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6. Normal Probability Distributions
6.1 Normal Probability Distributions

At the beginning of course we talked about types of data.

Data
Qualitative Quantitative
Nominal Ordinal Discrete Continuous
(names) (ordered) (gap) (continuum)
Binomial Normal
Distribution Distribution
(already covered) (now covering)




Marquette University MATH 1700

6. Normal Probability Distributions
6.1 Normal Probability Distributions

We discussed discrete random variables and

discrete probability functions, P(x).

Probability Function: A rule P(x) that assigns probabilities
to the values of the random variables, x.

Example:
Let x = # of heads when we flip a coin twice.

L Ok x'(z2I x)'(lj @ |
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

The most important continuous distribution is the
normal distribution (p 269). Insert x and get f(x).

Probability distribution, continuous variable: ... the
probability for a continuous random variable, x, having values
falling within a specified interval.

Normal Probability Distribution Function:
_1(x—_ﬂj2
e 2\ o

y=1(x)= for all x real
ON27

(6.1)
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

The mathematical formula for the normal distribution is (p 269):

_%[ X;ﬂjz (%)

e
f(X) =

N :
where
e=2.718281828459046... F? <
r=3.141592653589793...
1 = population mean —00 < X, 1 < +00
o = population std. deviation O<o

We will not use this formula. Figure from Johnson & Kuby, 2012.
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

Properties of Normal Distribution

1. Total Area under the normal curve is 1

2. Mound shaped, symmetric about mean, extends to x«
3. Has a mean of x and standard deviation o.

4. The mean divides area in half.

5. Nearly all area within 3¢ of u.

o)
P00 = o277

M X
Figure modified from Johnson & Kuby, 2012.

(%)
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

1. Symmetric about the mean.

2. mean = median = mode. ()

3. Mean u & variance c?
completely characterize. H(}" off o | o \No | o

4. P(u—o<xX<u+o)=.68
Plu—20<x<u+20)=.95 2% <14% 34%(34% [14% | 2% X
P(u—3c<x<u+30)=.99 - p26  p-o p pto  ut2c

5. P(a<x<b)=areaunder curve fromatob .
Figure modified from Johnson & Kuby, 2012.
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

When we discussed random experiments such as flipping a
coin or rolling a die, we described the outcomes and events.

We then discussed the probabilities of these events which

With the discrete binomial distribution o
we were interested in events such as

P(4<x<6)=P(4)+P(5)+P(6) oy

0 1 2 3 4 5 6 7 8 9 10

10

Rowe, D.B.
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

With the continuous normal distribution, we want areas.

The probabillity x is in
the interval ato b is
In red

(%)

Shaded area:
X P(@as<x<bh)

Figure modified from Johnson & Kuby, 2012.

Rowe, D.B. 1
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

Areas of continuous functions are found with Calculus.

f(x) Aside: Don't need to know.

ka)

a M b X

We will not use Calculus in this class.

Figure modified from Johnson & Kuby, 2012.

12

Rowe, D.B.
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6. Normal Probability Distributions
6.1 Normal Probability Distributions

How are we going to find areas in this class?

We find areas of the normal distribution by using the standard

normal distribution and tables in the back of the book.

When x=0 and c=1, the curve is called the “standard” normal

distribution.

| will describe the standard
normal, then discuss finding
areas.

Rowe, D.B.

f(x)

y

JL=0

X

Figure from Johnson & Kuby, 2012.

13
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6. Normal Probability Distributions
6.2 The Standard Normal Distribution

Properties of the Standard Normal Distribution:

1. Total area under the normal curve is 1.

2. The distribution is mounded and symmetric, it
extends indefinitely in both directions; approaching
but never touching the horizontal axis.

3. The distribution has a mean of 0 and a standard
deviation of 1.

4. The mean divides the area In half, .5 on each side.
5. Nearly all the area is between z =-3.00 and z=3.00.

Rowe, D.B.
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Normal distribution with population mean ¢ and variance o2.

- f(x) | We want to know the
(red) area under the
normal distribution
between x, and X,.
Note:

Similar to discrete

probabilities adding to 1.

| The total area under the
X normal distribution is 1.

Rowe, D.B.
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

Let’'s say we want to

| know the red area under
1 the normal distribution
between x, = 2.28 and

| x,=9.28.

- f(x)

1 What is the area under
| the normal distribution
X between these two
values?

Rowe, D.B.
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

ol T0)

Rowe, D.B.



Marquette University MATH 1700

6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

But we can’t do calculus in

ol 00 |
| this class.

Someone had the idea to
| convert normal distribution
1 to the “standard” normal.

Subtract ¢ and divide this
by o for every value of x.

: 0 228 u=5 32810 X v 7= (X' ,Lt)/o'

Area between x, and X, Iis the same as area between z, and z,.

18

Rowe, D.B.
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

- f(x)

Area between x, and X, Iis the same as area between z, and z,.

Rowe, D.B.

p=>5

9.2810

04

0.35

03F

0251

02F

015

01

0.05

0

 (2)

-5

X

.Zl

#=0

Z;
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

- f(x)

If x, = 2.28 and x, = 9.28 then z, = (X, - w)/o and z,= (x, - w)/c are?

Rowe, D.B.

p=>5

9.2810

04

0.35

03F

0251

02F

015

01

0.05

0

 (2)

-5

X

.Zl

#=0

Z;

20
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6. Normal Probability Distributions

6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

- f(x)

If x, = 2.28 and x, = 9.28 then z, = (X, - w)/o and z,= (x, - w)/c are?

Rowe, D.B.

p=5

9.2810

04

0.35

03F

0251

02F

015

01

0.05

0

' f(2)

-5

X

tr7

228 5 2

.Zl

H=0

Z;

(A 51
9.28 5 2

JA

5
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6. Normal Probability Distributions

6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

ol T0)

p=5

9.2810

04

0.35

03F

0251

02F

015

01

0.05

0

' f(2)

5

X

-1.36 =0 214 5

We find z, = -1.36 and z,= 2.14? Do we agree with my z's?

Rowe, D.B.
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6: Normal Probability Distributions X — L
6.2 The Standard Normal Probability Distributions Z =

o
Example: Here is a normal distribution with = 5 and ¢% = 4.

ol TX)
o6 X, = 2.28
ot X, = 9.28
0.12
01
0.08
0.06
0.04
0.02
% 0 %22 =5 X;=9.2810 's 7=136  £=0 2,21 5

We find z, = -1.36 and z,= 2.14? Do we agree with my z's?

Rowe, D.B.
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

z, =-1.36
Z,=2.14

Example: Here is a normal distribution with = 5 and ¢% = 4.

- f(x)

Area between x, and X, IS same as the area between z, and z,.

Rowe, D.B.

p=>5

9.2810

04

0.35

03F

0251

02F

015

01

0.05

0

 (2)

-5

X

-1.36

#=0

214
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6. Normal Probability Distributions 2, =-1.36
6.2 The Standard Normal Probability Distributions 2,=2.14

Now we can simply look
up the z areas in a table.

Appendix B Table 3
Page 716.

04

0251

Standard normal curve p =0 and 6= 1.

 (2)

Rowe, D.B.
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6: Normal Probability Distributions

- TABLE 3
Appe n d IX B Cumulative Areas of the Standard Normal Distribufion

Table 3 The entries in this table are the cummulative probabilities for the standard
normal distribution z (that is, the normal distribution with mean  and
Page 716

z, =-1.36
Z,=2.14

Cuomulative
Probability
\H'.

standard deviation 1). The shaded area under the curve of the standard z u
normal distribution represents the cumulative probability to the left of a

z-value in the lefi-hand t=il.

0.03

Second Decimal Place in z

0.06

o7

0.09

z 0.00 0.01 0.02
—5.0 | 0.0000003
—4.5 | 0.000003
—4.0 | 0.00003 GOO03E 000003 GO0033 000003 000003 CON002 000002 000002
-39 | 000005 GO0005 000004  GO0004 000004 000004  OO0000M (00004  0.00003
~  —3.8 | 0.00007 000007 000007  CGO00006 000006 000006 000006 000005  0.00005
o —37| 00000 000010 000010 000010 Q00009 000009  ODOODE (00008 D.00008
= 38| 0.0002 0002 00002 000014 000014 000013 000013 000012 0.00012
Q-85 ooox 00002 00002 00002 00002 00002 00002 Q0002 0.0002
3
o -34| 0.0003 00003 00003 00003 00003 00003 00003 Q0003 0.0003
— -33| 0.000S 00005 00005 00004 00004  0.0004 00004 00004  0.0004
©  -32| 0.0007 00007 00006 00006 00006 00006 00006 Q0005  0.0005
E 31| oooio 00007 00009 00009 00008  O000B 0000 Q0008 0.0007
S -30( 00014 00013 00013 00012 CO0lZ  0.001 00011 Q0011 0.0010
e 29| ooome G001 00018 Q0017 00016 00016 00015 QO015 00014 0.0014
»  —28| 0.0028 00025 00024 00023 00023 00022 Q0021 Q0021 00020 00019
= =27 | 0.0035 0.0034 00033 00032 00031 00030 00029 0028 00027 0.0026
L~ 28| 0.0047 0045 00044 00043 00042 00040 00039 00038 00037 0.0034
-2.5 | 0.0042 00060 00059 00057 00055 0.0054 00052 00051 00049 D.0048
—24 | 00082 CLO0En 0.0078 Q007 L0073 0.007 SO 0004 00084 0,008
-23 | 0.0107 00104 00102 00099 00096 0.0094 00091 CO0089 00087  0.0084
-2.2 | 00139 0013 00132 0012% 00126 00122 QO01%  CGO0Il& 00113 00110
-2.1| 0.0179 0.0174 00170 00lés 00162 00158 00154 00150 00146 0.0143
-2.0 | 00228 00222 00217 00212 00207 00202 00197 00192 00188 0.0183
19| 00287 00281  0DOZF4 00268 00262 00258 00250 00244 00239 0.0233
1.8 | 0.0359 00352 00344 00336 00329 003 00314 Q0307 00301 0.02%4
1.7 | 0.0446 00436 00427 00418 00409 0.040 00392 00384 00375 00347
Rowe, D.B. |6 | 0.0548 00537 00526 00516 00505 00495 00485 00M75 00485 0.0455
1.5 | 0.0648 00655 00643 00830 00418 00808 00594 00582 00571 0.0559
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6: Normal Probability Distributions 7, = -1.36
Appendix B, Table 3, Page 716 z,=2.14

TABLE 3

Cumulative Areas of the Standard Normal Distribution ﬁiﬁﬂﬁ
The entries in this table are the cummlative probabilities for the standard e
normal distribution z (that is, the normal distribution with mean O amd

standard deviation 1). The shaded area under the curve of the standard x d
normal distribution represents the cumulative probability to the left of a
z-value in the left-hand tail.

This table gives us the area less than a z value.
P(z<z,)=Area less than z,.

We get this from Table 3.

Rowe, D.B.
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6: Normal Probability Distributions 7, = -1.36
Appendix B, Table 3, Page 716 z,=2.14

TABLE 3

Cumulative Areas of the Standard Normal Distribution f.’r";";h';'tflrl:'f;

The entries in this table are the cumulative probabilities for the standard By

normal distribution z (that is, the normal distribution with mean () and

standard deviation 1). The shaded area under the curve of the standard z a

normal distribution represents the cumulative probability to the left of &
z-value in the lefi-hand tail.

P(z<-1.36)=Area less than -1.36.

03

0251

We get this from Table 3.
Row labeled -1.3 over to column
Labeled .06.

Rowe, D.B.
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6: Normal Probability Distributions 7, = -1.36
Appendix B, Table 3, Page 717 z,=2.14

TABLE 3

_ Cumulative
Cumulative Areas of the Standard Mormal Distribution (continued) Probability
The entries in this table are the cumulative probabilities for the standard
normal distribution z (that is, the normal distribution with mean  and A |

standard deviation 1). The shaded area under the curve of the standard 0 >

normal distribution represents the cumulative probability to the left of &
z-value in the lefi-hand tail.

P(z<2.14)=Area less than 2.14.

025

We get this from Table 3.
Row labeled 2.1 over to column
Labeled .04.

Rowe, D.B.
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6. Normal Probability Distributions
Appendix B, Table 3, Page 716-717
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Rowe, D.B.
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6. Normal Probability Distributions 2, =-1.36
Appendix B, Table 3, Page 716-717

Z,=2.14
= 00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

2.1
) *)

'|5(-1".'é6<z<2':i4) =
0.8969 =

Rowe, D.B.

Red Area=0.8969
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6. Normal Probability Distributions
6.2 The Standard Normal Probability Distributions

Example: Here is a normal distribution with = 5 and ¢% = 4.

f(x)

Area between x, and X, IS same as the area between z, and z,.

Rowe, D.B.

9.2810

04

0.35

03F

0251

02F

015

01

z, =-1.36
Z,=2.14

 (2)

-1.36

0

214

32

Z

5
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

You may recall that in Chapter 2 we discussed a
Standard Score, or z-score.

It was discussed then using X and s.
Now, we will be using x and o.

Standard score, or z-score: The position a particular value

of x has relative to the mean, measured in standard
deviations.

_ X-meanofx X —u

std. dev.of X o

(6.3)

Rowe, D.B.
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

Assume that 1Q scores x are
normally distributed with a

mean x of 100 and a standard
deviation ¢ of 16.

Rowe, D.B.

I I
I I
I I
I I
I

1 |

52 68 84 100 116 132 148 X
U

Figures from Johnson & Kuby, 2012.

34
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

Example: 16
Assume that 1Q scores x are i |
normally distributed with a | |
mean y of 100 and a standard L o

. 52 68 84 100 116 132 148  x
deviation ¢ of 16. "

N

If a person is picked at random,
what is the probability that his
or her 1Q Is between 100 and
1157 —

i.e. P(100 < x <115) ? 100115 ¥

U
Figures from Johnson & Kuby, 2012.

35

Rowe, D.B.
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

|Q scores normally distributed \
1=100 and ¢=16.
P(100<x<115)=P(z,<z<Z,) .

X — 1 X1:100 100 115 X

Z= X, =115

O
7z =" H

O
Z_Xz—ﬂ_ 100 115 X
= —

O

Figures from Johnson & Kuby, 2012.
36

Rowe, D.B.



Marquette University MATH 1700

6. Normal Probability Distributions
6.3 Applications of Normal Distributions

|Q scores normally distributed \
1=100 and ¢=16.
P(100 < x <115) o

X — 11 x, =100 100 115 X
L= X, =115
o
7 = X, — U :100—1OO:O
o 16
_ B 100 115 X
L, = X~ H = 115-100 —=0.94 0 0.94 Z
o 16

Figures from Johnson & Kuby, 2012.
37

Rowe, D.B.
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

|Q scores normally distributed
1=100 and ¢=16.

P(100<x<115)=P(0<z<0.94)

Now we can use the table.

100 115 % 100 115 X 100 115 X
0 094 Z 0 094 Z 0 094 z

Figure from Johnson & Kuby, 2012.
38

Rowe, D.B.
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

Now we can use the table.

100 115 % 100 115 X 100 115 X
0 094 Z 0 094 Z 0 094 z

P(0<z<0.94) =

Figures from Johnson & Kuby, 2012.

Rowe, D.B.
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6. Normal Probability Distributions
6.3 Applications of Normal Distributions

Now we can use the table.

A 4\

100 115 100 115 X 100 115 X

0 0.94 0 094 z 0 0.94
P(0<z<094) = P(z<094)-P(z<0)
Figures from Johnson & Kuby, 2012.
= 0.8264 —.5
= 0.3264

Rowe, D.B.
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6. Normal Probability Distributions
6.4 Notation

We can use the table in reverse.

Before we had a z value then looked up the probability (area)
less than z.

Now we will have a probability

(area), call it a, and want to a=P(z>2(a))
know the z value, call it z(a),

that has a probability

(area) of a larger than it.

o)y

Figure from Johnson & Kuby, 2012.

Rowe, D.B. 4l
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6. Normal Probability Distributions

6.4 Notation
Example:
Let @=0.05. Let’s find z(0.05).
P(z>z(0.05))=0.05. 0.05=P(z>2(0.05))
/
T \

Figure from Johnson & Kuby, 2012.

42

Rowe, D.B.
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6. Normal Probability Distributions

6.4 Notation
Example:
Let @=0.05. Let’s find z(0.05). )
P(z>z(0.05))=0.05. P(z>2(0.05))
0.92500 /

Same as finding P(z<z(0.05))=1-0.05.

0.05=P(z>z(0.05))

Figures from Johnson & Kuby, 2012.

43

Rowe, D.B.
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6. Normal Probability Distributions
6.4 Notation

Example:

Same as finding P(z<z(0.05))=0.95.

= 0.00 o.0n .02 0.03 0.04& Q.0os
e ) 3.5080 i >
y 1 "8 & ) SA/E '
). 2 3 ).58 15 ‘
>3 il H
L < < - fe
y & S = <
245 H S =7
)7 L 734
y <

1.5 al 29382 .3

— S 457 A53 A74 4 Y 2£424.9500) <

1.7 : ot 59| J P

| B v 20 v Y RS
< 71 2 18

20 "3 ‘SR )3 Y OIOR

2.1 L 6 0984

w I 3 } = B 75 DR/

- " - . | s o™

= s - Y vs

) A < } ) y DO

1.645

Rowe, D.B.

)

3 - <
a .

A54 ey 25
nd =¥
T

) DROB O UB12 OVR1/

ro - At

14

OO A

Figures from Johnson & Kuby, 2012.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

In Chapter 5 we discussed the binomial distribution

Nn!
P(x) = p'A-p)" x=0,...,n
a1 |
x = # of heads when "
we flip a coin n times X | P(X) 0.4
n:2 O E 0.3
p=1/2 4 02
1 E 0.1
2
2 E 0 0 1 2 X
4

Rowe, D.B.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

If we flip the coin a large number of times

n! n—x .
P(x) = - )I p*(L-p) x=0,...,n
x = # of heads when PIXy
we flip a coin n times 02
n=14
p=1/2
Q.11
It gets tedious to find the
n=14 probabilities!

0 2 4 & 8 10 12 14 x
Figure from Johnson & Kuby, 2012.

46

Rowe, D.B.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

. . _ cpeyn n=14
It gets tedious to find the n=14 probabllities! p=1/2
So what we can do Is use a histogram representation,
P(X)A P(X)A
0.2 0.2 T
0.1 0.1
| e .
0O 2 4 6 8 10 12 14 x g 2 4 6 8 10 12 14 x

Figures from Johnson & Kuby, 2012.

a7

Rowe, D.B.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

_ _ : n=14
So what we can do is use a histogram representation, 0=1/2

Then approximate binomial probabilities with normal areas.

p P(X)

(X)A A

0.2 =] 621

0.1 0.1
O 2 4 6 8 10 12 14 x G 2 4 & 8 10 12 74 =

Figures from Johnson & Kuby, 2012.

48

Rowe, D.B.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

Approximate binomial probabilities with normal areas. 2:1/2

Use a normal with z=np, o° =np(l- p)

w=14)(.5) =7
P, o =(14)(.5)(1-.5)=3.5 Pl
0.2 - 0.2
0.11 \(— M 0.1 F
O 2 4 6 8 10 12 14 x O 2 4 6 8 10 12 14 x

Figures from Johnson & Kuby, 2012.

49

Rowe, D.B.
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6. Normal Probability Distributions
6.5 Normal Approximation of the Binomial Distribution

n=14, p=1/2

We then approximate binomial probabilities with normal areas.
P(x)
P(x=4) from the binomial formula — 4
Q.2

is approximately P(3.5< x<4.5)

0.1
from the normal with #=7, o°=3.5 _-X
P(x)

0 2 4 & 8 10 12 14 x

the £.5is called a
“continuity correction”

Figures from Johnson & Kuby, 2012.
50

Rowe, D.B.
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6. Normal Probability Distributions n=14, p=1/2
6.5 Normal Approximation of the Binomial Distribution
From the binomial formula From the Normal Distribution
P(4)=—"__(5)'@- 5y PE5<X<4D) 47 5735
41(14 - 4)! X, — i o =1.87
7, =—*" =
P(x=4)=0.061 S
X —
z, = 2 T H _
O
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6. Normal Probability Distributions n=14, p=1/2
6.5 Normal Approximation of the Binomial Distribution
From the binomial formula From the Normal Distribution
|
P(4) — 14 (5)4(1_ .5)14—4 P(35 < X< 45) lu = 7, 0'2 = 35
41(14 - 4)! _, 35_7 o =1.87
g = #0787
P(x=4)=0.061 ' oo 1.87
X,—u A45-7
P(~1.87 < z <1.34) =0.0594 === =134
P(-1.87 <z <-1.34) P(z<-1.34) P(z <-1.87)
0.0594 0.0901 0.0307
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6. Normal Probability Distributions
Questions?

Homework: Read Chapter 6.1-6.2
Web Assign
Chapter 6 # 7a&b, 9a&b, 13a, 19, 29, 31,
33,41, 45, 47, 53, 61, 75, 95, 99

Not homework, but maybe fun to watch: EElH

Rowe, D.B.
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Return Exam 1.

Rowe, D.B.
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