Marquette University MATH 1700

Class 14
Daniel B. Rowe, Ph.D.

Department of Mathematical and Statistical Sciences

[

MARQUETTE

LUNIVERSITY

Be The Diferancea.

Copyright by D.B. Rowe !



Marquette University MATH 1700

Agenda:

Recap Chapter 8.5
Lecture Chapter 9.1

2



Marquette University MATH 1700

Recap Chapter 8.5
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8: Introduction to Statistical Inference
8.4 Hypothesis Test of Mean (¢ Known): Probability Approach

Step 1 The Set-Up: Null (Hy) and alternative (H,) hypotheses
Hy: u=69" vs. H_. u # 69"
Step 2 The Hypothesis Test Criteria: Test statistic.

s X Hy o known, n is “large” so by CLT X is normal
o/n Z* IS normal
Step 3 The Sample Evidence: Calculate test statistic.
e XMy 67.2-69 n=15, X=67.2, c=4
—-1.74
U/I 4/\/7 normal

Step 4 The Probability Distribution:
P(z>|z*|) = p—value — 0.0819 174 174
Step 5 The Results: “ex 0 zx

p—value<a , reject Hy,[p - value>« fail to reject Hy| «=0.05

0.0409,
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

Step 1 The Set-Up: Null (Hy) and alternative (H,) hypotheses
Hy: u=69" vs. H_. u # 69"
Step 2 The Hypothesis Test Criteria: Test statistic.

s X Hy o known, n is “large” so by CLT X is normal
o/n Z* IS normal
Step 3 The Sample Evidence: Calculate test statistic.
o XMy _ 67.2-69 _ n=15, X =67.2,0=4
—-1.74
U/\/7 4/\/7 normal

Step 4 The Probability Distribution:
a = 0.05, z(a/2)=1.96

0.025

|

Step 5 The Results: ~1.96 7°=-1.740 1.96
|zx|>z(a ] 2) , reject Hy,|| zx|< z(a / 2) fail to reject H,
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

There are three possible hypothesis pairs for the mean.

Non-Critical

Ho: 1t 2 uo vS. Hy: i < g - Critical _
Region

Region
Reject H, if  less than

— . i R . . ] -
X — 1, _ eject Fail to Reject

data indicates u < u,

because X is “a lot” ' /

smaller than £ 7* ov 0 Y-
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

There are three possible hypothesis pairs for the mean.

Ho: e = pg vS. Hy > g - Non-Critical Critical
~ Region Region
Reject H, if  greater then
. X — Uy Fail to Reject Reject
L7 = Z(a '
o/~/n (@)

data indicates u > u,

because X is “a lot” \\

larger than | 0 oy z*
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

There are three possible hypothesis pairs for the mean.

Ho: U= Uy VS. Ha; U * Ho - Critical Non-Critical Critical -
' Region Region
Reject H, If  less than
7—,u Reject Fall to Reject Reject
F=—=7=  _7(al?2) | -
o/+/n
or if IS greater than
X—H
2% = . Z(al 2
al~n ( )
. - . 0 L ! ! | ! T D S
data indicates u#u,, X far fromty, z* cv 0 cv Z*
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

Let's examine the hypothesis test
Hp: =697 vs. H,: 1 > 69”
with a=.05 for the heights of Math 1700 students.

Generate random data values.
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

Generated 15x10° Calculated
normal data values 1x10% means with n=15.
from u = 69" and c=4". (Will repeat for u = 72".)
15}{“]5. . . . . . . . . . . }{|1D4 . .
14- n=15 wor N=15
15x106 1x10°
12- ) gl =1
10 - XS XS
|
N
G- AT
.
i
.
0 4I5 5;] EIE (1] RS 70 75 g0 B:S 9;] BIE 100 DEE G54 15 [Sta] 0 72 ?Ifl FIE ?;3

Rowe, D.B.
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

4

¥ 10
wtn=15  FailtoReject | Reject + Hyip=69’vs. H: u>69”
1x10° a=.05
at X S .
ol | When the true mean =697,
we reject H, a fraction of
Y 1 the time.
Al _
1-a Commit a Type | Error.
%d 2l ot FE/ 72 Fld FIE 7o
liion “ X's Given a, we want i iical-

11
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (6 Known): Classical Approach

4
x 10

wfn=15 Fail to Reject Reject 1 Instead of u .o We find

6 T4 —_
5-1;'150 critical z, Z .o =2(a ).

Do this by assuming that
H,: ©u=69" is true, then
calculate

X — 69

~ 4/ 15

V4

critical
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

4

¥ 10
He u<69vs. H: u> 69 10T n=15 Fail to Reject Reject
255 a K 1x108
o= i1 X'S
When the true mean y=72", %
we do not reject Hy S A
fraction of the time.
2r 1'ﬂ
Commit a Type Il Error | | |
%4 BB B8 /0 72 74 7B 78

b Hcritical
(same)
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8: Introduction to Statistical Inference Heusuovs. Haip>u
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

107

% 10

n=15
1x106
X'S

thoRaed'

'Rded

H, True | H, False
(u=69”) | (u=72")
Fail to Correct | Type ll
Reject | Decision Error
H, (1-a) (8)
Reject Type | Correct
H, Error Decision
(@) (1-5)

Power of the test:
1- f=P(Reject H, | H, False)

Discrimination ability.
Ability to detect difference.
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8: Introduction to Statistical Inference Heusuovs. Haip>u
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

107

% 10

n=15
1x106
X'S

Z

'FmHORéed

X —69

~ 4/ 15

Raea'

H, True | H, False
(u=69”) | (u=72")
Fail to Correct | Type ll
Reject | Decision Error
H, (1-a) (8)
Reject Type | Correct
H, Error Decision
(@) (1-5)

Power of the test:
1- f=P(Reject H, | H, False)

Discrimination ability.
Ability to detect difference.
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8: Introduction to Statistical Inference Heusuovs. Haip>u
8.5 Hypothesis Test of Mean (¢ Known): Classical Approach

107

% 10

n=15
1x106
X'S

'FmHORéed

| Raea'

We want our «,
Prob of Type | Error
to be small.

So why not just
decrease a?

Decreasing a
Increases p.
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8: Introduction to Statistical Inference
8.5 Hypothesis Test of Mean (e Known): Classical Approach

% 10

15

What is the solution?
Increase n. o}
Figure shows n

Increased to n= 30

from n =15.

Note o and S both

n=30
1x106
X'S

smaller with larger n. 0

BB

Fail to Reject

Reject
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8: Introduction to Statistical Inference Hyusuovs Hiu> g
8.5 Hypothesis Test of Mean (6 Known): Classical Abproach

¥ 10 | | | | |
_ _ ol n=30 Fail to Reject Reject |
What is the solution? 1x108
| X'Ss |
Increase n. X — 69

V4

ot 47430

Figure shows n
Increased to n= 30
from n =15.

=
t

Note o and S both
smaller with larger n.
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Chapter 8: Introduction to Statistical Inference

Questions?

Homework: WebAssign
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Lecture Chapter 9.1
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)

In Chapter 8, we performed hypothesis tests on the mean by
1) assuming that X was normally distributed (n “large”),
2) assuming the hypothesized mean p, were true,

3) assuming that c was known, so that we could form

_ X = M

Z*

& /~/n Which with 1) — 3) has standard normal dist.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)

However, In real life, we never know o for

7% — X — /uO
— How can |
O / A/ N — make better

beer?

so we would like to estimate ¢ by s, then use

=Xt
s/+/n

But t* does not have a standard normal distributio.

. . i Gosset
It has what is called a Student t-distribution. <— Guinness Brewery

Rowe, D.B. 23
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)

What is the Student t-distribution and how do we get it?
Background Information

If the data comes from a normally distributed population, then
X~ N(u0) 6
o)

mean variance *“N=5
_ a 6
X ~N(u,02/n) 1y 2710

AN ~ i

mean variance

generate ,U _ 100

5x108 | i
random o =b57.7 7 (LT P e e
values n= 5 XIS sample means —7 Y'S

from each 5

24

Rowe, D.B.
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9: Inferences Involving One Population 1 =100
9.1 Inference about the Mean u (¢ Unknown) 0:27.7
n=

If we know the true population mean x, then
X —u~N(@,0%/n) .
AN

mean ~ variance

Given the variance of the mean c24/n, the distribution of

uuuuuuuuu 10

X2 N(0,1)

G/\/ﬁ \

mean variance

'S
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9: Inferences Involving One Population 1 =100
9.1 Inference about the Mean u (¢ Unknown) 0:27.7
n=

It turns out that with the variance 62 known, the distribution of
sample variance 14 i

2
(n _?S has a chi-square

O <—— population variance

' n=5
1x106

10

distribution with n-1 degrees

sample
variances
from each 5

of freedom. ‘

(2 distribution on Pages 453-454)

0 L L L
0 5 10 15 20 25 30 235
(n—-1)s",
2
o
26
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9: Inferences Involving One Population 1 =100
9.1 Inference about the Mean u (¢ Unknown) 0:27.7
n=
Theratio ¢ N(©.) 10X104n£5 [
_ ﬁ 6 _ —
e B e
G/\/ﬁ o’ f

-1
with simplification % " E

=2 _#
s//n
and has a Student

t-distribution with n-1 df.

o = N w N 4] (o)) ~ [oe] ©
T T T T T T
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9: Inferences Involving One Population # =100
9.1 Inference about the Mean u (¢ Unknown) 0:27.7
n=
Student t-distribution has heavier tails than standard normal.
o 19 n=b
o M= .~ s 1x108

hort
1x106 — shorter

4l tails
heavier
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9: Inferences Involving One Population

9.1 Inference about the Mean u (¢ Unknown) v=di=n-1

The standard normal dist is: The Student-t distribution Is:

1 1o F(V;lj 1 1
f(z2)=——e 2 __ s T(tlv)= — oD
N2 ignore FEV] Vﬂ( 1.2) 2

1+ —
1%

v heavier

J
I T S

-2.776 2.776
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9: Inferences Involving On

e Population

9.1 Inference about the Mean u (¢ Unknown)

The standard normal dist. is: 22
12 0.35 -
f(2)=—ng

\/272' 0.3~

=~
ignore 0.25 -
The Student-t distribution is: e 02
I v+l 1 1 0.15

f(t|v)= ( 2 j

F@ \/%( 1 2)“;” T

1+ —t
1%

~

o>

——v=10

as n increases, so

does v=df=n-1 and

Student t becomes
standard normal

ignore %5 -4 -3 2 1 0
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)

The standard normal dist. IS: ..

— =1
f (Z) — ie_;zz 0.03|- _::E
\ 272' ::zigo

\ 0.025 -

. as n increases, so
ignore

does v=df=n-1 and
Student t becomes

0.02
standard normal

The Student-t distribution is:

ignore 0
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Using the t-Distribution Table

Finding critical value from a Student t-distribution, df=n-1

t(df,a), tvalue with a area larger than it

with df degrees
of freedom

Table 6
Appendix B !
Page 7109. 0 t(df, @) t

Figure from Johnson & Kuby, 2012.

32

Rowe, D.B.



Marquette University MATH 1700

9: Inferences Involving One Population

9.1 Inference about the Mean u# (¢ Unknown)

Example: Find the value of t(10,0.05), )
df=10, «=0.05. !

1 . 0 t(df, o) t
Area in One Tail |

Area in Two Tails | Table 6 _
065 oou | bol Appendix B
3 0.765 ] ik 2.35 3.18 4.54 5.84
4 0.74] 1.53 213 2.78 375 4.60 Page 719.
5 0.727 1,48 2.02 2.57 336 4.03
6 0718 .44 1.94 D45 3.14 3.71
7 Q711 1.41 1.89 2.36 3.00 B:50 GO to O|05
8 0.706 1°40 186 2.3] 2.00 3.36
S 0.703 738 85 2.26 2.82 3,25 One Tal
10 0.700 T3/ 23 317 column and
' down to 10
35 0.682 1.3 1 .69 2.03 2.44 2.79
40 0.68]1 1.30 1.68 2.02 242 2.70 df row.
50 0.679 130 1 .68 2.0] 2.40 2.68
70 0.678 1,29 | &7 1 .99 2.38 2.65
df> 100 0.675 1.28 1:65 1.96 233 2.58 Johnson & Kuby, 2012.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

When making a confidence interval for 4 when ¢ unknown,
we assume that the population is normal, not just mean,

but when n is “large,” can often use for nonnormal distributions.

The assumption for inferences about the mean u when o
IS unknown: The sampled population is normally distributed.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

Discussed a confidence interval for the u when ¢ was known,

Confidence Interval for Mean:
X —z2(a ] 2)—— o

Jn to 7+Z(0£/2)\/H (8.1)

now, with ¢ unknown, the CI for the mean is

Confidence Interval for Mean:

_ S
K—tdhal D o X+t(df,a/2)— (9.1)

Jn

Rowe, D.B.
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

Example: Arandom sample of n=15 math1700 student heights
yielded X =67.2 . Assume 6=4.0. Construct a 95% CI for .
Fill In
X +2(c | 2)——

Jn

Example: A random sample of n=15 math1700 student heights
yielded X = 67 2 and s=3.5. Construct a 95% CI for u
_t(df _)_ Fill In
Jn

N
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

Example: Arandom sample of n=15 math1700 student heights
yielded X =67.2 . Assume 6=4.0. Construct a 95% CI for .

4.0 4.0
X+2(al?2)—— . 67.2-1.96—— 67.2+1.96 ——
( )\M N J15

65.2 to 69.2
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

Example: Arandom sample of n=15 math1700 student heights
yielded X =67.2 . Assume 6=4.0. Construct a 95% CI for .

4.0 4.0
X+2(al?2)—— . 67.2-1.96—— 67.2+1.96 ——

( )\M N J15
vS. 65.2 to 69.2

Example: Arandom sample of n=15 math1700 student heights
yielded X = 67 2 and s=3.5. Construct a 95% CI for .
X —t(df, —)

[
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9: Inferences Involving One Population
9.1 Inference about the Mean u (¢ Unknown)
Confidence Interval Procedure

Example: Arandom sample of n=15 math1700 student heights
yielded X =67.2 . Assume 6=4.0. Construct a 95% CI for .

4.0 4.0
X+2(al?2)—— . 67.2-1.96—— 67.2+1.96 ——

( )\M N J15
vS. 65.2 to 69.2

Example: Arandom sample of n=15 math1700 student heights
yielded X = 67.2 and s=3.5. Construct a 95% CI for .

o a, S 3.5 3.5
X-tdf,—)—= — 672-214"2 ([ 67.2+2.14>2
2" \n N J15

65.3 to 69.1




Marquette University MATH 1700

Chapter 9: Inferences Involving One Population

Questions?

Homework: Read Chapter 9.1
WebAssign
Chapter 9 # 9, 21, 23, 45,55
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