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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Previously we learned about hypothesis testing for:
One Population: g, p, and o?.
Two Populations: uy=u,—ty, t1—t,, P1—P,, and cf/cs.

(We also learned about hypothesis testing for contingency tables.)

Now we are going to study hypothesis testing for three or more
populations.

Three Populations: at least two of u,u,,us,... different.

Rowe, D.B.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

If we are testing for differences in means,
...why are we analyzing variance?

As It turns out, we calculate two variances and take the ratio.

If all the means are truly the same, the two variances will be
the same and the ratio will be 1.

Rowe, D.B.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Example: Hypothesis Test for Three Means, u,, u,, and ;.
It is believed that manufacturing plant temperature affects
production rate.

Temperature Levels

Sample from 68°F (i=1) Sample from 72°F (i=2) Sample from 76°F (i = 3)

Rowe, D.B.
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12: Analysis of Variance
12.1 Introduction to the Analysis of Variance

Temperature Levels

Hypothesis Testing Procedure Sarmpl rom G8°F 1~ 1] Sample from 72°F 1 21 Sample from 76 13
10 7 3
Step 1 Hy:u,=u,=u, VS. 6 . ;
- b o 7
H,: at least two u s different — — —
Step 2 x=1025 X =70 Xa= 375
Sum of Squares Due to Factor
CENGE N (= x)? _ SSlfactor)
SS(factor) = (k_]] + k_j + k_j = ) I df(factor) = ¢ — 1 MSffactor) = -t facton
MS(factor)
Sum of Squares Due to Error * =
e = MS(error)
gS w2 L PRIO
lerrer) S <k1 ' ky " ks ' ) df(error) = n — ¢ folemen df(error)

a =.05

Shortcut for Total Sum of Squares

SS(total) = X (x?) —

(2x)? df(total) = n — 1
n
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12: Analysis of Variance

12.1 Introduction to the Analysis of Variance
Hypothesis Testing Procedure Sowre____df S5 NS

2 gt g 2 Temperature 2 84.5 42,25
SS(temperature):[41 A ]_(91) P

75 )T T Ror 10 2.3 0.95
Step 3 4° 35 15
SS(error):731.0—[T+?+TJ=9.5 TOTO| 12 Q4 0 F*=44.47
. 4225
F*=——=44.47
0.95
Step 4 Step 5
p-value approach Classical approach Decision: Reject H,
* p-value<a
0 o . .00< p-value<.01
a=0.01 Degrees of Freedom for Numerator a=0.05 Degrees of Freedom for Numerator a:O 05
£ | :
5| e 5 *
i Z F*> |:crit
g I 7 F*=44.47
& . 4 305 487 464 450 439 430 Z Bl 255 3% 3B 35 291 78 Fcrit:4'10
.00< p-value<.01 F(2,10,0.05)=4.10
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Statistical Inference
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Statistical Inference:
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Number of Populations
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Statistical Inference: 1 Population

Number of Populations

o

one
Parameter
ﬂ ‘
(72
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Statistical Inference

Hoi 102 11 V8. Hal gt < g ox_ Xt
Ho: 10 < pg s, Hyt > g s/+/n
o 1= Ho VS, Hal 7 g

H,: 62> 6,2 vs. H,: 62 < 6,2 25 (N—=1)s°
H,: 62 < 6,2 VS. H: 6% > 6, £ o
H,: 62 = 6% VS. H,: 6% # 6,

M- P =P VS. A4 P <Py . P'— P,

Rowe, D.B.
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Statistical Inference: Procedures for u

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

o known? n large?
y/\ VA
v v 7 ign-test
X — 1 X — 1 X — 1 _ sign
* _ 0 * _ 0 * _ 0
S~ Z s minme)nt)
o (nonparametric median)
standard Student-t standard custom
normal distribution normal distribution
distribution df=n-1 distribution and table

Rowe, D.B.
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Statistical Inference: Procedures for 62

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

2
e (N=D)s
X = T o2 Bootstrap
0 Resampling
Chi-Square
distribution Select many samples
df=n-1 of size n from x,,...,x,

with replacement.
Calculate s? from each.
Calculate sample variance of s%’s.
Look at percentiles.

Rowe, D.B.
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Statistical Inference: Procedures for p

n-Large
M\K
7% — p- Po . X
Po(L— o) "
n Binomial Distribution
Normal n!
distribution P(x) = X! Py (L—p,)"

p-value= Z“(n I)' po)“—i

x>l

Rowe, D.B.
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Statistical Inference: 2 Populations

Number of Populations

|
one t\io three
Parameter Parameters Parameters
7, ‘ Pl |4y 1 \ Pus Pof| [ Hysees by \ Prsees Py
o? 0'12,0'22 of,...,akz

Rowe, D.B.
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Statistical Inference

_O: 01_

_O: 01_
o P1 =

Rowe, D.B.

Ho: pq - 1y =0 vs.
Ho: pq - 1y <0 vs.

To- Uy =~ o =
H . 6,°> 6,2 VS.
Hy: 6,2 < 6,2 VS.

0 vs.

gt g = 11, <0
gt g - 11> 0

Hy: 6,2 = 6,% VS.

tr = d - ~ Hyo
s, /n

(X —X%;) - (ﬂo,l_ﬂo,z)

t* =
J(s/m)+(s2/m,)
Sd

7k _ pz) (po1 poz)
\/p [/, +4n, |
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Statistical Inference: Procedures for u ;-u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

LB
Independent Populations

2 2 2 2
o, &0, krpﬁﬁ\a&a2 unknown

2*2(71_?2)_(%_#2) F test

Jfff+0§
nl r.IZ /
normal
0. =0,
nﬂge/xsmall

= (X =%) —( — 1) t*= (X —%)— (1, — 1)

o [T, 1 sthl S (77 R o ) el Cd )
i E+E WM S \/s s;

Z*

%Ly Y2
normal Student-t n n,

Rowe, D.B.
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Statistical Inference: Procedures for u ;-u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

ye S
Independent Populations Dependent Populations
o’ &o; kM& o2 unknown N large n small

2*2(71_?2)_(%_#2) F test

Jfff+0§
nl r.IZ /
normal
0. =0,
nﬂge/xsmall

= (X =%) —( — 1) t*= (X —%)— (1, — 1)

o [T, 1 sthl S (77 R o ) el Cd )
i E+E WM S \/s s;

normal Student-t n n

7% — d - 4, t* — d -4,

/Jn

)
o
~
5
w
o

Z*

Rowe, D.B.
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Statistical Inference: Procedures for u ;-u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

ye S no
Independent Populations Dependent Populations Independent Populations
) ) ) ) Mann—Whitney U test
o, &o, known . &0, unknown N large n small L
U*= ZZS(XU yj)

2*2(71_?2)_(%_#2) F test

J e P ey
non / Sd/\/ﬁ Sd/\/ﬁ

normal
o} =0,
nﬂge/xsmall
n small

i=1 j=1
1, X >,
S(x,Y;)=11/2, X =Y,
0, X<y,

custom distribution and
table or large n normal

2 Dependent
s F=%) — (4 — 1) tr= 06 =%) — (44— 1t) . o Populations
5 1 1 S \/1+1 7% — (X =%) (= 1) = (X = %) — (th — 1) sign-test
== p 2 2 .
n, o, $,8 J min(n(-),n(+))
normal Student-t n n, n n (nonparametric median)

21
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Statistical Inference: Procedures for a2, 62

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

F*—

RZ8 | %
\i

F-distribution
df2:n2'1

Rowe, D.B.

e e

Levene test

W* = (n B k)z:(zlni ('E‘i - 'E‘)Z
k-0 > (A -A)

F-dISt_rIbl:Itlon Aij :| yij -V |
df,=n;-1 . )
df,=n,-1 Pop i Obs j

“ »=sum over

Bartlet test

(n—k)ns2=>"" (n~1)Ins;

T*

14 (1 3K ~ON(CE A7 (0, ~D) -1/ (n—k)

Chi-Square distribution
df=k-1

22
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Statistical Inference: Procedures for p;-p,

n-Large
yes 0
Fisher’s exact test
! ! ! !
2% (P — P2) = (Pos — Poy2) S, P Zk (O - E; ) P = P
1 1 _ _
"(1_ =+ J X+ X (N —X +Nn, =X,
Jra-m[ 2] R
1 2 Chi-Square distribution P(X,X,) = X L%
o df=k-1 [nl + nzj
Normal distribution
n,
X %
p1 - pz - I
n n Sum probabilities of more
1 2 extreme values to get p-value
, X1 + X
" n+n

Rowe, D.B.
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Statistical Inference: k Populations

Rowe, D.B.

Number of Populations

M o

Parameter

/l\

2
O

Parameters

P

Hay Hy

2 2
0;,0,

We

Parameters

/\\

Pu, Py

AN

Pures By
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Statistical Inference

Ho: py=... =14 =« _ MS(factor)
VS. MS (error)
H,: at least two u s are different

Hy: 6,2=...=62 We Didn 't Learn
VS.
H.: at least two 62 s are different

Ho: P1i=...=p ,
VS. " ZZ*: Z (Oij o Eij)
H,: at least two p § are different alclls By

Rowe, D.B.
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Statistical Inference: Procedures for u,,...,u,

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

yes o

Equal variances Kruskal-Wallis Test
(Levene or Bartlet Test)
> (F-T)
H*:(n—l) =1 !

Z:(:lzrj]izl(rii -7y

r;=rank of obs j in pop I

yes no

ANOVA Test Welch’s Test

2 2
S S 1 .
*_ "1 *_ "1 — n;
F*="2 F*=22 ri-:_Z'—lrij
S, S, n, J=
F-distribution F-distribution 2 _ 1
df,=n,-1 df,=1/A S W 2
32; ; ’:11 J Special distribution and table.

Rowe, D.B.
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Statistical Inference: Procedures for 42,...,67

Assume or Test for Independent Observations

Normally Distributed Data

(Q-Q Plot, Kolmogorov-Smirnov, Lilliefors, Jarque-Bera, Anderson-Darling)

e e

Levene test

e (K> (A -A)

F*—

RZ8 | %
\i

F-distribution

B k n; — 2
df,=n,-1 _ Z Z o
df;=22—1 (k 1) i=1 j:(Aj Ai)
F-distribution =l V. =V
puovon A Yy Y
df,=n,-1 Pop i Obs j
“.”’=sum over

Bartlet test

(n—k)ns2=>"" (n~1)Ins;

T @/ Bk - 1/ (0 ~1) -1/ (n—K)

Chi-Square distribution
df=k-1

27

Rowe, D.B.
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Statistical Inference: Procedures for p,,...,p,

n-Large

/w/\no\
©;-E)°

j or

Freeman-Halton exact test

=3
j=1

Chi-Square distribution
df=k-1

p-value via simulation

Rowe, D.B.
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Statistical Inference

Hypothesis tests also exist for:

Regression Coefficients, Hy:6,=0 vs. H_:5,#0
Correlation Coefficient, Hy:p=0 vs. H_: p#0
Temporal Autocorrelation,  Hyp=0 vs. H_: p#0
Correlation Matrices, H,:R 1S diagonal

vs. H,: R not Diagonal
Two-way ANOVA

Rowe, D.B.



Marquette University MATH 1700

Statistical Inference

Questions?

Rowe, D.B.
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