 2 1 2

2 2

1 2

1 2

( ) ( )
*

− − −
=

+

x x
z

s s

n n

 

n large
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n small
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yes

Mann–Whitney U test

1 1

* ( , )
= =

=
n m

i j

i j

U S x y
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( , ) 1 / 2,
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x y
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x y
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table or large n normal
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(nonparametric median)
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F test
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Statistical Inference: Procedures for σ2, σ2
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Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

yes no
2

1

2

2

*=
s

F
s

F-distribution

df1=n1-1

df2=n2-1
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1 2

Levene test

Bartlet test

2

. ..1

2

.1

( ) ( )
*

( 1) ( )

=

= =

− −
=

− −


 

i

k

i ii

k n

ij ii j

n k n A A
W

k A A

F-distribution

df1=n1-1

df2=n2-1

.| |= −ij ij iA y y

Pop i Obs j

“.”=sum over

2 2

1

1

( )ln ( 1)ln
*

1 (1/ (3( 1)))(( 1 / ( 1)) 1 / ( )

=

=

− − −
=

+ − − − −




k

p i ii

k

ii

n k s n s
T

k n n k

Chi-Square  distribution

df=k-1
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Statistical Inference: Procedures for p1-p2
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n-Large

yes no

1 2 0,1 0,2

1 2

( ) ( )
*

1 1
(1 )

 − − −
=

 
 − + 

 
p p

p p p p
z

p p
n n

Normal distribution
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1 2
 −p p

1 2

1 2

p

x x
p

n n

+
 =

+

1
1

1

x
p

n
 = 2
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2

x
p

n
 =
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2

2

1

( )
*

=

−
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k j j

j
j

O E

E


Chi-Square  distribution

df=k-1

=

Fisher’s exact test

1 2 1 1 2 2

1 1 1

1 2

1 2

1

( , )

+ − + −  
  

−  =
+ 

 
 

x x n x n x

x n x
P x x

n n

n

Sum probabilities of more 

extreme values to get p-value

Marquette University                                      MATH 1700



Statistical Inference: k Populations 
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one two three

Number of Populations

Parameter



2

p

Parameters Parameters

1 2, 

2 2

1 2, 

1 2,p p 1 ,..., k 

2 2

1 ,..., k 

1,..., kp p
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Statistical Inference

H0: μ1=…=μk 

vs. 

Ha: at least two μ’s are different
 

H0: σ1
2 =…= σk

2
 

vs. 

Ha: at least two σ2’s are different

H0: p11=…=prc 

vs. 

Ha: at least two p’s are different
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Statistical Inference: Procedures for μ1,…,μk
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Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

yes no

2

1

2

2

*=
s

F
s

F-distribution

df1=n1-1

df2=n2-1
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Kruskal-Wallis Test

ANOVA Test

Equal variances

(Levene or Bartlet Test)

yes no

2

.1

2

1 1
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= =

−
= −

−


 

i

k

ii

k n

iji j

r r
H n

r r

. 1

1
=

= 
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i ijj
i

r r
n

rij=rank of obs j in pop i

1
( 1)

2
= +r n

Special distribution and table.

Welch’s Test

2

1

2

2

*=
s

F
s

F-distribution

df1=n1-1

df2=1/Λ
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1

1

2

1

3
1

1

=

=

 
 −
 
 

−
 =

−
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k
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Statistical Inference: Procedures for σ2,…,σ2
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Normally Distributed Data
(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

(Assume or Test for Independent Observations

yes no
2

1

2

2

*=
s

F
s

F-distribution

df1=n1-1

df2=n2-1
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1 k

Levene test

Bartlet test
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= =
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k A A

F-distribution

df1=n1-1

df2=n2-1

.| |= −ij ij iA y y

Pop i Obs j

“.”=sum over

2 2

1

1

( )ln ( 1)ln
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1 (1/ (3( 1)))(( 1 / ( 1)) 1 / ( )

=

=

− − −
=

+ − − − −




k

p i ii

k

ii

n k s n s
T

k n n k

Chi-Square  distribution

df=k-1
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Statistical Inference: Procedures for p1,…,pk
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n-Large

yes no

2

2

1

( )
*

=

−
=

k j j

j
j

O E

E

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Chi-Square  distribution

df=k-1

p-value via simulation

Freeman-Halton exact test

or
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Statistical Inference

 Hypothesis tests also exist for:

 Regression Coefficients, H0:β1=0  vs. Ha:β1≠0 

 Correlation Coefficient,  H0:ρ=0  vs. Ha: ρ≠0

 Temporal Autocorrelation, H0:ρ=0  vs. Ha: ρ≠0

 Correlation Matrices,  H0:R is diagonal

       vs. Ha: R not Diagonal

 Two-way ANOVA

 …
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Statistical Inference

Questions?

30
Rowe, D.B.
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